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Abstract. We introduce Macdonald characters and use algebraic properties of Macdonald
polynomials to study them. As a result, we produce several formulas for Macdonald cha-
racters, which are generalizations of those obtained by Gorin and Panova in [Ann. Probab. 43
(2015), 3052-3132], and are expected to provide tools for the study of statistical mechanical
models, representation theory and random matrices. As first application of our formulas,
we characterize the boundary of the (g, t)-deformation of the Gelfand—Tsetlin graph when
t = ¢’ and 0 is a positive integer.
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1 Introduction

Macdonald polynomials are remarkable two-parameter ¢, ¢ generalizations of Schur polynomials.
They were first introduced by Ian G. Macdonald in [31]; the canonical reference is his classical
book [32]. The Macdonald polynomials are very interesting objects for representation theory and
integrable systems, due to their connections with quantum groups, e.g., [20, 33], double affine
Hecke algebras, e.g., [13, 28], etc. More recently, and releveant for us, Macdonald polynomials
have been heavily used to study probabilistic models arising in mathematical physics and random
matrix theory. The important work [4] of Borodin and Corwin showed how to use the algebraic
properties of these polynomials to obtain analytic formulas that allow asymptotic analysis
of the so-called Macdonald processes. Remarkably, by specialization or degeneration of the
parameters ¢, t defining Macdonald processes, the paper [4] yields tools that can be used to
analyze interacting particle systems [5], beta Jacobi corners processes [6], probabilistic models
from asymptotic representation theory [3], among others; see the survey [9] and references therein.

It should be noted that the special case t = ¢ of Macdonald processes are known as Schur
processes and they have the special property of being determinantal point processes, thus allowing
much more control over their asymptotics. Schur processes were introduced by Okounkov and
Reshetikhin, as generalizations of the classical Plancherel measures, several years before the work
of Borodin and Corwin [35, 38]. The Schur processes, though a very special case of Macdonald
processes, produced various applications to statistical models of plane partitions and random
matrices, see for example [27, 39]. However, most of the physical models that were studied with
the Macdonald processes do not have a determinantal structure, and therefore they could not
have been analyzed solely by means of the Schur processes machinery.

The conclusion from the story of Schur and Macdonald processes is that studying the more
complicated object can allow one to tackle more complicated questions, despite losing some
integrability (such as the determinantal structure in the case of Schur processes). We follow this
philosophy in our work, by introducing and studying Macdonald characters, two-parameter g, t
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generalizations of normalized characters of unitary groups. The normalized characters of the
unitary groups are expressible in terms of Schur polynomials, reason why we will call them Schur
characters, whereas the generalization we present involves Macdonald polynomials.

Our main results are asymptotic formulas for Macdonald characters, which are generalizations
of those for Schur characters, proved in [24] by different methods. As it is expected, the
asymptotic formulas for Schur characters are simpler and they involve certain determinantal
structure, whereas the formulas for Macdonald polynomials are more complicated and the
determinantal structure is no longer present. However the advantage of our work on Macdonald
polynomials, much like the advantage of Macdonald processes over Schur processes, is that we are
able to access a number of asymptotic questions that are more general than those given in [24].
The tools we obtain in this paper are therefore very exciting, given that the formulas for Schur
characters have already produced several applications to stochastic discrete particle systems,
lozenge and domino tiling models, and asymptotic representation theory [10, 11, 12, 22, 24, 44].

The paper [15] is this article’s companion, in which the author studies Jack characters,
a natural degeneration of Macdonald characters and obtains their asymptotics in the Vershik—
Kerov limit regime. The approach to the study of asymptotics of Jack characters is different
from the approach we use here to study the asymptotics of Macdonald characters; in particular,
it relies heavily on the Pieri integral formula, see [15] for further details. The tools from this
paper and [15] afford us a very strong control over the asymptotics of Macdonald characters,
Jack characters and Bessel functions [36, 43], if the number of variables remains fixed and
the rank tends to infinity. As another application of the developed toolbox, we have studied
a Jack—Gibbs model of lozenge tilings in the spirit of [7, 25]. The author was able to prove
the weak convergence of statistics of the Jack—Gibbs lozenge tilings model near the edge of the
boundary to the well-known Gaussian beta ensemble, see, e.g., Forrester [1, Chapter 20] and
references therein. This result, and its rational limit concerning corner processes of Gaussian
matrix ensembles, will appear in a forthcoming publication.

We proceed with a more detailed description of the results of the present paper.

1.1 Description of the formulas

The main object of study in this paper are the Macdonald characters, which we define as follows.
For integers 1 < m < N, a Macdonald character of rank N and m wvariables is a polynomial, with
coefficients in C(g,t), of the form

Pa(z1, . @, Lt VL g )
Pz T -N t d:ef ’ ’ y Yy ) I 3]
/\( 1) m; AV G, ) P)\(]-utytza"’7tN_1;q’t) ’

where Py(z1,...,2N;q,t) is the Macdonald polynomial of N variables parametrized by the
signature A= (A > Ao > --- > A\y) € 7N . Macdonald characters, under the specialization t = ¢,
turn into g-Schur characters, which have appeared previously in [21, 24]. The reason behind the
use of the word “character” is that ¢g-Schur characters turn into normalized characters of the
irreducible rational representations of unitary groups, after the degeneration ¢ — 1.

We make one further comment about terminology. Macdonald characters, as defined here,
are two-parameter g, ¢t degenerations of normalized and irreducible characters of unitary groups.
One could also consider a two-parameter degeneration of the characters of the symmetric groups,
in the spirit of Lassalle’s work [29], where a one-parameter degeneration of symmetric group
characters was considered. Thus a better name for our object would be Macdonald unitary
character. For convenience, we simply will use the name Macdonald character. We remark
that Macdonald symmetric group characters have not been considered yet, to the author’s
best knowledge. However, there have been many articles studying the structural theory and
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asymptotics on Jack symmetric group characters, notably several recent works by Maciej Dotega,
Valentin Féray and Piotr Sniady, see, e.g., [16, 17, 18, 46].
The main theorems of this paper fall into two categories:

(A) Integral representations for Macdonald characters of one variable and arbitrary rank N.

The initial idea that led to the integral representations in this paper is due to Andrei Okounkov,
see [24, remark following Theorem 3.6]. An example of the integral formulas we prove is the
following theorem. Observe that the integrand is a simple expression in terms of ¢g-Gamma
functions and can be analyzed by well known methods of asymptotic analysis, such as the method
of steepest descent or the saddle-point method [14]. In this paper, we study the regime in which
the signatures grow to infinity, whereas the remaining parameters are fixed.

Theorem 1.1 (consequence of Theorem 3.2). Assume g € (0,1) and > 0. Let N € N, A € GTy
and x € C\ {0}, |z| < ¢?AN). The integral below converges absolutely and the identity holds

Ing  (2¢%5q)  T,(ON)
Py(z;N,q,¢") = 1— g (zg"t?0-N:q)_2ry/—1
Ty L (N + 0N —i) — 2)
dz, 1.1
X/c”r Zl;[qu()\ +O(N —Z+1>—Z)Z (1.1)

where CT is a certain contour described in Theorem 3.2, and which looks as in Fig. 2. In the
formula above, we used the q-Pochhammer symbol (2;q)s and the g-Gamma function I'g(2); see
Appendiz A.

(B) Formulas expressing Macdonald characters of m variables (and rank N) in terms of
Macdonald characters of one variable (and rank N).

These formulas will involve certain ¢-difference operators. Formulas of this kind will be called
multiplicative formulas.! One of the simplest multiplicative formulas we prove is the one below
that expresses a Macdonald character of two variables in terms of those of one variable; the
general formula is given below in Theorem 4.1.

Theorem 1.2 (reformulation of Corollary 4.2). Let € N, N € N, A € GTy. Then

—(N—§)92+19 _ 0
. oy _ 4 277201 — q) 1
P)\(xlax27N7 q,q ) 0 , 4 Q(N_]_)_]_ | '
A=¢™) I (01— ) (w2 — g)
=1 i=1
1 0.2 ON—
9
X <x1 . o (Dq:$2 - Dq,$1)> 1_11 P,\ :L'“N q, q H T — q] ,
l: :

where Dy 5,, i = 1,2, are the linear operators in C(q)[z1, 2] acting on monomials by Dy 5, (z7" x5'?)

_lgmil ma may
= (e ey?), i = 1,2.

Observe that the multiplicative formula above requires 6 € N. It is somewhat surprising that
all the identities we prove in this paper, even the integral representations, behave better for

6 N.

!The reason for the name is that analogous formulas for Schur characters were used to prove statements of

the form A}im Fxny (@1, ... zm) = H hm Fx(ny(x:), where the functions F' are certain normalizations of Schur
— 00

characters, see, e.g., [24, Corollarles 3. 10 and 3.12]
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1.2 The boundary of the (q, t)-Gelfand—Tsetlin graph

As an application of our formulas, we characterize the space of central probability measures
in the path-space of the (g,t)-Gelfand-Tsetlin graph, when ¢t = ¢’ and  is a positive integer.
To state our result, we first introduce a few notions. Assume that ¢,t € (0,1) are generic real
parameters for the moment.

The Gelfand—Tsetlin graph, or simply G'T graph, is an undirected graph whose vertices are

the signatures of all lengths GT = | | GTy; we also include the empty signature & as the only
N>0

element of GTy for convenience. The set of edges is determined by the interlacing constraints,

namely the edges in the GT graph can only join signatures whose lengths differ by 1 and u € GT n

is joined to A € GT 41 if and only if
AN#1 S pN SAN << Ao < <A

If the above inequalities are satisfied, we write p < A. If y € GTy and A € GT 41 are joined by
an edge, then we consider the expression A%H()\, 1) given by

P,(tN, ... 1%, t;q,t)

Py(tN, ... t,1;q,t)’

ANTE O 1) = ¥asu(g,t)

where 1 /,,(¢,t) is given in the branching rule for Macdonald polynomials, see Theorem 2.5 below.

If 4 € GTy is not joined to A € GT 1, set A%H()\,,u) = 0. One can easily show, see, e.g.,
Theorem 2.3 below,

AN (A p) >0, VA€ GTyny1, peGTy,

SOAVT ) =1, VYAEGTyy.
pneGT N

Thus, for any N € N, A € GTn41, A%+1(/\, -) is a probability measure on GTp. For this reason,
we will call the expressions A%H(/\, W) cotransition probabilities.

Next we define the path-space T of the GT graph as the set of infinite paths in the GT graph
that begin at @ € GTp: 7 = {r = (@ =7 <70 < 7@ < ...): 70 € GT,, Vn € Zx¢}.
Each finite path of the form ¢ = (@ = ¢ < oM < ... < gb(”)) defines a cylinder set
Sp = {7' e T:7M =M 70 = gb(”)} C 7. We equip 7 with the o-algebra generated
by the cylinder sets Sy, over all finite paths ¢. Equivalently, the o-algebra of 7T is its Borel

o-algebra if we equip 7 with the topology it inherits as a subspace of the product [[ GT,. Each
n>0
probability measure M on 7 admits a pushforward to a probability measure on GT,, via the

obvious projection map

Proj,,: T C [ 6Tn — GTy,
n>0
N)

7_:(T(O)<T(I)<T(2)<"')'—>T( .
We say that a probability measure M on T is a (g, t)-central measure if
M(5(¢(0) <M <. <oV < ¢(N)))
— A%71(¢(N)7¢(N*1)) .. 'A(l)(¢(1),¢)(0))MN(¢(N)),

for all N > 0, all finite paths ¢(0) <o =< ¢ and for some probability measures My on GT .
It then automatically follows that My = (Projy).M are the pushforwards of M; moreover, they
satisfy the coherence relations

My(p)= > MyaMAYT' (A p), VN>0, VueGTy.
)\GGTN+1
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We denote by Mpon(T) the set of (g, t)-central (probability) measures on 7T it is clearly
a convex subset of the Banach space of all finite and signed measures on 7. Let us denote by
Qqt = Ex(Mprob(7T)) the set of its extreme points. From a general theorem, we can deduce
that Qg C Mpron(7T) is a Borel subset. We call Qg ¢, with its inherited topology, the boundary
of the (q,t)-Gelfand—Tsetlin graph. The theorem stated below, which is our main application,
completely characterizes the topological space {2, ;. Before stating it, let us make a couple of
relevant definitions.

Consider the set of weakly increasing integers N' = {v = (v; <vo <---):v1,v9,--- € Z} and
equip it with the topology inherited from the product Z*° = Z x Z x --- of countably many
discrete spaces. For each k € Z, we can define the automorphism A; of N by v — Apv =
(1 +k<wvo+k<---). Clearly Ay has inverse A_j. There is a similar automorphism of GT,
given by A= Apd= (A + k> X+ k> --), @ — Ap@ = &, which restricts to automorphisms
GT,, — GT,,, for each m € Z>.

For any k € Z, one can easily show that p € GT,, interlaces with A € GT,,4+1 iff Axp € GT,,
interlaces with Ax\A € GT,, 41, that is, u < X\ iff Agp < ApA. This allows us to define
automorphisms Ay of 7 by

Ap: T — T,
T = (@47(1) <7 <~-)»—>Ak7': (@%AkT(l) < Apr® <)

One can similarly obtain maps Ay on the set of finite paths of length n by ¢ = ((b(o) <
p) <o < M) A = (Apd® < AppD) < - < Ap¢™). Consequently we can also define
automorphisms on cylinder sets by A3 Sy = Sa, 4, for all finite paths ¢ = (¢(0) <M <. < d>(")),
in the natural way.
We named several maps above by the same letter Ag, but there should be no risk of confusion.
For our main theorem, we make the assumption 6 € N, t = ¢?. We believe the theorem can be
generalized for any 6 > 0, but we do not have a proof at the moment.

Theorem 1.3. Assume g € (0,1), # € N and set t = ¢°.

1. There ezists a homeomorphism N: N' — Qg sending each v € N to the (q,t)-central
probability measure MY € Qs determined by the relations

P,\(:Ul,xgt,...,avmtm_l;q,t) 1— 1
MY (X =®"(zit ™™, ..., Tme1t ", Tm;q, ),
)\G%m m( ) P)\(l,t, “' ,tm_l;q,t) (1'1 Tm—1 Tms q )

Vm e N, V(z1,...,xm) € T™. (1.2)
In (1.2), we denoted by { M} };m>1 the corresponding sequence of pushforwards of MY under
the projection maps Proj,,: T — GT,,. The left side in (1.2) is absolutely convergent

on T™, T = {z € C: |z| = 1}, and the functions ®V in the right side are defined in (5.2)
and (5.8). The probability measure M" is determined uniquely by the relations (1.2).

2. For each k € Z, the probability measures MY and M2 are related by
MA(Sa,4) = MY (Sy), for all finite paths ¢ = (¢ < M) < ... < ¢™). (1.3)
Moreover the (q,t)-coherent sequences { MY }m>0 and {MA+"},,>0 are related by

Mnf}LkV(Ak)\) = M (N), VYm >0, A e GT,,. (1.4)

Another main result of this article is Theorem 7.9, where we characterize the Martin boundary
of the (g,t)-Gelfand-Tseltin graph for t = ¢’ and # € N. In fact, we first prove that the Martin
boundary is homeomorphic to N and then show that the minimal boundary €, coincides with
the Martin boundary. See Sections 7.1 and 7.2 for the definition and characterization of the
Martin boundary.
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1.3 Comments on Theorem 1.3 and connections to existing literature

Our first comment is that Theorem 1.3 is a generalization of the main theorem in the article
of Vadim Gorin [21], which is the special case # = 1 of our theorem, and characterizes the
boundary of the ¢-Gelfand—Tsetlin graph. Some ideas in the proofs are the same, especially the
overall scheme of using the ergodic method of Vershik—Kerov, see [47], but we need many new
arguments as well. For example, [21] makes heavy use of the shifted Macdonald polynomials, in
particular the binomial formula for shifted Macdonald polynomials at ¢ = ¢, [34], while we do
not use them at all. Moreover, in order to prove that the boundary of the ¢-Gelfand—Tsetlin
graph is homeomorphic to A, [21] made use of the following closed formula for the shifted-Schur

generating function of M;{;azl, in the case that v; > 0:

oo si (@ Y e gt
> g oSl SN (e ), (15)
) s3(0,...,0;¢71)

AEGTS;

where
0 .
(1 —q't)
H (1) = =

ooZ . :
[I (1 —gut1t)
Jj=1

In the formula above, s}(z1,...,2n;¢) is the shifted Macdonald polynomial at ¢ = ¢. In addition
to the usefulness of the closed formula (1.5) above, the multiplicative structure is surprising. It
would be interesting to find a closed formula for the shifted Macdonald generating function of
the measures MY, for general § € N, and find out if the multiplicative structure still holds in
this generality.

It is shown in [21] that their main statement is equivalent to the characterization of certain
Gibbs measures on lozenge tilings. A conjectural characterization of positive ¢-Toeplitz matrices
is also given in that paper. Finally, it is mentioned that the asymptotics of ¢-Schur functions is
related to quantum traces and the representation theory of U (gl ). It would be interesting to
extend some of these statements to the Macdonald case, especially to connect the asymptotics of
Macdonald characters to the representation theory of inductive limits of quantum groups.

Several other “boundary problems” have appeared in the literature in various contexts. For
instance, in the limiting case ¢ = ¢ — 1, the problem of characterizing the boundary 2,
becomes equivalent to characterizing the space of extreme characters of the infinite-dimensional
unitary group U(oo) = ligl U(N). The answer also characterizes totally positive Toeplitz matrices

[19, 47, 48]. Also in the degenerate case t = ¢ or t = ¢'/?2 and ¢ — 1, the boundary problem
becomes equivalent to characterizing the space of extreme spherical functions of the infinite-
dimensional Gelfand pairs (U(200), Sp(o0)) and (U(o0), O(00)), respectively. This question, and
in fact a more general one-parameter “Jack”’-degeneration, was solved in [37]. A similar degenerate
question in the setting of random matrix theory was studied in [42]. Some of the tools in this
paper can be degenerated easily to these scenarios and they may provide an alternative approach
to their proof as well; for example, the special case of our toolbox in the case t = ¢ — 1 was
used in [24] to study the corresponding boundary problem, and in [15] we also study refine the
asymptotic result that is needed to solve the boundary problem of [37].

Another similar boundary problem in a somewhat different direction is the following. Assume
we consider the Young graph instead of the Gelfand—Tsetlin graph, e.g., see [8]. Assume also
that the cotransition probabilities coming from the branching rule of Macdonald polynomials
are replaced by the cotransition probabilities coming from the Pieri-rule. In this setting, the
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boundary problem has not been solved yet, but it is expected that the answer is given by Kerov’s
conjecture, which characterizes Macdonald-positive specializations, see [4, Section 2].

Finally, it was brought to my attention, after I completed the results of this paper, that
Grigori Olshanski has obtained a characterization of the extreme set of (g,¢)-central measures
in the extended Gelfand—Tsetlin graph for more general parameters ¢, t by different methods.
His work follows the setting of the paper [23] of Gorin—Olshanski, which is some sort of analytic
continuation to our proposed boundary problem. Interestingly, new features arise, e.g., two copies
of the space N characterize the boundary in his context, one can define and work with suitable
analogues of zw-measures, etc. Another related work in the ¢ = ¢ case is his recent article [41].

1.4 Organization of the paper

The present work is organized as follows. In Section 2, we briefly recall some important algebraic
properties of Macdonald polynomials that will be used to obtain our main results. We prove
integral representations for Macdonald characters of one variable in Section 3. Next, in Section 4,
we obtain multiplicative formulas for Macdonald characters of a given number of variables
m € N in terms of those of one variable. By making use of our formulas, in Section 5 we obtain
asymptotics of Macdonald characters as the signatures grow to infinity in a specific limit regime.
In Sections 6 and 7, we define and characterize the boundary of the (g, t)-Gelfand-Tsetlin graph
in the case that § € N and ¢t = ¢’. The asymptotic statements of Section 5 play the key role in
the characterization of the boundary.

In Appendix A, we have bundled the necessary language and results of g-theory that are used
throughout the paper. In Appendix B, we make some computations with expressions that appear
in the multiplicative formulas for Macdonald polynomials.

2 Symmetric Laurent polynomials

A canonical reference for symmetric polynomials is [32]. We choose to give a brief overview of the
tools that we need from [32], in order to fix terminology and to introduce lesser known objects,
such as signatures and Macdonald Laurent polynomials.

2.1 Partitions, signatures and symmetric Laurent polynomials

A partition is a finite sequence of weakly decreasing nonnegative integers A = (A; > Ao > -+ > Ag),
i € Z>q Vi. We identify partitions that differ by trailing zeroes; for example, (4,2,2,0,0) and
(4,2,2) are the same partition. We define the size of X to be the sum [A| = A; + - - - + Ay, and
its length ¢(\) to be the number of strictly positive elements of it. The dominance order for
partitions is a partial order given by letting p < A if |u| = |A and pg + -+ s <A+ -+ N\
for all ¢. As usual, we let p < X if g < X and p # A.

Partitions can be graphically represented by their Young diagrams. The Young diagram of
partition A is the array of boxes with coordinates (i, j) with 1 < j < X;,; 1 <7 < £()\), where the
coordinates are in matrix notation (row labels increase from top to bottom and column labels
increase from left to right), see Fig. 1.

A signature is a sequence of weakly decreasing integers A = (A; > Xo > -+ > X\¢), \; € Z Vi.
A positive signature is a signature whose elements are all nonnegative. The length of a signature,
or positive signature, is the number k of elements of it. Positive signatures which differ by trailing
zeroes are not identified, in contrast to partitions; for example, (4,2,2,0,0) and (4,2,2) are
different positive signatures, the first of length 5 and the second of length 3. We shall denote GT
(resp. GT};) the set of signatures (resp. positive signatures) of length N. Evidently GT}; can be
identified with the set of all partitions of length < N. Under this identification, we are allowed
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Figure 1. Young diagram for the partition A = (5,4, 4,2). Square s = (3, 3) has arm length, arm colength,
leg length and leg colength given by a(s) =1, d/(s) =2, I(s) =0, I'(s) = 2.

to talk about the Young diagram of a positive signature A € GT,, its size, the dominance order,
and other attributes that are typically associated to partitions. Note, however, that length is
defined differently for partitions and for positive signatures.

Let us now switch to notions pertaining to symmetric (Laurent) polynomials. Fix a positive
integer N. Consider the field F' = C(g¢,t) and recall the algebra Ap[z1,...,zN] of symmetric
polynomials on the variables z1,...,xx with coefficients in F'. For any m € Zx>q, recall also
the subalgebra A7 [z1,...,zy] of symmetric polynomials on z1,...,2y that are homogeneous of
degree m; then

Arlzrs..oan] = @) ARlan,...an).

m>0
We also denote by A F[miﬁ, . ,xﬁ] the algebra of symmetric (with respect to the transpositions
x; <> 241 for i =1,..., N — 1) Laurent polynomials in the variables z1,...,zy.

The connection between partitions/signatures and symmetric polynomials comes from the
observation that dimp (A [z1,...,2N]) is the number of partitions of size m and length < N, or
equivalently the number of positive signatures of size m and length N. A basis for the space
APz, ..., zN] is given by the monomial symmetric polynomials my(z1,...,zN), with |A| = m,

¢(A\) < N, defined by

def E’ B UN
ma(x1,...,TN) = xht ey,

HESN A

where Sy - A is the orbit of A under the permutation action of Sy, and the sum runs over
distinct elements p of that orbit. It is implied that {m(x1,...,2zn): £(A) < N} is a basis of

Ap[zy,...,zN].

2.2 Macdonald polynomials and Macdonald characters

Proposition/Definition 2.1 ([32, Chapter VI, Sections 3, 4, 9]). The Macdonald polynomials
Py(x1,...,xN;q,t), for partitions X with £(\) < N, are the unique elements of Ap[x1,...,zN]
satisfying the following two properties

e Triangular decomposition: Px(z1,...,xN;q,t) = my + Z caxuMy, for some cy, € F,
pe <A
and the sum is over partitions p with £(p) < N, and p < X\ in the dominance order.

e Orthogonality relation: Let []o: Flaf,... ,a%] — F be the constant term map

A1 AN _
§ : AXTy " TN = 4(o,...,0)-
A=(A1 > >Ay)EZN 0
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The Macdonald polynomials are orthogonal with respect to the inner product (-,-)q: on

AF[xli7 s )x]%/'} given by (fvg)q,t dZEf [f(xla ceey xN)g(Il_lv s 73:]_\/'1)Aq7t]0; where
def q Z;r
Agt = H H k
|<iZj<N b0 L~ atTiT;

Note that Py(q,t) = 1. It N < £()\), we set Py(21,...,2x;¢,t) = 0 for convenience.

When we are talking about Macdonald polynomials and some of their properties which hold
regardless of the number N of variables, as long as NN is large enough, we simply write P\(q, t)
instead of Py(z1,...,xN;q,t).

From the triangular decomposition of Macdonald polynomials, Py(q,t) is a homogeneous
polynomial of degree |\|. Moreover {Py(z1,...,zn): £(A\) < N} is a basis of Ap[x1,...,zN].
Finally, we have the following index stability property:

P()\1+17...,)\N+1)(xlv .. .,$N;q,t) = (l’l e QZ’N) : P/\(xla cee axNaQ7t) (21)

As pointed out before, the set of partitions of length < N is in bijection with GTE. Thus
we can index the Macdonald polynomials by positive signatures rather than by partitions: for
any A € GTT,, we let Py(z1,...,xN;¢q,t) be the Macdonald polynomial corresponding to the
partition associated to A. We can slightly extend the definition above and introduce Macdonald
Laurent polynomials Py(z1,...,znN;q,t) for any A € GTy. Let A € GT be arbitrary. If Ay > 0,
then \ € (G']I‘E and Py(z1,...,zN;q,t) is already defined. If Ay < 0, choose m € N such that
AN +m>0andso (M +m,...,A\x+m) € G’]I‘}. Then define

Pa(z1, ..., oniq,1) = (21 an) " Povgtm,an+m) (@1, TN G, ). (2.2)

By virtue of the index stability property, the Macdonald (Laurent) polynomial Py(x1,...,2ZN;q,t)
is well-defined and does not depend on the value of m that we choose. For simplicity, we call
Py(z1,...,zN;q,t) a Macdonald polynomial, whether A € GT; or not. In a similar fashion, we
can define monomial symmetric polynomials my, for any A € GTy.

Recall the definitions of the arm-length, arm-colength, leg-length, leg-colength a(s), a’(s), I(s),
I'(s) of the square s = (i, ) of the Young diagram of \, given by a(s) = \; — j, d’(s) = j — 1,
I(s) = X, —i, I'(s) =i — 1; we note that X; = [{i: A\; > j}| is the length of the jth part of the
conjugate partition N, see Fig. 1.

We use terminology from g- analysis see Appendix A; particularly we use the definition of

n— S8 .
¢-Pochhammer symbols (z;q), & H (1—2¢") and (2;¢)ee = [] (1 — 2¢").
i=0 1=0
For A e || G’]T'K,, define the dual Macdonald polynomials Qx(g,t) as the following normaliza-
N>0
tion of Macdonald polynomials

1— qa(s)tl(s)—i-l

def def
Qg t) Zbalg, )Pr(g, 1), bale, ) =[] [EPTOIEFIOk (2.3)
SEA
The complete homogeneous symmetric (Macdonald) polynomials gy = 1,91, g2,... are the

one-row dual Macdonald polynomials:

0.0 Qo (0:1) = (£ P 0.1, (2.4

For convenience, we also set g,(q,t) =0, Vn < 0.
Now we come to several important theorems on Macdonald polynomials, which will be our
main tools.
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Theorem 2.2 (index-argument symmetry; [32, Chapter VI, Property 6.6]). Let N € N, A\, u €
GTE, then

Py(gmtN =t qratN=2 g g ) B (gt 2t TR L Mg )
Py(tN=1#N=2 . 1:q,t) N P (tN-1N=2 . 1;q,t)

Theorem 2.3 (evaluation identity; [32, Chapter VI, equations (6.11) and (6.11")]). Let N € N,
A€ GTE, then

Ai—Aj = z ) (tj*iJFl- Q)oo
PN N2 g t) = ) (a X
A | I T s

_ o T Lot
B H 1— qa(s)tl(s)—i-l ’
SEA

def

where and n(A) = Ao +2X3 4+ -+ + (N — 1)An. The first equality holds, more generally, for
any signature X\ € GTy by virtue of the definition (2.2) of Macdonald Laurent polynomials

P)\(xlv"'va;(Lt)'

From the second equality of Theorem 2.3 and the definition of dual Macdonald polynomials,
we obtain

Corollary 2.4. Let N e N, )\ € GT%, then

qa’(s)tN—l/(s)

1 _
N—1 ,N-2 . — ()
Q)\(t , T ,---717q7t) =" 1;{ l_qa(s)+1tl(s) ’
S

Since the Macdonald polynomial Py(z1,x9,...,2N;q,t) is symmetric in z1,x9,...,2y, it
is also a symmetric polynomial on xo,...,xy; thus it is a linear combination of Macdonald
polynomials P, (z2,...,znN;q,t) with coefficients in F'[z1]. More precisely, we have the so-called
branching rule for Macdonald polynomials:

Theorem 2.5 (branching rule; [32, Chapter VI, equation (7.13’), Example 2(b) on p. 342]). Let
N €N, X € GTY, then

A —
Py(z1,22,...,2N5¢, ) = > Daju@ )N B (2, e g, t),
PEGTY _ : p=A
where the branching coefficients are
(qﬂi—,ujtj—i—‘rl; Q)oo(in_Aﬁ_ltj_H_l; q)oo

def
w)\/ﬂ(q7 t) - 1<Z.<EN_1 (q)\i—lu]'tjfiﬁ»l; q)oo (q/,l,i—)\]'+1tjf’i+1; q)oo

O e T ) (e T )
(qp,i—,uj—‘rltjfi; q)oo (q>\i—)\]‘+1+1t‘j7’i; q)oo7

and the sum is over positive signatures p € GTX,_I that satisfy the interlacing constraint
AN S pn—1 S AN—1 << <A,
which is written succinctly as p < A.

Observe that ) /,(q,t) > 0, whenever ¢,t € (0,1). By applying the branching rule several
times, we can deduce the following.
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Corollary 2.6. The coefficients cy , = cx u(q,t) in the expansion
Py(g,t) = ZCA,umu
w
are such that cyx = 1 and cy, > 0, whenever q,t € (0,1). Moreover, cy, = 0 unless X > p.

We come to our final tool on Macdonald polynomials. It is the main theorem of [30], and is
called the Jacobi—Trudi formula for Macdonald polynomials. For any n € N, nonnegative integers

Ti,...,Tn, variables ui, ..., u,, define the rational functions Cﬁ?ﬁ,m (u1,...,uy) by
@t (y, up) & ﬁ o (a/t; @), (qui; @)r, (qui/tuj; q)r (tui/(q7ui); @),

T gy Un) — X
e L0 Gtws e, L (auifusi ) (us/(gug):a)s

1 . 1 — tgTiu — a7y
X det [(qmuy) I (1 - LT AL (2)
A(qmuy, ..., uy) 1<i,j<n 1 —qmiu; Pt tug, — qTiuy

is known as the Vandermonde determi-

where A(z1,...,2z,) = I (2 — zj) = det [z?ij]zjzl

1<i<j<n
nant.

Theorem 2.7 (Jacobi-Trudi formula; [30, Theorem 5.1]). Let N € N, X € GTX], then
Q)\(wh o 7$N;q7t)

N
N-1 Ai—=Ast1+ > (Tij—Ts41,5)

)t — j=s —1. y
= > (e (=0 7 F <<
rem | s=1

N
< [T 9n it o (s 'wzv;q,t)} ,

s=1
where M) is the set of strictly upper-triangular matrices with nonnegative entries, and for each
1 < s < N, the integers 7,7, 7,7, depend only on the indexing matriz T and are defined by
N s—1
T e Z Ts.is Ty e Ti s (2.6)
i=s+1 i=1
Remark 2.8. Observe that, even though M®Y) is an infinite set, the only nonvanishing terms

in the sum above are those 7 € M) such that \s + 75 —77 >0Vs=1,...,N. In other
words, the sum is indexed by points of the discrete W
{Ti,j}1§i<j§N satisfying

7;>0, forall 1<i<j<N,

-dimensional simplex with coordinates

N n—1
An + Z Tnﬂ'—ZTi’nZO, forall n=1,...,N.
1=n-+1 =1

Let us introduce the last piece of terminology and main object of study in this paper.
Definition 2.9. For any m, N € N with 1 <m < N, A € GTy, define
def PA(:cl, e Tm, Lt ,tN_m_l;q,t)

Py(1,8,82, ..., tN=1;q,1)

and call Py(x1,...,xm; N, q,t) the Macdonald unitary character of rank N, number of variables m
and parametrized by . For simplicity of terminology, we call Py(z1,...,Zm; N, q,t) a Macdonald
character rather than a Macdonald unitary character. Observe that if ¢,t € C are such that

lq], [t| € (0,1), the evaluation identity for Macdonald polynomials, Theorem 2.3, shows that the
denominator of (2.7) is nonzero.

Py(z1,...,2m; N, q,t) (2.7)
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3 Integral formulas for Macdonald characters of one variable

In this section, assume ¢ is a real number in the interval (0,1). There will also be a parameter 6,
typically 8 > 0, but we also consider cases when 6 is a complex number with 6 > 0. In either
case, the parameter t = ¢’ satisfies |t| < 1.

3.1 Statements of the theorems

The simplest contour integral representation is the following, which works only when ¢ = ¢?,
f € N, and involves a closed contour around finitely many singularities.

Theorem 3.1. Let 0 € N, t =¢’, N e N, A€ GTy and z € C\{O,q,q2,...,q9N_1}. Then
P/\(ZE,t,t2 atN_l;Q>t)

Py(1,t,82,...,tN=1;4,1)
ON-1 .

1 1 x?
= In(1/q) H el
i=1 Co [T T (1 — gz=ub(N=i)+3))

i=17=0

dz, (3.1)

where Cy is a closed, positively oriented contour enclosing the real poles {\; + O(N — i) +j:i=
N, j7=0,...,0 — 1} of the integrand. For instance, the rectangular contour with vertices

M —rv=1, =M +rv/—-1, M +rv/—1 and M — r+/—1, for any —li—’rq > r > 0 and any
M > max{0, —An, A\1 + 0N — 1}, is a suitable contour.

The following two theorems are analytic continuations, in the variable 8, of Theorem 3.1
above.

Theorem 3.2. Let § >0,t=¢’, N € N, A€ GTy and x € C\ {0}, |z| < 1. The integral below
converges absolutely and the equality holds

Py(atV =N =20t 1, t)
Py(tN-1tN=2 t,1;q,)

Ing (xf / )\+0 —i)=2)
- «/7 dz. 3.2

Contour CT is a positively oriented contour consisting of the segment [M +1rv/—1, M — 7\/7] and
the horizontal lines [M +r/—1, +oo+ryv/—1), [M —ry/—1,+00—7/—1), for some — anq >7r>0
and A\y > M, see Fig. 2. Observe that C* encloses all real poles of the integrand (which accumulate
at +00) and no other poles.

The reader is referred to Appendix A for a reminder of the definition of the ¢-Gamma function,
its zeroes and poles.

Theorem 3.3. Let > 0,t=¢°, N €N, A\ € GTy and x € C, |z| > 1. The integral below
converges absolutely and the equality holds
Py(z,t,t%,... .tV g, t)
Pa(L, 6,82, V"L g,t)
Ing (z7'tN:q) ﬂ Ty(z — (A — 0i +0))
= x
¢—1 (@7'¢q) 2w - Talz—= (N —07))

de. (3.3)



Asymptotic Formulas for Macdonald Polynomials 13
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Figure 2. Contour Ct.
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<
N

Figure 3. Contour C~.

Contour C~ is a positively oriented contour consisting of the segment [M —r/—1, M +r+/—1] and
the horizontal lines [M —rv/—1, —co—ry/—=1), [M +ry/—1, —c0o+71v/—1), for some —%nq >r>0
and M > )1, see Fig. 3. Observe that C~ encloses all real poles of the integrand (which accumulate

at —oo) and no other poles.

Remark 3.4. In the formulas above, * = exp(zInx). If ¢ (—00,0), we can use the principal
branch of the logarithm to define Inz, and if x € (—00,0), then we can define the logarithm in
the complex plane cut along (—+/—100, 0] such that S1lna = 0 for all a € (0, 00).

Remark 3.5. The formulas in Theorems 3.2 and 3.3 probably hold for more general con-
tours CT, C~, but we do not need more generality for our purposes.

Remark 3.6. When 6 = 1, Theorem 3.1 recovers [24, Theorem 3.6].

Remark 3.7. The infinite contours in Theorems 3.2 and 3.3 are needed because there are
infinitely many real poles in the integrand and the contour needs to enclose all of them. When
0 € N, the integrands have finitely many poles, and we can therefore close the contours, obtaining
eventually Theorem 3.1. More generally, if 6 > 0 is such that 6N € N, a similar remark applies.
In fact, we can write the product of ¢-Gamma function ratios appearing in the integrand (3.2) as

N T (A 0N — i) — 2)
gfq()\i—FG(N—i—kl)—z)
- Fq(/\l—l-Q(N— )—Z) .“Fq()\N_l—l-e—Z) Fq(/\N—Z) (3 4>
C Ty(Ae+0(N —1) —2) FyAN+0—2) Tg(M +0N—2)’ '
1—¢ z

and since I'q(t + 1) = 7=1-T¢(¢), we conclude that the product above is a rational function in ¢~
with finitely many real poles. Thus formula (3.2) is true if we replaced contour C* by a closed
contour Cy containing all finitely many real poles of the integrand. Similarly, we can replace C~
by a closed contour Cp in (3.3).

3.2 An example

Before carrying out the proofs of the theorems above in full generality, we prove some very special
cases, by means of the residue theorem and the ¢g-binomial formula. For simplicity, let |z| < 1 be
a complex number, and consider the empty partition A = &, or equivalently the N-signature
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A= (ON) = (0,0,...,0). As remarked in Section 2.2, we have P(ON)(q, t) = 1, and therefore the
left-hand sides of identities (3.1) and (3.2) are both equal to 1, when A = (0V). Let us prove
that the right-hand sides of (3.1) and (3.2) also equal 1, for A = (0V).

Let us begin with the case 6 ¢ N, i.e., the right-hand side of (3.2). Since the contour C~
encloses all real poles in the integrand in its interior, then the right-hand side of (3.2) equals

Ing (2t"5q)
1-q (2¢;¢)

x Ty(ON) x gxnw (3.5)

From the definition of ¢-Gamma functions, see Appendix A, it is evident that, for any n € Z>,
we have

(—1)(1— gt ("2
Ingq (¢ Dn

Res,—p I'y(—2) =

_at : Iy (6N _ _
Furthermore, I'y(t + 1) = %Fq(t) gives % = (1 —q) ™"V @), s0 (3.5) equals
n+1
(2¢; @)oo (¢ 9)n '

n=0

The latter indeed equals 1 because of the ¢g-binomial theorem, Theorem A.3, applied to z =
n+1
2N = 2tV a = ¢' 7%V and the equality ¢*V"(¢'=;¢q), = (—1)”q( : )(qu_"; qQ)n Y1 > 0.
Second, let us consider the case 6 € N, i.e., the right-hand side of (3.1). Observe that for
ON—1 A
A = (0V), the integrand in (3.1) can be rewritten as % - [ (1 —¢*~%)~!, whose set of poles
i=0
enclosed in the interior of Cy is {0,1,2,...,0N — 1}. Since Res,—, (1 — ¢*")"! = —(Ing)~!
(In(1/q))~!, similar considerations as above lead us to conclude that the right side of (3.1) is
equal to the finite sum

ON—1 | g ON—1 o ON—1 I ON—1 o
I —x2> =1l =" 2 o
Faeg il 0<igl_9[1v_1<1_qn ‘) Pl 1 —xzq™ =0 (q,q)n(q 4 )Oanfl
i#n
_ _ n+1 _ _
1 bV (—1)nq ("3 )(q g 1)9N—1 n
X .

s, (@ on—n—1

L and

The latter equals 1, because of Corollary A.4 of the ¢-binomial formula, applied to z = zq~
M =60N —1.

A simple argument involving the index stability for Macdonald polynomials, see (2.1), shows
that if Theorems 3.1 and 3.2 hold for A € GTy, then they hold for (A +n > Xo+n > .-+ >
AN +n) € GTy, and any n € Z, cf. Step 5 in Section 3.3 below. Thus the present example shows
how to prove Theorems 3.1 and 3.2 for signatures of the form (n,n,...,n) € GTy, only by use

of the classical g-binomial theorem.

3.3 Integral formula when t = ¢%, § € N: Proof of Theorem 3.1

Assume 0 € N and ¢t = ¢?. The proof of Theorem 3.1 is broken down into several steps. In the
first four steps, we prove the statement for positive signatures A € GT} (when all coordinates
are nonnegative: A\; > --- > Ay > 0), and in step 5 we extend it for all signatures A € GTy
(when some coordinates of A could be negative).
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Step 1. We derive a contour integral formula for the ratio P*(‘gg Nl 7 i (’;;3"1 ) of Macdonald
polynomials, and any r € N. The index-argument symmetry, Theorem 2. 2, applied to A =

(M,...,An) and p = (r) = (r,0N~1), gives

P/\(qrtN717tN727 et 17Qat) o P(T‘) (q)\ltN_17 s 7q)\N71t7q)\N;Q7t)

= 3.6
Py(tN-1, 00t 1, 0) Py (tN=1, .. 1, 15, ) (36)
The denominator P, (tN=1,...,t,1;q,t) has a simple expression due to the evaluation identity,
Theorem 2.3; it is particularly simple for the row partition (r):
N-1 (a7~ ‘1) (tj oo _ (@500t 0)0e _ (£V50),
P(r)(t ,...,t,l;q, H tJ 1. = TN . = ; .
i Moo (N0t @)oo (5q)r
Since we also have P)(q,t) = ((;13)): gr(q,t), see (2.4), identity (3.6) becomes
P/\ qrtN717tN727"'>t71;Qat q;q _
( ) _ w0 gr (@t MY g,t). (3.7)

P,\(tN—l,...,t,l;q,t) N (tN;q)r

The symmetric polynomials g,(q,t), in addition to being essentially one-row Macdonald
polynomials, can be defined in terms of their generating function as follows, see [32, Chapter VIJ:

H (tziy; q) Zgr (z1,...,xN;q, D)y (3.8)

i=1 (ziy; Q) >0
The relation (3.8) holds formally in the ring Ap[xi,...,zn][[y]]. If we fix nonzero values
x1,...,zy € C\ {0}, the identity above is an equality of real analytic functions in the domain

{y € C: maxj<;<n |zr;y| < 1}. Thus we have the following contour integral representation

1 (tziy; q
T1,...,TN;q,T
gr( 1 N34 ) 27.‘.\/7 Cyr—i-l H 377,?/,

where C is any circle around the origin and radius smaller than (max; |z;|)~!. Let a; = ¢tV
for i =1,2,..., N in the integral representation of ¢,(q,t), and replace it into the right-hand side
of (3.7); then

Py(qtN TN b g t) () L H Ny g)
PA(tN7L Lt g t)  (tY5q), 2mV/ -1 cy”l Pty )

where C' can be taken to be any circle around the origin of radius smaller than 1 (we need here
that A € GT}, implies QNP <1 Vi), For t = ¢, § € N, we can simplify (3.9) to

2 dy, (3.9)

Py(qtN L eN=2 0t 1 g, t) (g9 y~"dy
- . T (o /—1 ’
P)\(tN 1)"'7t717Qat) (q N7q 27 N = 1(1_q)\i+9(N*i)+jy)
i= 1] 0

(3.10)

Step 2. We obtain a new contour integral representation by modifying (3.10). The resulting
contour integral representation involves an open contour C*, that looks like that of Fig. 2 (but
has a slight difference from that in Theorem 3.2).

Observe that the absolute value of the integrand in (3.10) is of order o(R™"~!) = o(R™2),
if |y| = R is large. An application of Cauchy’s theorem yields that the value of the integral is
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\\
0// Rz

Figure 4. Contour C'.

unchanged if the closed contour C' is deformed into the “keyhole” contour C’ shown in Fig. 4. Let
us describe the contour C’ in words: it is a positively oriented contour, formed by two lines away
from the origin, of arguments +37 /4, and the portion of a semicircle of some radius 0 < § < 1.
Evidently, the straight lines are part of the level lines I(In(y)) = £3n/4, while the portion of the
semicircle is part of the level line R(In(y)) = ¢ (where In is defined in C\ (—o0, 0]).

Next, we make the change of variables y = ¢~ %, or z = —E—Z, where In is defined on its
principal branch. Based on the previous observations about the contour C’ being composed by
level lines, it is clear that the resulting contour for z is a negatively oriented contour formed by
one segment and two straight lines, but we can easily reverse the orientation of the contour at
the cost of switching signs. Let us call the positively oriented contour C*, see Fig. 2; the integral
formula becomes

Pa(qtN N2 g, t)  (giq)r 1 ¢t *Inqdz (3.11)
Py(tN-1, 0t 1 g, 0) N (q(’N;q) 2my/—1 Jo+r N 61 PO o
—i)+j—z
Zl_lljl_[ (1- )

Note that points in the horizontal lines of contour C* in (3.11) have imaginary parts i%;rq, while
points in the vertical segment of C* have real part —Ind/Ing < 0. Thus contour C* encloses
exactly all the real poles of the integrand in (3.11) and no other poles (it also encloses the origin,
though this not important).

Step 3. We make some final modifications to formula (3.11); the resulting contour integral
representation will include a closed contour Cy as in the statement of the theorem.

Observe that the integrand in (3.11) has finitely many real poles and they are all enclosed
by contour CT; also the integrand is exponentially small as |z| — oo along the contour C™.
Therefore, as an application of Cauchy’s theorem, we can replace CT by a closed contour Cy that
encloses all finitely many real poles of the integrand. Also note that for r > N, we can write

ON—1 ;
% = II 11_;,‘?+i. Thus for r > 0N, equation (3.11) can be rewritten as
k) T i:l

P/\(thN_l,tN_z,...,t,l;q,t)
Py(tN-1, 0t 1, 0)
N 1 N 0-1

_ Ing 1—¢* -
- 271.\/? 1— qr-H f;o H H 1-"—9 —i)+j—z dz. (312)

11]0
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We let 2 = ¢"t"V = ¢"+t%N and replace all instances of ¢" in (3.12) above by z/tV; then multiply
both sides of the identity by t*. We claim that the resulting equation is exactly equality (3.1).
In fact, the left-hand side of our equation is

Py(tN-1 ot 1q,t) PA(EVLeN-2 0 1q,t) Py(L 6t N hgt)]

t|/\‘P)\($/t,tN_2,...,t,l;q,t) _ P,\(a:,tN_l,tN_z,...,t;q,t) P,\(x,t,t2 ,tN_l;q,t)

by homogeneity of the Macdonald polynomials. On the other hand, the right-hand side of our
equation is

N 6-1

ON-—1
lnq l—q l _
)\ 7 Nz
2t/ — H z@N t HHl_q)\—l-@ —i)+j— zd’

1=175=0

which can be shown to be equal to the right-hand side of (3.1), by simple algebraic manipulations.

The conclusion is that we have proved identity (3.1) for all z = ¢ with m € N large enough
(to be precise, m is of the form r + §N and r > 6N, so the statement was proved for all integers
m > 20N).

Step 4. Still assuming A € GT};, we prove Theorem 3.1 for all z € C\ ({0} U {¢*: i =
1,2,...,6N —1}). Observe that  # 0 is imposed to make sense of the term z* = exp(zlnx)
and = ¢ {q,q¢>,...,q"V '} is necessary so that the denominator of the right-hand side of (3.1) is
nonzero.

We claim that both sides of (3.1) are rational functions of z. This would prove the desired
result, given that we have shown in step 3 above that (3.1) holds for infinitely many points ¢,

where m is large enough. The left-hand side of (3.1) is obviously a polynomial on z. In the
ON—1 .
right-hand side of (3.1), we have the product H (z — ¢*)~! which is a rational function. We

only need to check that the contour integral is also a rational function on x. In fact, this follows
from the residue theorem and the fact that there are finitely many poles in the interior of Cp,
all of these being simple and integral. The fact that the poles considered above are simple and
integral can be easily checked and is equivalent to fact that all the values \; + (N — i) + j, for
1<i<N,0<j<60-—1, are pairwise distinct integers.

Step 5. We extend equality (3.1) to all signatures A € GTy.

Let A € GTy be arbitrary and we aim to prove (3.1). If A\ € GT}, the result is already
proved in the first four steps above. Otherwise, choose m € N such that Ay +m > 0, and so
XEN+ (mN) = (M +m, Ao +m,. .., Ay +m) € GTS.

By the index stability (2.1), (z1---2n)"Px(21,...,2N5¢,t) = P;(z1,...,2N;9,t). Thus
multiplying the left-hand side of the equality (3.1) by ™ = (x-t-t2 e tN_l)m(l-tqf2 S A L
gives

(z-t- 82 NN Py(, 8%, tN_l;q,t):PX(ac,t,tQ LtV TLg )
(Lot tN-1)" Py(1,6,82, .tV g, t) Pr(Lt, 62, .t 1q,t)

If we multiply the right-hand side of equality (3.1) by 2™, and also make the change of variables
z — z —m in the contour integral, we obtain

ON—1 -
—q* 1 T

1 ¢
In(1 dz.

i=145=0

Since we have proved equality (3.1) for the positive signature X already, then (3.1) also holds
for A, since we have multiplied both sides by ™ and obtained equal expressions.
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3.4 Integral formula for general q, t I:
Outline of proof of Theorems 3.2 and 3.3

Theorems 3.2 and 3.3 are analytic continuations of Theorem 3.1, with respect to the variable §. We
shall need the weak version of Carlson’s lemma below, which is proved in [2, Theorem 2.8.1] (in this
reference, the statement is given for functions that are analytic and bounded on {z € C: Rz > 0},
but a simple change of variables z — z + M, for some large positive integer M € N leads us to
the version below).

Lemma 3.8 (Carlson’s lemma). Let f(z) be a holomorphic function on the right half plane
{z € C: Rz > 0}, such that f(z) is uniformly bounded on the domain {z € C: Rz > M}, for
some M > 0. If f(n) =0 for all n € N, then f is identically zero.

We outline the steps of the proof of Theorem 3.2 below, and we shall carry out the detailed
proof of each step in the next section. Theorem 3.3 can be proved analogously and we leave the
details to the reader.

e Step 0. Prove that the right-hand side of (3.2) is well-defined, i.e., the contour integral is
absolutely convergent. We prove the absolute convergence for all |z] < 1, z # 0, and 6 > 0.

e Step 1. Reduce the general statement to the case |z| < 1, z # 0, and X € G’JI‘]J(,. Assume
the latter conditions are in place for the remaining steps in the proof.

e Step 2. Prove that the equation (3.2) of Theorem 3.2 holds when ¢t = ¢’ and # € N.

e Step 3. Prove that both sides of equation (3.2) are holomorphic functions of 6 on the right
half plane {6 € C: R0 > 0}.

e Step 4. Prove that, for some (sufficiently large) M > 0, both sides of equation (3.2) are
uniformly bounded functions of § on {§ € C: R0 > M}.

Then we can conclude Theorem 3.2 as follows. From steps 2-4 and Lemma 3.8 above,
identity (3.2) is proved for all z € C with |z| < 1, 2 # 0, A € GT}, 0 € {z € C: Rz > 0},
and in particular for all 8 > 0. Thus step 1 shows the theorem holds for the more general case
x € C\ {0}, |[z] <1, and A € GTy.

3.5 Integral formula for general q, t II: Proof of Theorem 3.2

In this section, we prove Theorem 3.2; as we already mentioned, Theorem 3.3 can be proved
in an analogous way, and we leave the details to the reader. From the last paragraph of the
previous section, Theorem 3.2 will be proved if we verify steps 04 stated there.

Proof of Step 0. Fix § > 0, z € C\ {0}, |z| <1, and let

N
Fy(2;0) = 27 H

Ly(Ni +0(N —i) — 2)
LN+ 60(N—i+1)—2)

From the definition of the ¢-Gamma function, Fy(z; #) is a holomorphic function in a neighborhood
of the contour C*, thus fC+ F,(z;0)dz is a well-posed integral. To prove its absolute convergence,
it suffices to show that |F,(z;0)| < ¢1 - ¢®2% for some ¢1,cp > 0 and all z € CT with Rz large
enough.

Because |z| <1 and all z in the contour C* have bounded imaginary parts, we have |z
exp(RzIn |z| — Sz arg(x)), 2 € CT, is upper-bounded by a constant. Thus it will suffice to show

Z’:

< e - g R =1,2,...,N
T, +0(N—i+1)—z)| =T PT 05
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for some c1,co > 0 and all z € CT with Rz large enough. Since each \; 4+ 6(N —1) is real and |3z |
is constant for z € C*, when Rz is large enough, the statement reduces to showing

‘ Ty(—2)

— 1 < . CQ%Z, 3.13
T,(0—2)| =1 (3.13)

for some c1,co > 0 and all z € C* with Rz large enough.

Let 7/2 > d > 0 be the value such that |3z|, for any point z € C* with Rz large enough,
equals —d/In ¢ (such d exists by our assumptions on the contour C*). There exists a real number
a > 0 large enough so that the following inequality holds

q*(1+ qe) < 2cosd. (3.14)

Now we consider only points z € CT with Rz large enough so that |Sz| = —d/Inq and Rz >
0+a+1;let M =M(z)=|Rz—60—a] € N. From the definition of a in (3.14), the restriction
on the values of Rz, and ¢ € (0, 1), one can easily obtain

1—¢ 0| <[1—q¢* Vji=0,1,...,M. (3.15)

As a consequence of inequality (3.15) and the definition of the ¢-Gamma function, we have

Ly(—2) B g(q_z+9;(])oo
‘Fq(e_z) (t=d) (7% @)oo
) (gt (g
( —q z) (l—q z+M) (q—z—l—M—i—l;q)oo
= (1_ ) (1_qz 9) ( —q° _M) qa(MJrl) (qa—z-i-M—i-l;q)oo
(1—g¢%)-(1—g=M) (= M+ q)
O0—z+M+1.
< (1—gq)? #M+Y ((‘i]_z+M+17»;))oo

Since M = |Rz — 0 — a|, the previous inequality almost shows (3.13). We are left to show
that the absolute value of (¢ *tM*1.q) /(g *tM*1:¢)s is upper bounded by a constant
independent of z € C* as long as Rz is large enough. In fact, we have Rz — 0 — a >
M >Rz —0—a— 1, so |q9—z+M+1|"q—z+M+1| < q—6—a and |%q9—z+M+1|’|%q—z+M+l‘ >
@M =Rzgind > ¢'~sind > 0. Because the g-Pochhammer symbol (25 9)oo is holomorphic
on z € C, in particular continuous, the absolute value |(x;¢)s| attains a maximum cpax > 0
and a minimum value cpi, > 0 on the compact subset {z € C: |z| < ¢797%,|Sz| > ¢'*sind},
and moreover cpi, > 0 because all the roots of (z;¢)s = 0 are real. We have thus proved
(@M ) o /1 (g TMH @) o] < Cmax/Cmin < 00, as desired.

Proof of Step 1. Assume we proved identity (3.2) when z € C\ {0}, |z| < 1. Then an easy
application of the dominated convergence theorem (we know the integral converges absolutely
when 2 = 1 because of step 1) shows the equation would also hold for all z € C\ {0}, |z| < 1.

Also, observe that step 5 of the proof of Theorem 3.1 can be repeated almost word-by-word
to extend the theorem to all A € GTy, assuming that it was proved for all A € GTE. Therefore
we will assume for convenience in the next steps that |x| < 1, x # 0, A € G’H‘j{,, and prove the
theorem only in that case, without loss of generality.

Proof of Step 2. In this step, we consider the case § € N. Since we are also assuming
|z| < 1, 2 # 0, then clearly xt" ¢ {0, .7, ... ,qu_l} and therefore equality (3.1) holds if = was
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replaced with ztV. After multiplying both sides of the resulting equation by ¢}, we claim that
we arrive at the desired (3.2) with Cy in place of CT. In fact, the left-hand side of our equation is

FWP,\(xtN,t,tQ,...,tN_l;q,t)
Py(1,8,82, ..., tN=1;q,1)
Py(atN =11t V2, t)  Pa(atN LNt 1 g, t)
T OR(LGLE N g t) PN L N2 Tg.t)

thanks to the homogeneity and symmetry of Macdonald polynomials. On the other hand, the
right-hand side of our equation is

ON—1

t=Mn(1/q) [

i=1

1— qi 1 Nz

ON _ i —
xq N q 27['\/_71 Co 1]_\/[ 91-11 (1 _ qu()\¢+9(N*i)+j))

i=14=0

dz,

which can be shown equal to the right-hand side of (3.2) (with CT replaced by Cp) after simple
algebraic manipulations. Finally observe that contour Cy can be replaced by C* by an application
of Cauchy’s theorem.

Proof of Step 3. Let us begin by proving holomorphicity of the left-hand side of (3.2)
with respect to the variable @; observe that 6 only appears inside the variable t = ¢’. The
Macdonald polynomials Py(z1,...,ZN;q,t) are holomorphic functions of § on {# € C: R0 >
0} because all the branching coefficients 1),/,(q,t) are holomorphic on this domain. Then
Py (xtN*I,tNJ, R A & q,t) and Py (thl,tN*Q, R A q,t) are also holomorphic. It follows
that the ratio of these two quantities is holomorphic if we proved that the denominator
P/\(thl,thz,...,t,l;q,t) never vanishes for R0 > 0, or equivalently for || < 1; this is
evident from the evaluation identity for Macdonald polynomials, Theorem 2.3.

Next we prove holomorphicity of the right-hand side of (3.2) as a function of € in the domain
{0 € C: RO > 0}. Clearly (a:qBN; q)oofq(GN) is holomorphic in the given domain of @, but it is
less clear that the integral [., Fy(z,60)dz is holomorphic in the right half-plane, where

B TN+ 0(N — i) — 2)
Fo(z:0) = ilj[qu(Aﬁe(N—Hl)—ZY

First we claim that Fj(z;6) is holomorphic on U x {6 € C: 6§ > 0}, for some neighborhood U
of C*. Indeed, the factor 2% is clearly entire on z, and does not depend on 6. We can write the
product of ratios of ¢-Gamma functions in the definition of F(z;60), as we did in Remark 3.7,
see (3.4). For 1 <i < N — 1, we have

Ai—1 Ai—1 .
Fq(Ai + (9(N — Z) — z) B - ) B ¢ 1— qn+9(N—z)—z
N0 oo~ L oW =i—do= [ —H——

n=Aj4+1 n=MA;4+1

which is clearly holomorphic on (z,6) € C2. Finally the remaining factor can be written as
MFHON—z.

FQ()\N — Z) — (1 - q))\1+9N7/\N (q ’q)oo
Fq()\l +ON — Z) (q)\N_Z;q)OO .

It is clear that (1 — ¢)M TON—An (q)‘le*Z; q)OO is holomorphic on (z,6) € C2. And also there is

a neighborhood U of C* on which the function (q)‘N —Z q) ;01 of z is holomorphic on U.

Secondly, we claim that [,, Fy(z;6)dz is absolutely convergent and moreover [, [Fy(z;6)|dz
is uniformly bounded on compact subsets of {6 € C: R0 > 0}; this will be a consequence of the
stronger statement
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Claim 3.9. Consider any compact subset K C {§ € C: R > 0}. There exists a constant My > 0,
depending on K, such that

|Fy(2;0)] < My|z?], VzeCt, fHcK. (3.16)

Let us first conclude the proof of step 3 from the claim above.

Since |z| < 1 we have that |2?| decreases exponentially as |z| — oo, 2 € C*. Then inequal-
ity (3.16) shows that [ o+ Fy(2;0)dz is absolutely convergent and for all § belonging to the compact
subset K C {# € C: R0 > 0}, we have the bound [, [Fy(2;0)|dz < C(K), for some constant
C(K) > 0 that depends on K.

Let T be any triangular contour belonging to {# € C: R > 0}. Then

/T/c+ |Fy(z;6)]|dzdd < C(T)/T,dm < oo,

By Fubini’s and Cauchy’s theorems, we have

// Fq(z;H)dzdé?:/ /Fq(z;H)dez:O.
TJCt ctJT

Morera’s theorem implies that [, F(z;0)dz is holomorphic on {# € C: 6 > 0}, concluding
step 3.

Proof of Claim 3.9. Since we have shown before that Fj(z;6) is holomorphic on U x {6 €
C: R0 > 0}, then it suffices to prove inequality (3.16) for all z € CT, Rz > My and all § € K,
where M> is an arbitrarily large positive constant.

We can express the product of ¢-Gamma function ratios in the definition of Fy(2;6) as we did
in (3.4). The last ratio is

I'y(Av —2) [—2+An —1g- - [z + 1g[—2]q I'y(—2)

LyA +0N —2)  [—2+ A +0N 1], [—2+ 0N + 1],[—2 + ON], T,(ON — 2)’

because we are assuming A € GT}, (and so A\; > Ay > 0). Plugging the equality above into (3.4),
we obtain

N T\ 0N — i) — 2)

Ur ovrev=—ivn—2)

Ay —z—1]g---[=2]q

- g[a(zv—z') R vy 1o [ON =2, (3.17)
. rqr(eqj(\fi)z) (3.18)

where the product in (3.17) isover 1 <i < N — 1 and A1 < j < A;. The term (3.17) is of the
form P(q=%)/Q(q™%), where P,Q € C(q, ¢°)[z] are both polynomials of degree ;. It follows that
there exist constants M, M4 > 0 such that Rz > M/ implies |P(q¢~%)|/|Q(¢™?)| < Mj.

Thus we are left to deal with (3.18), which by definition of the ¢-Gamma function equals

(1-— q)eN@(eq]:%zq;)Q)“’. For any 6 with %0 > 0, we have |(1 — ¢)?| < 1. Thus we only need to prove

the existence of M|, MY > 0 such that z € C*, Rz > M/, implies

("% q)

< MY, forall 0 € K. 3.19
(7% q) ! (3.19)
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There exists a > 0 large enough such that
q (1 — gNinfoex R0) 5 o, (3.20)

Note that such a exists because K C {6 € C: R0 > 0} is compact and so infypcr RO > 0.
Now consider only z € C* with Rz > a+ 1, and let M = M(z) £ |Rz — a] € N. From the
triangle inequality, |1 — ¢®V7*17| < 1 4 ¢V®0—R47 and |1 — ¢7*17| > ¢~ R+ — 1. Along with
condition (3.20), we deduce that |1 — ¢~*7| > |1 — ¢®N 4| for all 0 < j < M. Since we can
write

(N q)oo _ (1= gPN=2) ... (1 — N-#+M) | (N -#+M+1, q)oo
(4% 9)o (1=gq7%) - (1—q=tM) (=+M+1q)

[e.9]

it follows that

(qﬁN—z; q)oo
(7% 0)

(qu—z+M+1; q)oo

(qu+M+1; q)oo

Thus we only need to show that the right-hand side of (3.21) is bounded by a constant, for all
z € C* with Rz large enough.

Since M = Rz —a] > Rz —a — 1, we have |[¢ *TMH1| = gM+1=Rz < g=a apq |V —=TM+1| <
¢"R0—a < g=a Moreover, for z € C* with Rz large enough, |S¢~*TM+1| > ¢~ |sin(In - 3z)| =
m1(z) and since |Jz| is a constant between 0 and — 3T for z € C* with Rz large enough, then
m1(z) = my > 0 is a strictly positive constant independent of z € C* as long as Rz is large

(3.21)

enough. Since the function (z;¢)~ is continuous on x € C, we have ¢yax < sup |(25 q) 0| < 00,
lz|<g—®

and cpin = inf|y<g-a |5a)>mi [(T3@)oo| € (0,00). Thus the right-hand side of (3.21) is upper
bounded by the constant cpax/cmin < 00. [ |

Proof of Step 4. We prove a stronger statement than step 4. Let M > 0 be any positive
number. We show that both sides of (3.2) are uniformly bounded on {# € C: R0 > M}. Let us
begin with the left-hand side of (3.2). Observe that 6 appears in the left side only within the
variable t = ¢% and [t| = ¢®? < ¢™. Name ¢ = ¢™ € (0,1); we have to prove that there exists a
constant C' > 0 such that

P)\(LUtN_l,tN_27 e )tu 17Q7t)
PA(IN-1 N2, t,15,t)

sup
[t|<e

Thanks to the branching rule for Macdonald polynomials, Theorem 2.5, and the assumptions
lz| <1, 2 #0, A € GT}, we have

Py(atN =1 N =2 15, t)
Py(tN=1tN=2 1,159, t)

P,(tN72 .t 15q,0)
PA(tV=1 8 1 g,t) |

< 3 sl )]t VDO

H=A

Given A € GT}, there are finitely many p € GT;QA with g < A. Thus it suffices to prove that
there exist constants C7,Cy > 0 such that

N—-2 .
(-1 ) B (7 1 130, )

<
P (N1t 150,t) <G

|w)\/,u(Q7 t)’ < Ch,

where C7, Cy do not depend on ¢, though they may depend on pu.
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The branching coefficient |1y /,,(q,t)|, due to the expression in Theorem 2.5, is a finite product

of terms of the form 1:3322, with a,b,c,d € Z>o and (¢, d) # (0,0). We have

1

_ a4b
‘1 R

1— qctd

for all |t| < € and 2(1 — ¢°?)~" does not depend on t, so the boundedness of [, (q,t)| follows.
Due to the evaluation identity for Macdonald polynomials, Theorem 2.3, we have

N72 .
(- D (2 B 108 (v Al ()
Py(tN=1, 0t 15,0t

(@175 @)oo (™ 4o I (' @)oo (@M )

X — e — — ,
1<i<1j_<IN1 (B @)oo (gh Mt = q) g 1<i<j<N (@178 @)oo (174 @)oo

where n(A) = (N — 1)Ax + (N — 2)Ay_1 + - -- + 2X3 + Ay and similarly for am

The last two terms above are products of a finite number of fractions }:qc sa» with a,b,¢,d €
Z>o, (¢,d) # (0,0), and as we saw above it is implied that the absolute value of the last two
terms above are upper bounded by a constant independent of ¢ (as long as |t| < €). Thus our
only goal is to show there is an upper bound for t&V—DUA=luD+n(w)=n(N). thig fact follows if the

exponent is nonnegative. In fact, we have

(N = 1D)(IAl = [p]) = (n(A) = n(w))
=N =D(A = [p)) = (N =DAx + (N = 2)(Av—1 — pn-1) + - + (A2 — p2))
> (N =DM = [u]) = (N =1)(AN +AN-1 — -1+ + Aa — p2)
=N =1)(A&r — pa) 2 0.

Let us proceed to prove uniform boundedness of the right-hand side of (3.2) on {6 € C: R0 >
M}, First of all, the triangular inequality gives

[e. 9]

| (2t q) <<H +|x\qm+i)s (1+ |z]q"),

=0
|($Q;Q)oo‘:H|(1—xq | > H 1—|z|q"),

so the factor (:UtN; q)oo/(:cq; 7)o in (3.2) has an upper-bounded absolute value. We are left to
deal with

N .
LN +0(N —i) — 2)
JON) [ 2 d
/cy’”znqu(x TON —it1)—2)
N

_ 2 Lg(Ai +0(N —i) — 2)
B /c+ vT4(ON) H1 T\ +0(N —i+1) —2) dz (3:22)

and prove its absolute value is uniformly bounded on {§ € C: R0 > M}.

For any My > 0, the contribution of the portion CT™ N {z € C: Rz < My} of the contour
is bounded by a constant. In fact, 0 > M implies [t| = |¢’| = ¢ < ¢™ and 6 appears
in the integrand of (3.2) only as part of the exponent of some ¢, thus the integrand can be
written as a function of z and ¢ (with ¢ € (0,1) fixed). Thus for (z,¢) in the compact subset
(C* N{z € C: Rz < Ms}) x [0,¢™], the integrand in (3.22) attains a maximum value L < oo,
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and the contribution of the integral in the portion C* N{z € C: Rz < My} of the contour is
upper bounded by L times the length of that finite portion.

Since |z| < 1, the term z* decreases exponentially as |z| — oo, 2 € CT. Thus to deal with the
infinite portion of the integral C* N {z € C: Rz > Mo}, it is enough to show that

T (A +O(N — i) — 2) (€)oo Ty (@TON=THFD=2q)

Lq(ON) };[1 TN+ 0N —i+1)—z) (-9 (@3 @)oo 17 (MFTIN=D=2q)

N

1

has bounded absolute value for all z € CT, ®z > M; and § € C, R0 > M, for a suitable constant
Ms > 0. Clearly ‘(qGN; q) ‘71 < (qu; q)f1 < (qNM; q)fl, thus we only need a bound on the
absolute value of

N (q/\i+9(N—i+1)—z; q)oo

(P FON=D=2q)

(3.23)
i=1

uniformly over all z € C*, Rz > My, and # € C, R0 > M. We can bound the absolute value
of (3.23) by

N-1 , —i)— _
(q)\1+1+€(N i) z q)oo (q)\lJrON z q)oo
ANi+O(N—i)—2z. AN—Z.
AM+ON—z.
_ L O(N—i)tj—z 1 (¢ 1)
- H }1 q ‘ X Jj—z X A1—2
<isN 1 [T [—q (¢M%q)
Ai41<5 <A ANSI<M
. ‘ 1 (q)\1+9N7Z; q)
< (1 + q(N—z)§R9+j—§Rz) % : > 00
1<z‘1<_J[V—1 [T (@ *-1) (@ %4)
Ai41<5 <A ANSI<M
e
AN <j<A 71/ 00
If Rz is large enough, the product  [] lf_q;fi is clearly upper bounded by a constant. We
Av<i<as !
. (P1HON=210) ) . o~ N
still have to bound ’ 7 rz-q)’ ‘ Since A is real and Sz is constant for z € CT, Rz large

enough, it suffices to prove the following statement: there exist constants M7, Ms > 0 such that
2 €CT, Rz > My, and RO > M imply

(qufz; q)oo

2 oo <M.
(7% @)oo !

This statement was proved above in step 3, see (3.19). In that case, § varied over a compact

subset K C {§ € C: R0 > 0}, but in this case 6 varies over a closed infinite domain of the form
ON—z.

{6 € C: RO > M}. However, the expression (q(q]izi,q’)q)“ depends on # only by means of ¢’, so the

proof of (3.19) above can be repeated word-by-word, since we only used [¢| < ¢™foex %0 < 1 in

that proof.

4 Multiplicative formulas for Macdonald characters

We now come to the multiplicative formulas. All of our results require parameter 6 to be a positive
integer. In this section, ¢ is typically a variable (but of course, we can specialize ¢ to a complex
number later).



Asymptotic Formulas for Macdonald Polynomials 25

4.1 Statement of the multiplicative theorem and some consequences

We need some non-standard terminology on g¢-difference operators. The q-shift operators

{Tya;:1=1,...,m} are linear operators on C(q)[x1,...,zy] that act as
(Tgz )21, ) d:eff(xl, e L1, QT Tig 1y e ey L)
The g-degree operators {Dgy 4, }i=1,....m are linear operators on C(q)[z1,...,zn] defined by
of Ly — 1
Dy, 2 B or
bl q _ 1
flor, .o 21,905, Tig1, - T) — f(21,. .0, 2)

(Dyn ), ) = P
The g-difference operators that appear in the multiplicative formulas for Macdonald polynomials
are finite sums of terms

Cip i (T, -0, T @ )T; L Tq“;;m or Cirronnsimn (T, -, T q)D Dfl”;m
where (i1,...,4,) vary over a finite subset of 7%y, and cihm,im(xl,...,xm;q) are rational
functions in the variables ¢, x1,...,x;,. Thus the operators that we consider are linear operators
C(q)[z1,-..,xm] — C(q,1,...,2n) that act on polynomials and yield rational functions.

Recall the setting of Jacobi Trudi’s formula for Macdonald polynomials, Theorem 2.7. The
(¢:4%)

expressions Cri'? 7 (uy, ..., u,) were defined in (2.5); they are rational functions in q,uy, ..., up

(m)

whose denomlnators are products of linear factors. We define M, as the set of strictly upper-

triangular m x m matrices whose entries belong to {0,1,...,6} (the cardinality of Me(m) is

m
0+ 1)(2”)) For any strictly upper-triangular m x m matrix 7 and 1 < ¢ < m, let 7';“ o > Tij
j=it+1
i—1
(resp. 7,7 = 3 7;4) be the sum of the entries of 7 to the right of (i,4) (resp. sum of entries of 7
j=1
above (i,1)), cf. (2.6). The main theorem of this section is the following.

Theorem 4.1. Let 0 € N, t =¢°, N e N, A € GTy. Then

SN B oy 4 1) 1),
Py(z1,...,2m; N,q,¢") = g(N,erl),iil
(@i —'=%)

=E

j=1
ON—1 .
X m Pa(ziN,q,d’) TT (zi—d"7")
o xDm) I1 =1 : (4.1)

Hl%i<<kj<§0m (i — ¢"x i [ON —1],!

where D((ITZ) is the q-difference operator C(q)[z1,...,zm] — C(q,x1,...,Tm) given by

m e 1 ]
Df!’e)“:fie Z {cﬁqvq)(:cl,...,xm)

(g —1)°(%) renf™

.

Ty 7T } : (42)

i=1

(m)

where for any T € My, we denoted

C.Sq’qg)(azl, ey Tm)
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m—1 —0+ % (T4,j—Ts+1,7)
=TI Cla:a°) {ui =2l ywig 7= ' Ti1<i<s)|. (4.3)

T1,5+15+3Ts,s+1
s=1

The proof of Theorem 4.1 is given in the next subsection. We derive here some conclusions,

)

namely two special cases when the operator fog has a simple form. The first simple case is

m = 2.

Corollary 4.2. In the same setting as Theorem 4.1 (for m = 2), we have

¢ VU)oV — 1) — 1],

P)\(xlaxZ;NaQaqg) =

O(N—1)—1 ‘ ‘
[1 (21—¢ ) (22—¢?)
j=1
2 oy N1 L,
) P)\(wlaNaQ7Q) H ('ri_qji)
2*5(2) =1 7j=1
a0 0N —1],!
where
(2) der 1 o
g de
D‘LG = <$1 — 9 © (D(Lmz - Dq7x1)>
1 1
= 5131 _ x2 © (Dq,iﬂQ - DQ7CEl) ©---0 1‘1 _ x2 o (Dq’zQ - uniﬂl) .

Vv
composition of 6 operators

Proof. For m = 2, we have Mg(2) = {[982], ne{0,1,...,0}}, and thus the operator ng
becomes

0

(2 _ 1 .q° -1 —0\m 0—n
Dyo= (g—1)¢ Z {Cfqu )(x2 19 )Tq,mTqﬂcz :
n=0
We let
Cry(lq7qe) -1 79
agla) = —7 (xQ r1q )’ 0<n<é.
[ (z1 - q'z2)
i=0

The statement of the theorem can be easily reduced to prove that the coefficient of T7', 1T£ oy in
the product

9 0
1 _
Dy = < o (Tgw, — Tq,m)) = Z bgLG)T;x1sz;l
n=0

is equal to agf), i.e., we prove a%e) = bgf) for all ,n € N, 0 <n < #, and we do it by induction

on 6. The case 6 = 1 can be easily dealt with, using Lemma B.2. Now assume an(f_l) = bg_l)
for all 0 < n < 6 —1, and some § > 2. We prove a,(f) = bff)) for all 0 < n < 6. Evidently,

Dyg = (rim o (Tyws — Tq,xl)) 0 Dy g—1 implies

1 _
0 09— 6—1
b7(z) - Ty — X2 (T%mb?(l Y _Tq,:vlb?(m—l))’ n=12,...,0-1,
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1 - 1
B0 _ T, 30D 0 T, 30D,
0 21 — g 97200 9 xQ_xlfI1b91

From Lemma B.3 in Appendix B, the terms a;) satisfy

1 _
0 0—1 0—1
al® = o (Tyaa’™ =Ty’ ), n=1,2,...,0-1,
©) _ 1 ©) _ 1
o = 5 7 %o 6—1
[T (z1 — q'x2) [T (z2 —q'x1)
=0 1=0

It is not difficult to conclude from these relations, and the inductive hypothesis a,(g,_l) = bﬁ,‘i‘”
Vm=0,1,...,0 — 1, that ' = 9 for all 0 < n < 6, as desired. m

When 6 = 1 (equivalently ¢t = ¢), the result has a compact form as well. Let us recall that when
t = ¢, the Macdonald polynomials become the well known Schur polynomials sy(x1,...,xN) =
Py(x1,...,2N;q,q). The Schur (Laurent) polynomials sy(x1,...,zn), A € GTy, can also be
defined by the simple determinantal formula

N+1 —i1N
sx(z1 . det [z ]zj:l
ey = .
I (2i—a)
1<i<j<N 7

For any m € N with 1 <m < N, we consider

N—-1—
d_efs)\(x17"'7x77’L717Q7"'7q m)

Sk(xlv"'vxm;]\ﬂq)_ S/\(l,q,...,qN_l)

and call it a g-Schur character of rank N, number of variables m and parametrized by A; it was
defined before in [21]. We recover the following theorem.

Corollary 4.3 ([24, Theorem 3.5]). Let N € N, A € GTy. Then

q(m;1)f(N71)(T2”) ﬁ [N _ ’i]q!
SA(xl,...,xm;NJ): i=1

where

D Edet [DI"_ = T Dy, = Do)

1<i<j<m

Proof. Letting # = 1 in Theorem 4.1, we see that the equation above holds if Dfﬁ) = Dg,m). In
fact, thanks to Lemma B.2, we have

IDS’”) q N 1 Z H 7'1 a1t Ts s 1 HT‘; xllJrT -7

TEMl(m) s=1
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Evidently D((Im) = [l (Dgz; — Dgu;) = (g — 1)_(73) II (T4z; — T4a;), thus we need to show
i<j 1<J

m
k=147 =7
[[ T -Towd= 3 O[] Tea ™7, (4.4)
k=1

1<i<j<m rem(™

where we denoted by |7| to the sum of all entries of 7 € Ml(m). The operators Ty 4\, ..., Ty 2,
pairwise commute. When expanding the left-hand side of (4.4), it is clear that the resulting

(

terms can be parametrized by matrices in Mlm): the term corresponding to 7 € Ml(m) is the
product of (—1)kT£xiT(}7;f, where k € {0, 1} ranges over the elements of 7 strictly above the
main diagonal. Thus the term corresponding to 7 is

> Tiy
Ti, g Tind 1 =Tig _ <i<j<m Ti,j 1 —=Ti,j
H (_1) JTq,xiTq,xj - (_1)1_ = H TQ:xiT%Ij :
1<i<j<m 1<i<j<m
We are left to show
kgt
Ti,j 1—7‘1"]‘ _ - +’7’k _Tk
I 70T = 1] Tow : (4.5)
1<i<j<m k=1
Both sides of (4.5) are of the form 10, - - T4, for some p1,...,pm € Z>0, so we simply need

to check the equality between exponents py of T, ;, in both sides, for an arbitrary 1 <k < m. In
the left side, there are k — 1 factors of the form Ty 4 Tyzr™*, i < k — 1, which overall contribute

k—1
k—1— 3% 7ix =k—1—7, to the exponent of Ty, . Moreover there are m — k factors of the
i=1
form T,;’%qu@;k’], k+1 < i, which contribute Y 7; =7;" to the exponent of Ty , . Therefore
i=k+1
At
the power of Ty ;, in the left-hand side of (4.5) is T;,mkl—w "% . Evidently, the power of T}, in
bt
the right-hand side of (4.5) if also T;i xkl T 7Tk which finishes the proof. |

Example 4.4. We discuss the first nontrivial example of the multiplicative formula for Macdonald
polynomials (an example that is not dealt with in the Corollaries above): § =2, m = 3. The
formula in this case is

) 212N
Py(z1,22,23; N, q,47) =
( )= BN 1,7V - 2,°2N — 5,EN -1,
" 1 1
2N-T , ‘ I (@ —x5) (i — qxy)
[T (21— %) (22 — ¢) (23 — ¢7) 1<i<j<s ’ ’
j=—1
3 2N-3
~(3 4
XD;Q) HP)\(xZ7N7Q7q2) H ('rl_qj) )
i=1 j=—1
the g-difference operator is
~B) 1 q2) (-1 —24+b—c
Dyo = (q—1)6 Z {C«gqq )(372 w1g~" )
q a,b,c€EZ
0<a,b,c<2

(Q#JZ) —1 -2 _—1 —2 a+b2+c—arqd—b—c
><Cb,c (‘TS r1q Ty X24 )Tq,wquym Tq,xs }
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We can also write the ¢-difference operator in terms of the ¢g-degree operators {D,,,: i = 1,2,3}

by using qflquyxi = q_% +Dg 4;- Then we can replace the operator ﬁ((;;) with the sum of operators

Déf’:émp) + AE;B, where

DY = Y (O a7 g

a,b,cEZ
0<a,b,c<2
(@.9%) (. —1 . —2 _—1_. —9\pyatb2+c—ad—b—c
><Cb,c (JC3 r1q T3 X24 )Dq,me,m DQ@S }’
AB) _ fi1,i2,i3(3717$27:173;Q72)Dil Dz pis
a, E: (g — 1)6-i—ia—is ar1 gz’ zs
ininis>0
i1+i2+13<5

and fi, i, .5 (21, 2, T3; ¢, 2) are certain rational functions. With the help of Sage, we found
firsinis(71,72,73;¢,2) =0,  forall 4y +ip+i3 < 2.

There are nontrivial rational functions fj, 4, i, (21, 2, x3; ¢,2) as well, for some iy + i3 + i3 > 3,

e.g.,

(z2 + x3) (71 — g3)(T1 — q72)

(qra — x3)(qr1 — 23) (g1 — 72)’

(¢g+1)(xg — 563)(1‘% + xox3 + 2x120 + 23:1333)
(qr1 — x2)(qr1 — x3)(qE2 — X3) '

Jap0(w1,22,23;¢,2) = —(¢ — 1) (4.6)

fopalar, e, w37¢,2) = —(¢ — 1) (4.7)
Two important observations are in order. First, from Corollaries 4.2 and 4.3, one might believe that
pim is, in general, homogeneous of degree 0(73) as a functions of the operators {Dg ., : i = 1,2, 3}.

q,0
However, this example disproves it. Second, the terms f;, i, is (21, T2, x3; ¢, 2) above make us

suspect that fi, ;s (71, T2, 23; ¢, 2) is divisible by (¢ — 1)674727% V0 < 4 + iy + 143 < 5. We
have checked this fact in the computer. In fact, we believe that the analogous statement for
general m, 0 € N holds true, but the author could not prove it.

4.2 Proof of Theorem 4.1

Fix a positive signature A € GTX, and let us prove equation (4.1); we extend the result for all
signatures A € GTy at the end.

Let us consider m positive integers ny > ng > -+ > n,, > (N + m). By the index-argument
symmetry, Theorem 2.2, applied to A € GTE and py=(ny>-+->nyp>0>--->0) € GTX], as
well as the definition of the dual Macdonald polynomials Q,(+; ¢,t), we obtain

Py(qmtN =t gtV g NemeL g, )
Py(tN=1EN=2 . 154,1)
Q) (VT N2 Mg, )
Q(nl,...,nm) (tNilv tN727 - 1, t) '

(4.8)

Apply the Jacobi—Trudi formula for Macdonald polynomials, Theorem 2.7, to the numerator
of (4.8), then multiply and divide the term parametrized by 7 by the product

m
Hgns'i‘T:——Ts_ (tN_la -t g, t)a

s=1
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so (4.8) equals

m—1

o ni—Ns41+ 2 (Tij—Tst1,5) s—i .
Z H 07'(11,,3+17--.7Ts,s+1 ({ul =q e Frilsis S}>

TGM(WL) s=1

>\1tN—1

m
(Nt gt
X ﬁ Ine+rid —75 (q g 7q>\N;Q7t) 51;[1 Inatrid =3 ( ) AR )

X . (4.9)
T Gt (VL g ) Qo) V7Lt 150,8)

(In equation (4.9), we are setting g,(q,t) = 0 if n is a nonpositive integer.) Recall that t = ¢,
6 € N. In view of Lemma B.1, the only terms in the sum (4.9) with nonzero contributions are
those parametrized by m x m matrices whose entries belong to the set {0,1,...,60}; define Me(m)
to be the set of such matrices. Notice that ngs + 7,7 — 7, > 0 for all T € M(gm), because of our

initial assumption on the values of ny,...,n,,. By another application of the index-argument
symmetry (and of the identity (2.4) above), we have
gns+75+—7'5+ (q/\ltNilv SRR q/\N; q, t)
Gt o (N=1 .t 15, t)
Py (gt —Ts N1 gN=2 ¢ 1.q.t
_ Dl ’ 29 yics<m (4.10)
Py(tN=1 008,15 q,t)

Plugging (4.2) into (4.9), we obtain

P)\ (qn1+9(N71)’ st ’qnm+9(N7m), tNimilv s 7t> 1; q, t)

4.11
Py(tN-1eN=2 0 154, t) (411)

m
i (9,9) ni—nst1t+ 30 (Tij—Tet1,5)+0(s—1)
_ , o = . '
-2 (Hettn., <{“ —1 —r 1<i< s}>
TEMQ(m) s=1

m
(Nt gt -
51;[1 gns“rT:—Ts ( ’ U 154G, ) m P)\(qns+7j_7—5 "FO(N_]')’tN_Q’ . 7t’ 17q’t)

X X
Qo) (N1t g t) 1 Py(tN=1,. .t 15q,1)

Let us make the change of variables
2 & stV =s) 1<s<m, (4.12)

and rewrite some terms from (4.11) in these new variables. Clearly the left-hand side of
equality (4.11) is the Macdonald character Py(z1,...,zmn; N, q,q¢%). It is also evident that the

(0.4 —60+ Z+2 (Ti,j—Ts+1,5)
. . , . -1 i
variable u; in the term C7°0,} . 7. .., can be rewritten as u; = Zg1%iq 70 , for

1 < i< s. Additionally we have gns+7 —7s T0(N=1) — T(ﬁi:9+7j_T; (z5), for all s, which implies
that the last product in (4.11) can be written as

m L [
Ty (H Py(zs3 N, g, qa)) -

s=1 s=1

Next, we need to rewrite

m
H1 Gt e (VT8 150, )
s=

Q(nl,...,nm) (tNilv s ,ta ]-7 q, t)
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in terms of z1,...,2z,. From Corollary 2.4 of the evaluation identity for Macdonald polynomials,
we obtain
1— qa’(s)JrH(Nfl’(s))
N-1 ,N—2 ) _
gp(t ot SRR q’t) B H 1 — ga(s)+140(s)
s=(1,5)€(p)
ON—1 "
_ gPti
12[ 1— qi—l—i-BN ON—-1 1 — goti 1 ]1:[1 (1—qP7)
=1l = = — = — 4.13)
— gp—i+l _ _ \ON-1 — 11 (

for any p € N, p > ON. By similar, but more complicated, computations we find

N-1 .
Q(Plrn,?m) (t ey tv 17 q, t)
+s+0(j—i—1)

0 : .
1 qu — qpl
= X
— ON—-1)—0 —-1)/2 H H _ gpitsto(j—i-1
(1—q)™ )—0m(m—1)/ S 1<isiem 1 — gpits+0(i—i=1)

O(N—m+1)—1  O(N-m+2)-1 ‘ ON—1 '
I1 (1 — qpm+J) . I1 (1 — qpmfl‘f']) o I1 (1 - qp1+J)
j=1 j=1 j=1
4.14
% 0N —m+ 1) — gl[0(N —m +2) — 1] [ON — 1],! , (414)
for any partition (p1 > p2 > -+ > pp, > 0) with p; > (N —i+ 1) for all 1 <1i < m. From (4.13)
and (4.14), we obtain

m
(N
it (") _ 1 ﬁ [O(N —i+1) —1]! (4.15)
Q(nl,...,nm) (tNila cee 7t7 17 q, t) B (1 - q)Gm(m—l)/Z i=1 [GN - 1](1' .
ON—1 . ON—1 . ON—1 L.
H (1 _ qn1+Tl -7 +]) H (1 _ qn2+72 —Ty +]) H (1 _ qnm+Tm—Tm+j)
j=1 j=1 j=1
x ON—1 . ST a(N-1)-1  iN-mt1)-1 . (4.16)
H (1 _ qn1+]) I (1 _ qnz—i-j) I1 (1 _ qnm+.7)
J=1 j=1 j=1

0 1— qni+s+9(j—i—1)
X H H qY — qurstG—i—1) (4.17)

s=11<i<j<m

Observe that we used our assumption n; > ng > -+ > n,, > 0(N + m) to guarantee that (4.13)
and (4.14) are applicable. We have to rewrite both (4.16) and (4.17) in terms of zs. Let us begin
with (4.16), which is a product of m terms; for 1 < r < m, the 7! term is

ON—1 I ON—1 (N .
I1 (1 — gt T +J) I1 (1 — g N g g T +])
J=1 =1
O(N—r+1)—1 T O(N—r+1)—1
[T (1—gm) [T (1—q fW=rzqh)
Jj=1 J=1
ON-1 - '
ON—1 Tr —Tr __ H(Nfr)fj
or—1) 0(1; +1) ON=r}=3) jl;Il (ZTq ! )
— (_ r— j=0(N—r .
= (1) q T ' (4.18)
(Zr — qe(N—T)—])
j=1
ON—1 Gll\l_fl (2 qer—9+n+—7: _ q9(N—1)—j)
- > (6(N-7)—-j) oV
- (_1)9(%1)(1 J=0(N—r+1) q7(9r79)(9N71) J
O(N—r+1)—1

M (e —a0)

=1
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Under the change of indexing j — 0(N — r 4+ 1) — j, the product in the denominator of (4.18)
becomes

O(N—r+1)—1 O(N—r+1)—1
II GeG-""77= 1] e-J7,
j=1 j=1

whereas the numerator of (4.18) can be expressed as

ON—1 . . ON—1

Or—0+1, —7, O(N—-1)—35\ __ mbr—0+7, —71. O(N—-1)—7
H (qur 1T, _q( ) J) _Tq;r +r,f -, H (zr—q( ) J)'
i=1 i=1

Define also

m ON—1 m
e(N,m,0)==>" Y (O(N—=r)—j)=> (r—0)(ON 1), (4.19)
r=1 j=0(N—r+1) r=1

which is the power of ¢ coming from the terms (4.18), for 1 <7 < m. Thus (4.16) equals

( Gm(m 1)/2 ¢(N,m,0) ON—1 A

mew‘wﬂ 1 Ilrﬁfwﬂ_n II @T_ququ ) (4.20)
H [1 ( Zr — @I 9) =1 J=1

r=1 j=1

On the other hand, (4.17) can be expressed in terms of the variables z; as follows:
ni+r+0(j—i—1) n1+7"+9(J i—1) _ 1

1—
HH q _q n;+r+6(j—i—1) HH nz+r+9] i—1) _
qa

r=1i<j r=1i<j 4 q"

=0 _ 0(N=3)
e =TI

nl+r+0(N i—1) _

_HH n1+r+9N i—1) _

r= 11<] q r=11i<j
— P(N—=j+1)—r
Zq q
_HH P (4.21)
379
r=1:i<j

m O(N—it+1)—1 ‘
The denominator of (4.21)is  [[ (2 — ¢*z;), and the numerator is [] II (2, — ¢779).

1<i<j<m r=1j=0(N—m+1)
0<k<0

Then (4.17) equals

m O(N—r+1)—1 ‘
H H (Zr - qj_e)
r=1;5=0(N—m+1)
[I (Zi—‘qkzj)
1<i<j<m
0<k<6

(4.22)

Therefore after the change of variables (4.12), and using (4.15), (4.16), (4.17), (4.20), (4.22)
and the identities after (4.12), equation (4.11) yields the desired (4.1) for any z, = ¢™s+t0(NV=5),
1 < s <m, such that n; > -+ > n,, > 0(N + m), provided the equality

v e() - (1))

holds, where ¢(N,m,0) is defined in (4.19). This is an easy exercise.
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We have just proved that the statement of Theorem 4.1 holds for all z, = ¢ T/(N=9) for all
ny > ng > -+ > ny, > 0(N +m). Since both sides of the equality (4.1) are evidently rational
functions in x1, ..., 2, an easy algebro-geometric argument shows the equality holds for all
T1,...,Tm € C, as desired.

We still have to extend the theorem to all signatures. Let us prove (4.1) for an arbitrary
AeGTy. If X € G'I['JJ(,, then we are done. Otherwise, choose any p € N large enough so that

P (A1 +p, A2 +p, ..., Av +p) € GTL. By homogeneity of Macdonald polynomials, we have

PX(xla <o Ty Na q, q9) = P)\ (xla <o Ty Na q, q9) (J)l to mm)pq—Gmequm(m—i-l)/Z

and

P;(2i;N,q,4°) = Pa(2i;N,q,¢%)alq "N V1<i<m

= Til(fﬂﬁ_il)0+7i K P"(-szN q,9q ) q —O0pN P(19+T —7;) zp

< TV T Py (s N, ) V1<i<m,

We know that (4.1) holds for \; from the expressions above, it holds also for A provided that
(the powers of ¢ match)

m

= Z (—0pN + p(if + 7'ZAJr -7, ))-
=1

Opm(m + 1)

—0pN
pNm + 5

The latter equation is easy to check, and the proof of Theorem 4.1 is therefore finished.

5 Asymptotics of Macdonald characters

In the remaining of the paper, starting here, we denote the Macdonald polynomial Py(x1,...,ZN;
q,t) simply by Py(z1,...,znN).

In this section, assume that § € N and let t = ¢. We study the asymptotics of (certain
normalization of) Macdonald characters of a fixed number m of variables, as the rank N tends
to infinity and the signatures A(IV) stabilize in certain way that we define next.

Definition 5.1. Let
Nd:ef{u:(ul,u%...)eZOO:ulgz/gg...}

be the set of weakly increasing integer sequences. We say that the sequence {A\(N)}n>1 of
signatures, A\(N) € GTy, stabilizes to v € N if we have the following limits

lim )\N72'+1(N):Via V’L'Zl,Q,....
N—o0

In other words {A\(IV)}n>1 stabilizes to v if there exists a sequence of integers 0 < N; < Ny < ---
such that Ay_;41(N) =v;, VN > N;, i =1,2,....
5.1 Asymptotics of Macdonald characters of one variable

Theorem 5.2. Lett = ¢, 0 € N, and {\(N)}n>1, A(N) € GTy, be a sequence of signatures
that stabilizes to v € N'. Then

Py (@, t71 . e )
lim
N—o0 P)\(N)(l t—1 1 2 . .,tlfN)

= ®¥(z;q,1), (5.1)
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where

Ing _Z—WZtla Q)
(bll . t d:‘Sf (q’ q / d '2
(1177 q, ) ($q, 277_\/7 o+ I[ Z+Vzt7« 1 )OO z, (5 )

and the contour C* is the infinite positive contour consisting of [— ﬂfﬁ:v —M— L] and the

lines [—M + ”\/? +00 + ﬂ\/:) [-M — ”\/; +oo — ql) for an arbitrary M > max{0, —v1},
see Fig. 2. The function ®"(x;q,t) is defined by the formula above in the domain

Ud:efﬂ{a:#q*k}ﬁ{x#O},

k>1

and admits an analytic continuation to the domain {x # 0} = C\ {0}. Moreover if v > 0, the
function ®"(x;q,t) can be analytically continued to C.

The convergence (5.1) is uniform on compact subsets of C\ {0}, and if vy > 0, then it is
uniform on compact subsets of C.

Remark 5.3. The theorem is a direct application of the integral representation in Theorem 3.1.
If we use instead Theorems 3.2 and 3.3, we could possibly extend the theorem for general
q,t € (0,1). Since our main application does require # € N and t = ¢’, we do not bother to
pursue the more general case q,t € (0,1).

Proof. Let us first prove that the limit (5.1) holds uniformly for z in compact subsets of U.
We use the integral representation for Macdonald characters of one variable, Theorem 3.1, for
the signature A(IN) € GTy, and with = replaced by zt", 2 € U. Since Py(n) is a homogeneous
polynomial of degree |A(N)|, then the left-hand side is

v P (@t H 7% )
P,\(N) (1, =1 t=2 ... ,tl—N) :

After simple algebraic manipulations, the right-hand side becomes

z

~(¥y (G@)on-1 _Ing z
(q; q)on—1 2V =1 Je, H H (g~ Ci(N+OIN=i)+j) — g==)

=1 j=

dz.

Therefore we conclude (make change of variables i — N — i+ 1 in the inner product)

P)\(N) (ac, til, t72, - ,tlfN)
Py (Lt71, 072, 1)
(¢ 9)on—1 lnq z*
= dz, (5.3)
/— N 0-1
(xq; )on—1 27 Co 111 ( quqAN7i+1(N)+9(i—1)+j)
i=17=0

where Cy is a finite contour encloses all real poles of the integrand and no other poles. We have
the limit

i (GDon—1 _ (4:9)oo

N—oo (2q;q)on—1 (245 9)s0

uniformly for z belonging to compact subsets of U.
Next modify the contour Cy into an infinite contour C* as described in the statement of the
theorem. This is possible to do because all the poles of the integrands of (5.3) belong to the
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interior of C*, as N grows. Moreover the resulting integral is well-posed for large enough N since

the integrand is of order (|x|q9N )%Z and for any compact set K C C, there exists Ny € N such

that sup sup {|z|¢"V} < 1.
N>Np z€K

We now look at the asymptotics of the integral in (5.3), with Cy replaced by C™. The
denominator in the integrand has the following limit

N 6-1
]\;i_{noo H H (1- q_z+/\N—i+1(N)+9(i—1)+j)
i=1j=0
oo -1

o0 —z4vigpi—1.
_ 1 — g7 HitG—1+j) — (g 7 q) o
Il -1

M )

The limit above can be justified properly by using the dominated convergence theorem and the
estimate

N 60-1
Z Z ’q—z+>\N4+1(N)+9(i—1)+j’
i=1 j=0
N 6-1 N 6-1
“ReAAN(N)H0G-1)+ < ¢
L 2% ;

valid for some constant ¢ > 0 such that ¢~ W) < ¢ for all N > 1 (it exists because
lim Ay(N) =14).
N—o00

To prove the limit in the statement of the theorem, we are left to show

) 7 Z+Viti. q)oo
dm [ o [ o Tl
— N—i+1 1= ] 1= o9
H H (1 q q’\ (N)+0(:—1)+5 1
i=17=0

We already proved the pointwise convergence; to make use of the dominated convergence theorem,
we simply need estimates on the contribution of the tails of C* that are uniform in N and uniform

for 2 belonging to compact subsets of C \ {0}. Parametrize the tails of C* as z = r + ”1‘1/1? or
p=r— /L

Ing for r ranging from some large R > 1 to 400, we want to show that the contribution
of each of these lines is small. We have

> ‘ ri"g‘
N 6-1 N o
11 (1 _ quq/\N,iJrl(NHG(ifl)Jrj) H H ( _’_q*T’q)\Nfi+l(N)+9(i*1)+j)
i=1 j=0 i=1 j=0
|z|"
SCl X e 0
H H (1 + q*rqAN—iJrl(N)‘i'e(i_l)"'j)
ol o .
< Cr X < G x ()% ~ Cy x (|2t*)",
[TIIQ+qT7)
i=135=0

for all 1 < k£ < N, where the constant in the second line is uniform for x over compact subsets
of C\ {0}, and the constant in the third line depends on k, but not on N (note that to go
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from the second to the third line, we needed to use that A}im AN—i+1(V) exists for i = 1,...,k
—00
and so the sequence {An_;+1(/V)}n>1 is uniformly bounded for ¢ = 1,...,k). Now for any
compact set K C C\ {0} and any M > 0, there exists k¥ € N such that sup |z| - t* < e™M.
zeK

Since f;o e Mrdr = e=ME /N RN 0, we have shown that the contribution of the tails of C* is

uniformly small over z in compact subsets of C \ {0} and for large enough N.

We have proved so far that the limit in the theorem holds uniformly for z in compact subsets
of U. Since the set {g~1,¢72,...} is discrete and has no accumulation points, Cauchy’s integral
formula allows us to deduce the uniform convergence in compact subsets of C\ {0} as soon as we
show that ®¥(z;¢,t) admits an analytic continuation to C\ {0}.

By virtue of Riemann’s theorem of removable singularities, it will suffice to show that ®"(x;q,t)
is uniformly bounded in an open neighborhood of each pole ¢~ *. Let R > 0, R ¢ {q": n € Z},
be arbitrary. From what we have shown so far, it is clear that

P)\(N) (x,t’l, . ,tliN)

sup  |®¥(z;q,t)| < sup  sup

1<|z|<R N21 L <ppi<r | Paon (Lt 17 N)
xelU el
P)\(N) (Z’,til, e ,tliN)
< sup sup .
N>1 L<jz|<R P/\(N)(l,t_l, - ,tl_N)

Thanks to the branching rule for Macdonald polynomials, Theorem 2.5, the fact that all the
branching coefficients 1,,,(q,t) are nonnegative when ¢,z € (0,1), and the fact that each
Py (m, = ,tl_N) is a Laurent polynomial in x, we have

P)\(N)(|l’|,t_1, e ,tl_N)
Leai<r P (Lt t17N)

P/\(N) (R7 t_la e 7t1_N) P)\(N) (R_l,t_l, . 7t1_N)
P/\(N)(lat_lv"-atl_N) P)\(N)(].,t_l,...7t1_N)

sup P/\(N)({L‘,t_l,...,tl_N)
%SWSR P)\(N) (1, til, ey tlfN)

<

IN

From the pointwise limits

P REL 1 . ¢I-N
lim )‘(N)( AR )

= ¥(R*q.1),
N—o00 P)\(N)(l,t_l,...,tl_N) ( ¢ )

we deduce that the sequences {P,\(N) (Ril, =1 ,tl_N)/P/\(N) (1, = ,tl_N) are uni-

formly bounded. As a result of the estimates above,

}NZI

sup  |®¥(z;¢,t)| < oo.
+<|z|<R
xeU

Thus ®(z;q,t) admits an analytic continuation to all the poles in {z € C: L <zl < R}N

<
{qil,qu, . } Since R > 0 was arbitrary (outside of a lattice), we conclude that ®(z;q,t)
admits an analytic continuation to C\ {0}.
If 1 > 0, then A}im AN(N) = 17 shows that Ay(N) > 0 for all N > Ny and Ny € N
—00

large enough. For all N > Ny, the functions Py (:U,tfl, . ,tlfN)/P)\(N)(l,tfl, e ,tlfN) are
polynomials in z and therefore holomorphic on C. Similar considerations as above allow us
to analytically continue ®”(x;q,t) to C in this case, and also show that the limit (5.1) holds
uniformly for z belonging to compact subsets of C. |

=

We end this subsection with a Lemma that will be used in Section 7.
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Lemma 5.4. Ifv,v € N are such that

Y (z;q,t) = ®/(x;q,t) Yz eT, (5.4)
then v =v.
Proof. In the integral representation of ®(x;q,t), the set of poles of the integrand is

oo -1

U U +00r—1)+s}

r=1s=0
and they are all enclosed by contour C*. We can therefore expand
—Z+l/1tl

Ing / )oo
dz,
27/ —1 c+ @l;Il z—i—ultz 1 )oo

at least formally, as the sum of residues

o 0-1 ( —vp4vi—spi—r+1.
g TSl ) 1
xw—i—@(r 1)+s — 3. (55>
22 iy = I a=)
il i#s

The series above converges absolutely for all x € C\ {0}, and uniformly for = in compact subsets
of C\ {0}; in fact, we can argue as in the special case § = 1 of [24, Section 6.2]. We have the

bounds

1 1
9>1:‘[->0 (1—¢/=9) = (1—Q)'“(1—q9)(q_1—1)-"(q_9—1)’
J#s

(q—l/r-‘rlll stz r+1 1

1 _ q—ur+1/i—s+0(i—r)—|—j)

I

(q Urtv;—s¢i— T,q

P> i>r j=0
-1
1 1
S - - = .
DHTJII) 1—qvrtviz 8+9(z T‘)+J) Eg (1 _ q7(971)+9(14)+y) (@ D)oo’
(q—VT+Vz stz r+l7q) _ H9— qu+9(7"_1)+5—Vi—9(i—1)—j
| (gmrtvimstitrig) icrjco LT qrr—vitf(r—i)—j+s
g HHqV'r"re r—1)+s—v;—0(i—1)—j
Oo i<r j=0
m 6—1
§ Hqu-&-Gr 1)+s—v;—0(i—1)—j forany 1<m <r,
OO i=17=0

_0(V1+"'+Vm)q—(6;n)

ml(vr+0(r—1)+s) « q

(490

Choose an arbitrary m € N and fix it. For r > m, the general term in brackets at (5.5) has
modulus upper bounded by

(j|g™®) 0 IE s e(m, 6 q)
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where ¢(m, 0;q) > 0 is a constant depending on m, 6, as well as v1,..., vy, but not on r. It
follows that the sum (5.5) converges absolutely for any = € C\ {0} with |z| < ¢~™’. Since
m € N was arbitrary, it follows that (5.5) converges absolutely for any x € C\ {0}. The
uniform convergence also follows from the bound above. In particular, (5.5) is the Fourier
expansion of %@”(m; q,t). A similar Fourier expansion can be given for %@5(@”; q,t).
After multiplying equality (5.4) by (2¢; ¢)oo/(¢; @)oo, We have

Ing —z+ubtz )oo B Ing —z—i—ﬁiti.q)oo
271\/? /C+ ]] —z4v;pi—1. q)oo dz = 27.‘.\/7 /C+ Z];_[ —z+vii—1. q) dz. (56)

(e 9]

We can expand both sides of (5.6) as above, to get an equality of the form Y cx(v)aF =
kEZ

S ep(D)2*. More precisely, (5.5) gives that the set {k € Z: cx(v) # 0} of indices which appear in
kEZ
the expansion of the left-hand side of (5.6) is {v, +60(r —1)+s: 1 <7, 0 <s <6 —1}. Similarly,

{keZ: (v )%O}—{Vr—i—ﬁ(r—l)—i—s 1<, O<s<9—1} The equality of these sets, and
the inequalities 1 <o < ---, 13 <y < ---, imply that v, =, for all r > 1, ie., v =7. |

5.2 Asymptotics of Macdonald characters of a fixed number m of variables

The following theorem is the main result for asymptotics of Macdonald characters of any given
rank m € N as N tends to infinity.

Theorem 5.5. Let € N, t = ¢’, and {\(N)}n>1, MN) € GTy, be a sequence of signatures
that stabilizes to v € N'. Also let m € N be arbitrary. Then

P)\(N) (.1‘1, ey T, T ,tl_N)
I — (21, s s 1), 5.7
Nl—rféo P)\(N)(l,til,t72,...,tliN) (xl tmid ) ( )
where
- |

DY(x1,...,xm;q,t) = ’

1 qFrj — i

(zigt™=15q) 1§i£[j§m( i @)
0<k<0

x D) {Hé” i q,t zq;q)oo},

Dl 3™ glad( zn) [[ Tha:” o+ (5.8)

(m) i=1
TEMG

s

Il
=

7

Above we used the notation of Section 4: Me(m) is the set of all strictly upper triangular matrices
with entries in {0,1,...,0}, and for T € Mg(m), we let 7'1»+ o > Tij, Ti o > Tki. Also for

j>i k<
T € 9( ™ et C’(qq )(xl,...,a:m) be the rational functions defined in (4.3). The function
OV (x1,...,Tm;q,t) is defined by the formula above in the domain

Mﬂm{xl qx]}ﬂﬂﬂ{xz#(f’“tl m}ﬂm{xl#O}

keZ1<j k>11i=1

m

and admits an analytic continuation to the domain () {z; # 0} = (C\{0})™. Moreover if vy >0,
i=1

the function ®¥(x1,...,Tm;q,t) can be analytically continued to C™.
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The convergence (5.7) is uniform on compact subsets of (C\ {0})™ and if v1 > 0, then it is
uniform on compact subsets of C™.

Remark 5.6. For § = 1, our theorem has a different form than [24, Theorem 6.5]. It is not
immediately clear that the two answers are the same.

0
Remark 5.7. From their definition, it is clear that the rational functions {Cﬁq’q )(:1;1, ey Ty

TE Mg(m) } are holomorphic in a domain of the form N N {zi # ¢*z;}, for large enough
—N1<k<Npi<j

Ni € N. In particular, all functions {Cﬁq’qg)(azl, ceyT): T E Me(m)} are holomorphic on U,,.

Proof. This result is a consequence of Theorem 5.2 and the multiplicative formula for Macdonald
polynomials, Theorem 4.1. Let us give more details. As before we prove first the uniform limit
on compact subsets of U,,. Begin by applying Theorem 4.1 for the signature A(N) € GTy and
tV=1x; instead of x;, for i = 1,...,m. Since Py(n) 1s a homogeneous Laurent polynomial of

degree |A(N)|, the resulting left-hand side is

P T,y T, 7 TN
A(N)( 1 m ) (5.9)
Py (L7172, 61N
As for the right side, the factor
m .
N-1 N-1_ ky—1 —o(™ [O(N —i+1) —1]!
H (t xi—1t qu) x (g —1) (Z)XH ON — 1,1 1
1<i<j<m i=1 q
0<k<0
equals
—02(N-1)("y) m
m q
(-1)°() H . (5.10)
l_[1<Ol<<lcj<<9m (m, — xj z:1 tN " 6(1 1)
We can also obtain easily the polynomial equality
k k
N=ly _ gi=f k("1 —6k ON—i
H (¢ ) = (=1)%¢\ 2 H(l—xq ), for any k€ N.
j=1 i=1
Therefore for any k € N, we have
m k—1 ‘ . m
H H (xithl . que) _ (_1)m(k71)qm((2)—6(k—1)) H (l‘iqukaW)k,l- (5.11)
i=1j=1 i=1

Observe also that the rational functions are invariant under the simultaneous transformations
xi— tN "l Vi=1,2,...,m, that is

C&Lq")(tf\f—%17 o 7tN_1xm) = Cﬁq’qg)(:vl, ey ) (5.12)

By combining (5.9), (5.10), (5.11) for k = (N —m + 1),0N, and (5.12), we obtain

-m 1-N
P/\(N)($1,...,xm,t R ) _ (_1)9(7;)q7202(7§)7(0;1)(?) y 1
Py (L t71 72, 1) (V=41 g)

s

0(i—1)

=1
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o 1 1
IT (i —d"2) 17 (pym-1,.
1§i<j§m( ‘ j) H (‘Eztm 'q; q)e(N—m+1)—1
0<k<0 i=1
o Py (@t )
(m) /\(N) 79 ) 3
x D (zig; @)on—1 ¢ -
0 _ _ 14,
@ {Zl;[l Py (L1, 1N
The following limits hold uniformly for (z1,...,z,,) belonging to compact subsets of U,
m
1 1
lim (tN 1+1, q) =1, lim = .
N— 0(i—1) N— m m
T i1 > ‘H1 (witm—1q; q)a(N—m+1)—1 H (itm=t q)oo
i= i=1
We have moreover the following limit holds uniformly for (z1,...,z,,) belonging to compact

subsets of (C\ {0})™, because of Theorem 5.2,

mop xi, t7L, N
lim A(N)( ‘

N—>ooi:1 P)\(N)(l,tfl . tl N)

(szIa q)@N 1= H q)y xla q, t) (iL'Zq, Q)
=1

It is not difficult to observe that if U C C™ is a domain preserved by the map of multiplication
by ¢, and {f,}n>1, f are sequences of holomorphic functions on U for which li_>m fu(z) = f(x)
- n—oo

uniformly on compact subsets of U, then
lim 77, fo(x) = lim_ fo(q°x) = f(q°x) = Tg, f(x)

uniformly for x belonging to compact subsets of U. As an implication, the order of the limit as
N — oo and the g-difference operator D((I 9) can be interchanged. All the considerations above
immediately imply the desired uniform limit for (z1,...,z,,) belonging to compact subsets of U, .

As in the proof of Theorem 5.2, the limit in the statement will hold also uniformly for compact
subsets of (C\ {0})™ if we show that ®"(z1,...,2Zm;q¢,t) admits an analytic continuation to this
larger domain. The extension of Riemann’s theorem for removable singularities for several complex
variables, [45, Theorem 8|, shows that ®"(x1,...,xm;q,t) admits an analytic continuation to
all ({z € C\{0}: |z] < R})™ if we showed only that ®”(x1,...,ZTm;q,t) is bounded on ({z €
C\{0}: |z| < R})™ NU,,. The latter can be proved by repeating the argument in the proof of
Theorem 5.2 above.

Finally, if 11 > 0 then A}gnoo AN(N) = vy implies A(N)x > 0 for large enough N. It follows

that Py (:cl, ey T, T L ,tl_N)/P)\(N)(l,t_l, . ,tl_N) is a polynomial in z1,...,z,, for
large enough N, and therefore holomorphic on C™. The same argument as in the proof of
Theorem 5.2 again shows ®"(x1,...,Zn;q,t) admits an analytic continuation to C™ and the
limit holds uniformly for compact subsets of C™. |

6 Preliminaries on the (g, t)-Gelfand—Tsetlin graph

In this section, assume ¢,t € (0,1). We use the notation P — klim M = M to indicate that
—00

a sequence of probability measures { M} };>1 converges weakly to M.

6.1 The (q,t)-Gelfand—Tsetlin graph

The (g, t)-Gelfand-Tsetlin graph is an undirected, Z>o-graded graph with countable vertices,
together with a sequence of cotransition probabilities between the levels of the graph (considered
as discrete spaces).
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Begin by defining the set of vertices of the graph as the set of all signatures

GT= | | GTw,
N>0

where, for convenience, we have also included the singleton GTy o {o}.

The edges are determined by the interlacing constraints: edges only join vertices associated to
signatures whose lengths differ by 1 and p € GT is joined to A € GT 41 if and only if u < A,
fe, Anvyr S puny < --- < Ao < g < A1 We also assume @ < (k), V (k) € GT;. We call the
graph with vertices and edges just described the Gelfand-Tsetlin graph?. Next we introduce
a (g, t)-deformation of the GT graph by considering certain cotransition probabilities.

Definition 6.1. Consider the numbers A%H()\, i), p < A, defined by the expression

P,(1,¢,...,tN 1) P,(t,¢%, ..., tY)

AN+1 A :t|/—t‘ t = t
N (An) Ya/u(e1) Py(1,t,...,tN) Yavule )P,\(l,t,...,tN)’

(6.1)

for all N € Z>o, A € GTy+1, p € GTy, 1 < A, and where the branching coefficients 1, ,,(q,t)
are defined in Theorem 2.5. For convenience, also let A%H(A, ) =0if p £ A\ ie., if p is not
adjacent to .

The (q,t)-Gelfand-Tsetlin graph® is the sequence {G’]I‘N,A%H: N = 0,1,2,...} of data
consisting of the GT graph and the GTy41 X GT xy matrices [A%Jrl()\, ,u)], N > 0, defined above.

In general, the numbers A%H(A, p) depend on the values g, ¢, but for simplicity we omit
that dependence from the notation. By virtue of the evaluation identity, Theorem 2.3, and the
assumption ¢,t € (0, 1), we have

ANTE O ) >0, VA EGTNi1, p€GTy. (6.2)

Moreover, the branching rule for Macdonald polynomials, Theorem 2.5, shows

Pa(Lt, £, tN) = D (g )Pt tY)
[TETEPN
and then

1= > AV ). (6.3)
pwr <A

Equations (6.2) and (6.3) show that [A%H()\, 1)] is a stochastic matrix of format GTy41 X GTy,
for each N > 0. Thus A%H determines a Markov kernel GT 1 --+ GT . For this reason, we

call A%H(/\, w) the cotransition probabilities. Let us also define the more general Markov kernels
A%: GTpy --» GTy, M > N, by

Mdef \ M A M—1 N+1
AN = Ay Ay AN,
or more explicitly

AN = > AN AP AT Y, ).

ASAM =10 AN+,

2GT graph, for short.
3(q,t)-GT graph, for short.
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By duality, the kernel A%[ also determines a map Mpob(GTrr) = Mpob(GTN) between
the spaces of probability measures on GTj; and GTy, that we denote by the same symbol A% .
For example, if A\ € GT; and §) is the delta mass at A, then A% 0y is the probability measure
on GTy given by

AN (1) = AN (X, ). (6.4)

Definition 6.2. A sequence {My } x>0, such that each My is a probability measure on GTy;, is
called a (g, t)-coherent sequence if the following relations are satisfied

My(p)= > MyaWAYT (A p), VN>0, VueGTy. (6.5)
AEGT N 41

Similarly, a finite sequence {My}n—0,1,.k is said to be a (g,t)-coherent sequence if the rela-
tions (6.5) hold for N =0,1,...,k— 1 and all u € GTy.

It is clear that for any probability measure My on GTy, there exist probability mea-
sures Mo, My, ..., My—1 on GTy,GTy,...,GTn_1 such that {M,,}m=01,. ~ is a (g,t)-coherent
sequence, and moreover My,..., My_1 are uniquely determined by this condition: in fact,
My =AMy VO<m <N -1

The set of (infinite) (g, t)-coherent sequences { My} n>0 is a convex set. Theorem 1.3 is, in
different terms, a characterization of the extreme points of the set of (g, t)-coherent sequences.

6.2 The path-space T and (g, t)-central measures

The set of (g,t)-coherent sequences defined before is in bijection with a class of probability
measures in the path-space of the GT graph T that we define next.

Definition 6.3. The path-space T is the set of (infinite) paths in the GT graph that begin at
€ GTy:

TE{r=(2=79 <70 <78 <...): 700 € GT, ¥n > 0}.
For any finite path ¢ = (¢ < ¢(1) < --- < ¢(), define the cylinder set Sy (or simply S(¢)) by
qud:ef{TETZ T(i) :Cb(i) Vi:oaL"'?”} cT.

The set T is equipped with the o-algebra generated by the cylinder sets Sy, where ¢ varies over
all finite paths in the GT graph. We always consider 7 as a measurable space.

An interesting class of probability measures on 7 consists of the ones that are coherent with
the sequence of stochastic matrices {A%H} n>o- To clarify what such coherence is, define the
natural projection maps -

Projy: T C H GT,, — GTy,
n>0

r= (7O <70 270 4y ),

It is a standard exercise to show that the o-algebra of T is the smallest one for which all the maps
Proj, are measurable. Consequently, for any probability measure M on 7, we can associate
to it the sequence of its pushforwards under the maps Proj,;, namely the sequence { My} >0,
Mpy = (Projy)«M.
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Definition 6.4. A probability measure M on T is said to be a (g,t)-central measure if the
following relations hold

M(5(¢(0) <M. < N < ¢(N))) = AN, (¢(N),¢(N—1)) . -A(l)(¢(1),¢(0))MN(¢(N))
- t\¢(N—1)|+...+\¢(0)\ 1/)¢(N>/¢<N,1) (g, ) ¢¢<1)/¢(0) (¢,1)
B P¢(N)(1,t7...,tN_1)

My (¢(N)),

for all N > 0, all finite paths ¢ = (gb(o) <= gZ)(N)), and for some probability measures My
on GTy. The branching coefficients ,,/,(q,t) are explicit in the statement of Theorem 2.5.
One can verify easily that, if the relations above hold, then the measure My is the pushforward
(Projy)«M, for all N > 0. Moreover, { My }n>0 is automatically a (g, t)-coherent sequence.
We denote by Mpon(T) the set of (g,t)-central (probability) measures. The set of (g, t)-central
measures is a convex set. The set of extreme points of My, (7), equipped with its inherited
topology, is called the boundary of the (q,t)-GT graph* and is denoted by Q¢

The following proposition implies that the correspondence between the set of (g, t)-central
measures and the set of (g, t)-coherent sequences is a bijection.

Proposition 6.5. Any probability measure M on T has an associated sequence {My}n>o of
probability measures on {GTxN}n>0, as shown above. The map M — {Mn}n>o0 is a bijection
between the set Mpwon(T) of (q,t)-central measures on T, and the set of (q,t)-coherent sequences.
The bijection is an isomorphism of convex sets. ‘

Let {M(l)}i217 M be elements on Mpwon(T) and {M’S”Z‘)}izl,mzo’
ding (q,t)-coherent sequences. Then the weak limit P — lim M® = M holds if and only if the

1—00

weak limits P — lim M\ = M,, hold for all m € N.

1—00

{Mp, }m>0 be their correspon-

Proof. Similar statements are known for other branching graphs, e.g., the case t = ¢q of
our proposition is given in [21, Propositions 4.4 and 4.9], and the case t = ¢ — 1 is in [40,
Proposition 10.3]. In the case t = ¢, this proposition is given in [21, Propositions 4.4 and 4.9].
The proof at our level of generality can be easily adapted from the proofs in [21]; details are left
to the reader. |

6.3 Macdonald generating functions

We introduce Macdonald generating functions, which will be very helpful in our study of (g, t)-
coherent sequences.

Definition 6.6. Let My be a probability measure on GTy, then its Macdonald generating
function is the formal sum
P)\(xl, Taot, ... ,thN_l)

P/\(l,t, ce. ,tN_l)

Py (21, ... 2n) = Z Mn(N)
AEGTy

Note that Pyy,, (21,...,2y) depends on the values g, ¢, but we omit such dependence for
simplicity.

The sum above is absolutely convergent on the torus (z1,...,2,) € T™. In fact, Theo-
rem 2.5 and the fact that all the branching coefficients v,,,(¢,t) are nonnegative imply
!P,\(:El,wgt, . ,thNfl)‘ < P,\(|x1|, |zat], ..., ‘:UNthl‘) = P)\(l,t, . ,thl). Thus not only is

“We may also call it the minimal boundary of the (q,t)-GT graph, to differentiate it from the Martin boundary
of the (g,t)-GT graph, see Section 7.1 below.
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Py (71, ..., 2x) well-defined as a function on TV, but also  sup [Py (21,...,25)] < 1.
1., NET
Therefore Pys,, € L®(T™).
If My is supported on the set of positive signatures GT;{,, then each Py (.1’1, xot, ... ,thN_l)
is a polynomial in zy,...,x N and therefore the sum defining Py, is absolutely convergent on

the closed unit disk (21, .., ;) € D™. Moreover Py, € L®°(D™) if My is supported on GT.
In general, Pys, € L°(T™) C L?(T™). The Fourier series expansion of Py, can be obtained
by using Corollary 2.6. In fact,

P)\(xl,xgt, ce ,SUNtN_l)
P/\(l,t, e ,thl)

Puy (@1, an) = Y My())

AEGT N
c,\#m#(a:l,...,thN_l)
= My (M) -
AG%N #G%N P)\(l,t,...,tN 1)
_ Mn(N)
= m Z'l,...,.thN 1 C)\“u )
u%m ”( ))@%N P)\(Lt, . ,thl)

where the interchange in the order of summation follows from the absolute convergence of all the
sums involved. (For the absolute convergence, the nonnegativity of all coefficients c ,, is needed.)

From the expansion above, we can extract the coefficient of z{* - -- 2\ in the Fourier series,
for any k = (k1 > -+ > ky) € GTy. In fact, such term appears only in mm(xl, . ,a:Nthl)
with coefficient t"(%), where n(k) = kg + 2k3 + - - + (N — 1)ky. Thus the Fourier coefficient of
it - 2 in the expansion of Py (21,...,2N) is
C) I{MN<)\)
— tn(fi) ’ . 66
oy =) F ) 05

AeGT N

If My is supported on GTE, then the sum defining fy, . x5 above is finite. Indeed the only
signatures with a nonzero contribution are A € GT}, with [A| = [s|. But then |x| = |A| > A1, and
there are finitely many signatures A € GTy with || > A\; > --- > Ay > 0. This observation will
be put to use several times.

Lemma 6.7. Let My, M} be probability measures on GTx that are supported on GT?\}. If
PMN(xl""va) :PM]'V(xla"'va) V(wla"wa) € TN
then My = M}.

Proof. Both Py, (21,...,2n) and PMJIV (z1,...,7x) belong to L? (TN). The equality of these
functions implies that their Fourier coefficients agree. From (6.6), this means

> Cun M (1) 3 cun My (1)
- VK € GTy. (6.7)
N-1 N—-1
MEGT;P“(l’t""’t ) ueGT;P“(l’t"”’t )

Observe that we have restricted the sum above to u € GT?, because My, M A are supported
on positive signatures. Let n € Zx be arbitrary. We show that My (k) = M (x) for all K € GT}
with k| = n.

Let C be the matrix whose rows and columns are parametrized by A € G']I‘X, with |A| = n,
and such that its entry C'(k, p) is c,m/Pu(l, ... ,tN_l). Observe that C is a finite and square
matrix. Also let M (resp. M) be the column vector whose entries are parametrized by A\ € G’]I‘]J\r,
with |[A\| = n and whose entry p is My (u) (resp. My (p)). Then (6.7) yields CM = CM'. The
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matrix C' is upper-triangular with respect to the order > on signatures because ¢, , = 0 unless
1 > k. Moreover the diagonal entries are cH’H/PM(l,t, . ,tN_l) = 1/Pu(1,t, e ,tN_l) #£0. It
follows that C' has an inverse and M = C~1CM = C~1CM' = M. Therefore My (r) = My (k)
VK e G']I‘E with |k| = n. Since n € Z>( was arbitrary and both My, M} are supported on GTE,
we conclude My = M},. [ |

Proposition 6.8. If the sequence {Mn}n>o (resp. finite sequence {Mn}n=01,. k) i a (¢,t)-
coherent sequence, then

Puy (1, on) = Py, (1,21, .., 2N), V(z1,...,xN) eV
for all N >0 (resp. for all N =0,1,...,k—1). The converse statement holds if, for each N >0
(resp. N =0,1,...,k—1), My is supported on GTX].

Proof. Let us prove the first part. Let {My}n>0 be a (g, t)-coherent sequence. By making use
of the branching rule, Theorem 2.5, the fact that P, is homogeneous of degree |u|, and making
a change in the order of summation, we obtain

P)\(l,:clt, .. .,:UNtN)

Pryp Lz, o) = > Myya())

AT Py(1,t,...,tN)
B Ae«%;m P, (Aﬁfl.(ﬁw) ue%;bv U@, ) Pu(ent, ... ant™)
- )\E([}ZTJ:V+1 P, (]\ij\t[jrl(),\th) ueZG’:]TN tm'%/u(qv t)Pu(1, ... ’thNil)
P T e R
S Pulws, oont™) Pat (@1, zn).

HEGT N P,(1,t,...,tN-1)

We can easily show that all sums above are absolutely convergent, so the change in the order of
summations can be justified.

Next we prove the converse statement. Assume that My, Myy1 are probability measures
on GTy, GT 1. Assume that they are supported on G']I‘]J(,, G']I‘]J(, 41, respectively, and also that
Puy (1, .. 2N) = Puy (1, 21,...,25) on TN, Let M}, be the measure on GTy defined by

My(p)= > Mya(MVANT' (A p)  VpeGTy.
AeGT N 41

Since [A]NVH()\, ,u)] is a stochastic matrix and My is a probability measure on GT n 1, then M}
is a probability measure on GTy. Moreover since My is supported on G']I‘E 41, it follows
that M} is supported on GT},. In fact, if u ¢ GTxn \ GTY, (or equivalently uy < 0), then
for any A € GT 41, either Ayy1 < 0 in which case My11(A\) =0, or Ay4+1 > 0 in which case
A%Jrl()" p) = 0.

We will be done if we showed My = M},. From what we have proved in the first part of the
argument, we have Py (w1,...,2N) = Pry,, (1,21, 2N) On TN, It follows that Py, = Py,
on TV. An application of Lemma 6.7 concludes the proof. |
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Proposition 6.9. Let N € N be arbitrary. If {M™}p,>1, M are all probability measures on GT
such that the weak convergence holds P — lim M™ = M, then

m—00

lim Pym(z1,...,28) = Pu(z1,...,2N) V(x1,...,zy) € TV, (6.8)

m—0o0
The convergence above is uniform on TV .

Proof. Let € > 0 be a very small real number. Since M is a probability measure, there exists
¢ > 0 large enough so that

M({)\GGTNtCZ/\lz)\QZ-“Z)\NZ—C})>1—€. (6.9)

From the weak convergence P — lim M™ = M, there exists N1 € N so that m > N; implies

m—o0
M™({NeGTy:c>2A > > > Ay > —c}) >1—2e (6.10)
def

Consider the set G']I‘E;C’c] ={AeGTn:c>A1 > > Ay > —c} C GTy. It is clear that

G’]TE\?C’C] is finite and has cardinality no greater than (2¢ + 1)V. Also, since G’]I‘E\;c”c] is a finite
set, there exists Ny € N such that m > Ny implies

€

|[M(A) — M™(N)] < et DN

vaeGThod, (6.11)

We are ready to make the desired estimate. Use (6.9), (6.10), (6.11) and the triangle inequality
to argue that for any m > max{Ny, N2}, we have

sup |Prm (21, ...y xn) — Py, ... zn))|
(21, zN)ETN

< Y MY -ME)| s
aecrlyed (x1,.,zn)ET

PA(ﬂjl,IL‘gt, e ,ﬂthN_l)
P,\(l,t,.. . ,tN_l)

P)\(xl, Tat, . .. ,thNfl)

+ > (M™\) +M()\)  sup ALt )

—c,c eTN
AGGTN\GTEV’] (€1, N)

< S Mo -MOI+ S (M) + M)

AeGTh > AEGTN\GTY
< ﬁ IGTL o] + M™(GTy \ 6TL ) + M(GTy \ 6T ") (6.12)
<e+2e+e=4e -

A partial converse to the previous proposition is Proposition 6.10 below.

Proposition 6.10. Let {M™},,>1, M, be probability measures on GTy, supported on (G']I‘;.
Assume the following convergence

lim Pym(z1,...,28) = Pu(z1,...,2N)
m—0oQ0

holds uniformly on TV, then we have the weak convergence P — lim M™ = M.
m—0o0
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Proof. All functions {Pysm }m>1, Py belong to L2(T™). Therefore the limit lim Pysm (z1, ...,

m—o0
xn) = Puy(x1,...,2zy) implies the convergence of the Fourier coefficients. Due to (6.6), this

implies that, for any k € GTy, we have

n}gnoo Z C)\,an()‘) _ Z C)\,,%M(A)

AeoTt Py(1,t,...,tN-1) s Py(1,t, .. N1

We show that li_r>n M™(\) = M(A) for any A € GT}. In fact, let n € Z>( be arbitrary and
m—00 -
let us prove lim M™(\) = M()) for any A € GT, with |A| = n. Consider the finite, square
m—r0o0

matrix C whose rows and columns are parametrized by A € GT4,, |\| = n, and whose entries are
C(k,A) = cxpu/Pa(1,t, ..., tN ). Also let {M™},,50, M be column vectors whose entries are
parametrized by A € GT} with |A| = n, and whose entries, at A € GT},, are {M™(A) }m>0, M(N).
From the limit relation above, we have the entrywise limit of column vectors lim CM™ = CM.

The matrix C' is upper triangular (with respect to the order on signatures givgl—}(flo Corollary 2.6)

and has nonzero diagonal entries, thus it has an inverse C~'. Each entry of the column vectors

M™ = (C71C)M™ = C~1(CM™) is a finite linear combination of entries of CM™, and the

same can be said about the entries of C~'CM = M. Thus the entry-wise limit of column vectors
lim M™ = M follows.

m—0oQ
By assumption, M™(\) = M()\) = 0 for any A ¢ GT, so also lim M™()\) = M () in this
m—0o0
case. Hence the weak convergence P — li_r>n M™ = M is proved. |
m oo

6.4 Automorphisms A

Recall the set N of nonincreasing integer sequences, given in Definition 5.1. Equip N with the
topology of pointwise convergence. We denote a generic element of N by v = (11 < g < ---). For
each k € Z, we can define the continuous map Ax: N = N by v — Agv = (1 +k <vo+k < ---).
It is clear that Ay has inverse A_g, so each Aj is a homeomorphism.

Similar automorphisms can be constructed for GT and 7. In detail, we can define the map
Ap: GT - GT by A= AgA = (M + k> X+ k> --+), Ay = &, whose inverse is A_j, and
moreover it restricts to automorphisms GTy — GTy for each N € Z>¢. It is clear that p < A
implies Agp < AgA, so the automorphism Ay of GT induces the automorphism of measurable
spaces Ap: T =T, 7= (7'(0) <M <732 < ) > (AkT(O) < AprM < Apr®@ < )

The same notation Ay is used to define automorphisms of the spaces N, GT and T, but there
should be no confusion each time it is used in the future.

We have introduced the automorphisms A; because, in Lemma 6.12 below, we will relate
the extreme central probability measures associated to v and Ajv. The starting point is the
following simple statement, which has nothing to do with probability.

Lemma 6.11. Recall the functions ®(z1,...,Tm;q,t), defined in the statement of Theorem 5.5.
Let v e N and k € Z be arbitrary. The following equality holds

(I)Aky(xlv -y Im; 4, t) = tk(?) (ZIS‘l o xm)kq)u(xl’ - Im; 4, t)v

V(z1,...,xm) € (C\ {O})™. (6.13)

Proof. As both sides of the identity (6.13) are analytic functions on (C\ {0})™, we only need
to prove the equality for (z1,...,%y) € Up, where the domain U,, was defined in the statement
of Theorem 5.5. We can now make use of formula (5.8) for ®”(z1,...,2Zmn;q,t). Observe that the
only place where v appears in the right-hand side is inside the univariate functions ®¥(x;; q,t).
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The operator INDSTZ) satisfies that for any Laurent polynomial f on variables x1,...,x,,, the

following identity holds

5%){(1,1 . xm)kf} — k(%) (21 ~xm)k5§$){f}'

We deduce that the lemma will be proved for all m € N once we prove it for m = 1, that is,
we need 4V (x;q,t) = 20 (z;q,t) Ve c U = () {x # ¢ *} N {x # 0}. The latter statement
k>1

easily follows from the integral definition of @”(m;_q, t) in Theorem 5.2 (to be precise, our desired
statement follows after a change of variables z — z + k in the integral). |

Next we introduce new maps { A }rez on spaces of probability measures.

For a probability measure M, on GT,,, define AxM,, as the pushforward of M, under the
automorphism Ay of GT,,, i.e., AxM, (1) o M, (A_gp) for all u € GT,,. Observe that if we
let §) be the probability measure on GT,,, given by the delta mass at A € GT,,, then Aoy = 04,1
for any k € Z.

Similarly if M is a probability measure on T, define AxM as the pushforward of M under the
automorphism Ay of 7. This can be described concretely as follows. The automorphism A of T

induces automorphisms Ay on the set of paths of length m in the GT graph, for any m € N:

6= (6© < M) < < 6™ 5 AL (A6 < gD < < App(™).

It is therefore natural to define also an automorphism on the family of cylinder sets by A;Sy £

def

Sa,e- Then ApM is given by ApM(Sy) = M(A_1Sy) = M(Sa_,e) for all finite paths ¢ =
(¢(0) < (z)(l) e ¢(m))

Lemma 6.12. Let M € Mpyon(T) be a (q,t)-central probability measure and { My, }m>o be its
associated (q,t)-coherent sequence. Then also AyM € Mpywon(T) and its associated (gq,t)-coherent
sequence s { A Mp }m>0-

Proof. Clearly ApM € Mpyon(T) is a consequence of the definition of Ay M as a pushforward
of the probability measure M. The second claim can be restated as

(Proj,,)« Ax M = ApM,y,.

This equality follows from the definitions of AxM and AxM,, as pushforwards of M and M,,,
the fact that (Proj,,)«M = M,,, and the evident commutativity of the diagram

T T

Pro.] TTL\L J/Proj m .

GT,, —2* GT,),.

7 The boundary of the (q,t)-Gelfand—Tsetlin graph

In this section we prove Theorem 1.3, which characterizes the (minimal) boundary of the (g, ¢)-GT
graph. Along the way, we also define and characterize the Martin boundary of the (¢,t)-GT
graph.

Assume throughout this section that ¢ € (0,1), § € N and set t = ¢’. Recall the notation

P— klim M}, = M indicates that a sequence of probability measures { M} }r>1 converges weakly
—00 =

to M.
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7.1 The Martin boundary: definition and preliminaries

For any A € GTy, let §y be the delta mass at A. As remarked in Section 6.1, there exists a unique
(g, t)-coherent sequence {Mg\l}m:m,m, ~ such that each M) is a probability measure on GT,, and
M]’\\[ = J). Such a sequence is given explicitly by MJ)\‘, =6y and M) =ANSVO<m <N -1,
where the probability measures AY§y on GT,, are given explicitly in (6.4). Moreover recall
that for a (g, t)-central probability measure M on T, we can associate a (q,t)-coherent sequence
{Mp, }m>0 as in Definition 6.4.

Definition 7.1. The Martin boundary of the (q,t)-Gelfand—Tsetlin graph is the subset of
(g, t)-central probability measures M € Mo (7) for which there exists a sequence {A(N)}n>1,
A(N) € GTy, such that the following weak limits hold

IP—NnLnOOA%(SA(N) =M, VYm=0,1,2,....

Let us denote the Martin boundary by Q%ﬁrtin C Mprob(T) and equip it with its subspace
topology, namely with the topology of weak convergence.

To characterize the Martin boundary Q%ar“n, we begin by giving necessary conditions on
sequences of signatures {\(N)}n>1 which yield a weak convergence as above. In this section,

we sometimes denote Mf\‘, &5, the delta mass at A\ € GTy, and {M) = AN\ =01, .~ the
corresponding (g, t)-coherent sequence.

Lemma 7.2. Assume that {\(N)}n>1, A(N) € GTn, is a sequence of signatures such that
{A{V@\(N)}Nzl converges weakly, as N — 0o, to some probability measure m on GTy = Z. Then
the sequence {\(N)n}n>1 is bounded.

Proof. We use the Macdonald generating functions of Section 6.3 above. By Proposition 6.8,
we have

NS (1M ) = Py (2)

1
and then

Py (L8, tV72 iV 1) B Py (2t 472, 6N
Py (Lt tN=2#N=1) Py (1,162, N

g ="V (m)zn, (7.1)

ne”L

In the sum of the right-hand side above, n ranges from A(N)x to A(N); because of the branching
rule for Macdonald polynomials. We multiply the equality by z=*(")~¥ and then set z = 0, so in
the right-hand side one clearly picks up the coefficient of z*(™)N | namely Ml)‘ (V) (MN)n). By
the index stability of Macdonald polynomials, 2.2), the left-hand side is

P/\(N) (Z,t_l, cee ,tl_N)
P)\(N) (1,t_1, Ce ,tl_N) 2=0
(et Y e

(141 g1 =N) N Py (1,

S~ AN
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Thanks to Theorem 2.3, we can then obtain a lower bound for Ml)‘ (N)()\(N )n) as follows:

AP AN ) = LR AN AN a2 ()
' PN~ AN n - AN w1 =AW x0) (L E7E o 17N
_ P a Wy e dM Ay (7 8 1)
PN ) =AN) 3 AN -1 =AN) r0) (VT8 1)
(q)‘(N)i_)‘(N)jtj_i;q) (tj z+17 )OO
reicien—y (@AM L ) (17 g)o
(q)\(N)z— (N)jgi—i+1, ) (77 q) oo
" 1<i1<_J[<N (MM q) (7)o
N-1 (P VAN N =i, 9. (V% )
iI;Il (q/\(N)i—)\(N)Nthi;q) (tN z+17 )OO
_Zﬁl (L—t") (=gt (1= g
L1 (1= QM ANINEN =) (1 — PN AN+ 1N )
N-1 N-1
> (1 _ tN—z') (1 _ qtN—z') (1 _ qe—ltN—i) > H (1 _ thi)(? > ((¢; t)oo)e‘
i=1 =1

A(N

On the other hand, since (¢;t) € (0,1) and P— hm M; ) — = m, then there exist N1, No € N

N—oo

large enough such that
MM () €GTy: =N <n< NP >1—((ti)e)? YN >Ny

We conclude that —N; < A(N)ny < Ny, for all N > Nj. Therefore the sequence {A\(N)n}n>1 is
bounded. |

One actually has the following more general statement.

Lemma 7.3. Let k € N. Assume that {\(N)}n>1, AM(N) € GTy, is a sequence of signatures
such that the sequence AkNé)\(N) converges weakly, as N — oo, to some probability measure m
on GTy. Then for anyi=1,...,k, the sequence {\(N)N—i+1}Nn>1, is bounded.

Proof. The argument here is very similar to that of the previous proof for k = 1. As before, by
making use of Macdonald generating functions, we can derive a more general equation than (7.1),
which is

P/\(N) (thl_k, ... 7zk—1t_1, ijt—k’ o ,tl_N)
Py (L1, =N
P (thlik Zk_ltfl Zk)
M)\(N)(H) M ) ) 5 . (72)
D (KL

In the sum of the right-hand side above, note that u ranges over signatures in GT}j, such that

e > AMN)N,  pe—1 2 AN)N-1, ey 1 2 AN Nk (7.3)

This is a consequence of the branching rule for Macdonald polynomials. Another relevant
observation is that for any u € GT}, satisfying (7.3), any monomial ¢, . m, 21" -+ -2, with
Cma,..m, 7 0 in the expansion of Pu(zltl_k, ooy 21t 2) satisfies: my > )\(N)N, 1f my =
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A(N)n then myi_1 > A(N)ny—1; and so on until, if mg = AM(N)y_g+t2,...,mi > A(N)y, then
my > A(IN)v_g+1. This is a consequence of the triangularity property of the Macdonald
polynomials, see Definition/Proposition 2.1.

In equation (7.2) above, multiply both sides by zk_)‘(N)N and then set z; = 0. From the
branching rule for Macdonald polynomials and the fact that the branching coefficients satisfy

VAN /AN 1, AN v (@ ) = 1,
the resulting left-hand side is

P()\(N)ly--'7)\(N)N—1) (thlik, ceey Zkfltil, tik, - ,tliN)
PA(N) (]., til, . ,tlfN)

(Note that the argument zj is no longer present in the numerator.) Similarly, from the property
V)t —) (@ 1) = 1, for any p € GTy,

the resulting right-hand side is

1-k —1
M/\(N) P(Hlv---v#k—l) (th y Zk_lt )
Z k (M) P (1 =1 tlfk)
PEGT: pup=A(N)n p\ ) )

After that, multiply both sides by (zj_1t~1)~*®™)¥-1 and then set z;_; = 0; this gives

PNy AN o) (21T ot ™2 R )
P)\(N) (1,t_1, . ,tl_N)
B A(N) P(Mh---n“‘k—?) (thlfk, ... ,Zk_2t72)
- Z Mk (,U,) P (1 t—1 tl—k) '
PEGTy : ACELIREERRE

pe—1=AN)N_1, pe=A(N)N

Repeat the same procedure k times, until we have multiplied both sides by (zltl_k )_/\(N)N s
and set z; = 0. The end result is

MY NN Nk, AN )
Po)s, 2w 5 ) Pon v e dw) (Lt - 81 7F)
P)\(N) (1,t_1, . ,tl_N)
— t(N=E)AN)N k1 +AN) N g2+ +AN)N)

A
Mk

Ponyax ) (Lt D Painy e amon (Lt - 8571

% Py (1,4, 82, 1)

B Nk N (1t (1 =gt/ - (1= ¢ 157)

= E - Hk+1 (1_q)\(N)i—)\(N)jtj7i) (1_q)\(N)i—)\(N)j+1tjfi) (]__q)‘(N)i_)‘(N)j'i'g_ltj*i)
—k N

>T] JI (¢ —a ) (1— ¢ > (:6)a),

i=1 j=N—k+1
where we used the homogeneity of Macdonald polynomials for the second equality, as well as three
applications of Theorem 2.3 for the third equality. Then M,j(N)()\(N)N_kH, G AN)N) Z e =

((t;t)o0)?® > 0. On the other hand, since M,;\(N)
large enough such that

converges weakly to m, there exist Ni, No € N

M,;\(N)({(nl,,nk) EGTki - M <Nniy,...,ng < Nl}) >1—c VN>N2.
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Therefore we conclude that — N7 < A(N)y—_g+1,---, A(N)n < Nj for all N > Ny. We conclude
that each sequence {A(IN)n—i+1}n>1, ¢ =1,...,k, is uniformly bounded by a constant. |

Next we show that Q%f‘rtin is in bijection with the set N'. We do so by first constructing
a map ngtarti“ — N that will later be shown to be bijective.

Proposition 7.4. Let M be a (q,t)-central probability measure on T and {Mp,}m=o.1,2,... be its
associated (q,t)-coherent system. If M belongs to ng[tartin, then there exists a unique v € N such
that

Qy(xltl_m7 cee 7xm—1t_l7xm; qvt) = PMm(xh ) xm),
V(z1,...,xm) € T, Vm>1. (7.4)

The function ®¥(z1,...,2m;q,t) was defined in Theorem 5.2 for m = 1, and in Theorem 5.5 for
general m.

Proof. Let M € Qg{[frti“. By definition, there exists a sequence {\(/V)}n>1 such that A\(N) €
GTy, N >1,and P — li_r)n A%(SA(N) = M, holds weakly, for any m € N.
m oo

By Lemma 7.3, it follows that for any ¢ = 1,2, ..., the sequence {\(IN)n_j+1}n>1 is uniformly
bounded. In particular, since {A\(IV)n}n>1 is uniformly bounded, there exists a subsequence
{N{ < N} < N§ <---} C Nsuch that )\(Nll)N1 = )‘(NQI)Nl = ---. Analogously, using that

1 2

{A(N)n-1}n>1 is bounded, there exists a subsequence {N? < N7 < NZ < ---} C {N{ <
N3 < N3 < ---} such that )\(N12)N12_1 = A\(N3) ---. In a similar fashion, we can define
subsequences {N{IC <Nf<-- } inductively.

Now consider the subsequence {N1 = N11 < Ny = N22 < N3 = N?‘? < } C N. By
construction, the sequence {\(Ny)}xr>1 is such that the limits klim A(Ng)N,—it1 exist for all

- —00

N2-1

i=1,2,.... Consequently, there exists v € N such that {\(Ny)}x>1 stabilizes to v in the sense
of Definition 5.1. From Theorem 5.5, the following limit
. P)\(Nk) (Ilﬁ‘ltl_m, 1'2t2_m, R e AL ,tl_Nk’)
lim — N
k—oc0 P)\(Nk)(]-at R 4 ’V)
= ®¥ (xltl_m,xth_m, ey T q,t) (7.5)
holds uniformly for (x1,...,zy,) in compact subsets of the domain (C\ {0})™, in particular the

convergence is uniform on T™.
On the other hand, since we also have the weak convergence P — klim ANkS A(Ny) = M, then
— 00

by Proposition 6.9:

ey @) = P, (1, . T) (7.6)

lim P ~ Ty,.
k—o0 Amk5>\(Nk)( b

uniformly on T". By Proposition 6.8 and the homogeneity of the Macdonald polynomials, the
Macdonald generating function of ANk§ A(N,) €quals

,PAT]XkéA(Nk) (X1, ) = P5A(Nk) (lN’“*m, Tl .., xm)
Py (Lt N Ny N )
Pyny (1,8, 82, ¢V 1)
B Pyny) (xltlfm, Tot?™™ g, T ,tlka)

— . 7.7
Py (1,671,672, 1Nk (7.7)
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By combining (7.5), (7.6) and (7.7), we conclude
Y (:cltl_m, oot i, t) =Pu,, (1., Tm) for all (z1,...,2y,) €T

and all m > 1, as desired. The statement about the uniqueness of v € N follows from
Lemma 5.4. ]

Because of Proposition 7.4, for each M € QMmm there exists a unique v € N such that
equation (7.4) is satisfied for all m € N. Thus there is a well-defined map of sets

N: Qgi[frtm — N,
M v, (7.8)

which is determined by setting v = N(M) be the unique element of A such that (7.4) is satisfied.
We prove below that N is bijective, but first we show the convenient fact that N commutes with
the automorphisms Ay, k € Z, of Section 6.4.

Lemma 7.5. Let M € QY | € Z. Then AgM € QY5 and N(ApM) = AN(M).

Proof. As M € QY™™ C Mpyop(T), Lemma 6.12 shows AxM € Mpyob(T) and {Ag My, }m>o is

its corresponding (g, t)-coherent sequence. By definition, there exists a sequence {\(V)}n>1,

A(N) € GTy, such that the weak convergence holds P — A}im A%(SA(N) = M,, Vm > 0. We
— 00

claim that P — ]\}gnoo A%(sAk)\(N) = Ay M,, Vm > 0, which would show A;M € Qg/’[frtin indeed.
Take any m € Z>q, p € GT),, then
(AMBaa)) (1) = A (ARAN), 1) = AN (A(N), A_gp)
= (ANOA) (Aipt) 22 M (A_gpr) = Ap Mo (1),
where we have used AN (Av, Apk) = AL (v, k), previously stated in the proof of Lemma 6.12.

Let us move on to the second part of the lemma. Let N(M) = v; to show N(AxM) = Agv,
we need

Past,, (T1,. .. xm) = @Ak”(xltl_m, e Tt 2 g, t)
V(z1,...,xm) €T, VmeN,
For any m € N, (z1,...,2z) € T™, we have
P,\(acl,xgt,...,xmtmfl)
N Py(1,t,82,...,tm1)

Py(z1,mat, ..., zpt™ 1)
My (AN "
Ae%m " Py(1,t,82, ... tm1)

PAk,\(xl, Tot, ..., xmtm_l)
2 MnY Pa(1,t,12,...,tm1)

PAka($1,...,.’Em): Z Aka()\)

AeGTy,
= (x129 - Z M,, P/\ z1, T2, $mtm_1)
Nl PA(l IR L
= (z1@2 - ) Par, (21, .. )
= (z1- xm)k . @”(wltlfm, .. .,xm;q,t)

= ) (2t ™) - () Y (@t s 0 t)
= @Ak”(aﬁltlfm, e T q,t),

where the last equality follows from Lemma 6.11. |
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Proposition 7.6. The Martin boundary Qg/’[tartin of the (q,t)-GT graph is bijective to N under
the map N defined in (7.8) above.

Proof. Step 1. We prove N is surjective.

Let v € N be arbitrary; we want to show it belongs to the range of N. From Lemma 7.5,
we may assume v; = 0 without any loss of generality. Consider the sequence {\(N) = (vy >
UN—1 > --- > v1)}n>1 of signatures that stabilizes to v. Let m € N be arbitrary. The first claim

is that the limit A}im M;}L(N)()\) exists for any A € GT,,
—00
By definition (6.4), M%(N)()\) = AN(A(N),\) = 0 unless Ay, > A(N)y = v1 = 0. Thus
the previous claim is clear if \,, < v; = 0, in which case A}im M{,\Z(N)(/\) = 0. Assume now
— 00
Am > 11 =0, ie, A€ GT,.
From Theorem 5.5, we have the uniform limit
Py (it aeat T w7 )
lim
N—o0 P)\(N)(l,tfl,tfa...,tlfN)
= ¥ (a:ltl_m, e Tt s q, t) (7.9)

on T™. Correspondingly, the Fourier coefficients of the normalized Macdonald characters converge
to those of ®¥(x1t!~™, ... 2, 1t~ 21m;q,t). Proposition refprop:coherentsequences and the
expansion of Corollary 2.6 give

Pyv (mltl_m, e Tt g, T L ,tl_N)
Py(n )(1 t=h 2, )
Z M)‘ (xl,acgt xmtm_l)
= P#(l,t,...,tmfl)
_ o1 s Min™ (1)
_ Ke%m My (71, 2ot ..o, Tt™ ) ue%m Pu(i. o)’ (7.10)

Let & € GT,, be arbitrary, and denote n(x) & kg + 2k3 + -+ + (m — 1)ky. Observe that
xyt -zl appears only in the monomial symmetric polynomial m,(z1,zat, ... , Tmt™ 1) and
the corresponding term is t”(”)x'fl ---xhm 5o (7.10) is essentially the Fourier expansion of the

prelimit functions in (7.9). Then we have that, for any k € GT,,, the following limit

im E .
Nowo L (1 t,. tm—l)
exists and equals the Fourier coefficient of zf* - - x%m in the function ®”(x1t™ L ... zm;q,1).

As mentioned before, M) (1) = 0 unless pi, > vq > 0. Thus we can restrict the sum in (7.11)
to 4 € GT;. From the same analysis as in Proposition 6.10, we can obtain that the limit

A}im M,Q\I(N)(u) exists for any p € GT;, with [A| = n; let us denote M,,(u) & A}im M) ().
—00 —00

Immediately from the definition (and Fatou’s lemma) it follows that

Mp(A\) >0 VA EGT,,

Y Mn(N) <

AeGT,

Recall that we observed M ™) (\) = 0 if A ¢ GT},, therefore My, (\) = 0 if A ¢ GT,.
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Next consider the following function

P, (:Ul, Tot, ..., xmtm_l)
P,(1,¢,...,tm 1)

F(z1,...,xm) = Z My, (1)

peGT,,

Clearly F defines a function on T™, as it is defined by an absolutely convergent series on
the m-dimensional torus. Moreover its absolute value is upper bounded by 1, therefore F' €
L>®(T™) C L?(T™). By the same argument preceding (6.6), one shows, for any x € GT,,, that
the Fourier coefficient of 7" - -zl in F' is

w M (1)
n(x) i, : (7.12)
M%m P,(1,¢,...,tm 1)

Observe that, if kK € GT,, is fixed, the sums in both (7.11) and (7.12) are finite because
M (@) = 0 unless > k and p € GT,;,. Therefore A}im M%(N)(M) = M, (p) for all 4 € GT;
— 00

implies the equality between (7.11) and (7.12). In other words, the following convergence holds

P&(N)(xltl_nz---71Wn71t_1aahnat_nu"'7t1_JV) Fourier
Py (L1672, 11N

> F(xy,...,2m) (7.13)

in the sense that all Fourier coefficients of the left side of (7.13) converge to the corresponding
Fourier coefficients of F(x1,...,%m), as N tends to infinity. But we already knew that the
Fourier coefficients of the left side of (7.13) converge to the corresponding Fourier coefficients of
OV (x1t' ™™, ..., 2m;q,t). Therefore all the Fourier coefficients of the difference F(z1,. .., &) —
QY (x1t' "™, ... xm;q,t) of square-integrable functions on T™ must be zero. It follows that
F(z1,...,2m) = ®(x1t1"™, ..., Zm; q,t). In particular, the equality holds for z1 = - -+ = z,,, = 1,
resulting in

> Mp(p)=F(1,...,1) =@ (¢ 7™ . 1;q,t)

peGTy,
. P)\(N) (xltl_mv"'a‘/Emflt—la"L‘M7t_m7"'7t1_N) .
= N Py (1t 5,672, t1-N) =ym =1
o0 AN)\ L5 ) P gy ==z =1
Moreover ®”(x1t=™, ... xm;q,t) = F(x1,...,2y) is the Macdonald generating function of M,,.

We are almost done. For each m € N, we have constructed probability measures M, as limits
of M)‘( ) and shown that OV (z1t!™™, ..., Tm;q,t) is the generating function of M,,. Complete
the sequence with My = 5g, the delta mass at @. We claim that {M, },,>0 is a (g, t)-coherent
sequence. In fact, since {M }m 0.1,...N is a (g, t)-coherent sequence, then

= > ARt (7.14)
AeGT 41

for any 0 < m < N, u € GT,,. As N goes to infinity, the left side of (7.14) tends to M,,(u).
By an argument similar to that in the proof of Proposition 6.9, one shows that the right side

of (7.14) converges to > M1 (A)A™T(A, ). Indeed, the argument simply relies on the
AEGTm+1

weak convergence M, (+1) — My, 41 and the uniform (on A) bound [A (A, p)| = A™FL (A, ) < 1.
Therefore the limit of (7.14) as N — oo is

Z Mm+1 ()\)Am-i_l ()‘7 M)a
AeGT,,
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for any m € Z>o, p € GTy,. Thus {M, }m>0 is a (g, t)-coherent sequence and has an associated
probability measure M on T, as given by Proposition 6.5. By the definition of N, we conclude
N(M) =v.

Step 2. Next we show that N is injective.

Let M, M’ € Qg/ftartm have the same image v under the map N. The goal is to prove M = M’.
From Lemma 7.5, we may assume v; = 0 without any loss of generality. Furthermore, we can
assume that M is the element of Qg/fﬁrtm such that N(M) = v and that was contructed in the
first step.

Let { M, }m>0 and {M] }.,>0 be the (g, t)-coherent sequences associated to M, M’, then

Py (x) = @¥(w3q,t) = Pyy(x)  VaeT. (7.15)

As it was mentioned in Section 6.3, Macdonald generating functions are uniformly bounded on
the torus, in particular, Py, € L°(T) C L?(T) for any probability measure m on GT; = Z. Write
the first equality of (7.15) for x = ¢¥ as follows:

Z M, (n)e™ = Z M (n)e™.

ne” nez

Both sums above are expansions of a square integrable function on T in terms of the basis
{e} ¢ L*(T). Thus the (Fourier) coefficients in both sums must agree, i.e., My(n) = M{(n)
Vn € Z, and so My = Mj.

We aim to apply a similar argument to show that M, = M/ for any m € N. We will be done
once this is proved, as Proposition 6.5 would then show M = M’. For general m, we make use of
the fact that M € Q%artin is the probability measure constructed in step 1: we use that each M,
is supported on GT;,.

As above, the definition of the map N implies

Pur, (1,00 ) = B (mltl_m, o 1t Y T g, t)

The equality of the functions above implies the equality of corresponding Fourier coefficients. It
follows that for any x € GT,, we have, see (6.6),

Cp M (1) M), (1)
-1y~ Iy (7.16)
ue%m Pu(l,t,..,jtm 1) u%‘m Pu(l,t,...,tm 1)

When x ¢ GT,!, (or equivalently k., < 0), we claim that the left side of (7.16) is zero. In fact,
for any p € GT,,, either ¢, = 0 when f,, > 0 or My, (1) = 0 when g, < 0, because My, is
supported on GT;. Then also the right side of (7.16) is zero if x ¢ GT,. By using also the
properties of the coefficients ¢, , stated in Corollary 2.6, we have

CunM] (1) CoM] (K) M) (k)
0= MK m, > 5 m _ m > 0.
Z Pu(1,t,...,tm 1) T Po(Lt,..., 0 Pe(L,t,.. .t ) T

neGT,, ~ #
Then we must have M/ (k) = 0 if k ¢ GT,", i.e., M/, is supported on GT;,. Finally an application

of Lemma 6.7 says that if Py, = Py on T™, and M,,, M,, are both supported on GT;",
implies M, = M), thus finishing the proof. [ |
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7.2 Characterization of the Martin boundary

Our next goal is to characterize the topological space Qg{[tartin completely. Recall the map
N: QYfartin — A, defined above in (7.8), by letting N(M) = v be the unique element of N such
that

CIDV(azltl*m, e Tt T q,t) =P, (T1,. .., Tm) V(z1,...,2m) €T, ¥Ym>1.
Proposition 7.6 shows that N is a bijection, so the inverse map N~! is well-defined.

Definition 7.7. For any v € N, we denote N~!(v) by M" and the corresponding (g, t)-coherent
sequence by {M} }mn>0.

From step 1 of the proof of Proposition 7.6, and Lemma 7.5, we have that for the sequence of

signatures {A\(N) = (vy > -+ > 1)} n>1 which stabilizes to v, the following weak convergence
holds

P— lim ANoyn) =M},  VmeN,
N—o0

m
ie.,

J\}im Aan5A(N)(M) = lim AYN(AN), pu) = MY () VmeN, VueGT,.
—00

N—oo

In fact, we note the same analysis as in step 1 of the proof of Proposition 7.6 shows that the
weak convergence above holds for any sequence of signatures {\(/V)}n>1 stabilizing to v.
We need the following lemma to prove that N is a homeomorphism.

Lemma 7.8.

1. For anyv e N, m € N, MY is supported on {pn = (11 > -+ > pm—1 > ptm) € GTpp: pin >

Ul =1 > V2, oy 41 2 U ).
2. For any m € N, there exists ¢, € (0,1) such that for any integers ng < ng < --- < ny, and
v e N with vy =ny, Vo =Ny ..., Uy = Ny, we have MY (ny, > -+ > ng > ny) > cpy.

3. Let m € N and let v,v € N be such that v; > v; Vi > m and v; = v; V1 < i < m, then
MY (v > - =g 2 1) < My (U > -+ > g > 1),

Proof. Let us prove (1). We use the weak convergence of probabilities P — A}gnoo AN ANy = My,
Vm € N, for the sequence of signatures {A\(INV) = (vy > --- > v > v1)}n>1. Because of the
definition (6.4) for the maps ALY, it follows that A%(SA(N) () = AN(N(N), ) = 0, unless p,, >
AN)N =vi,..o 1 2 AMN)N—m+t1 = Vm. Thus also MY (u) = 0 unless fi, > vi,..., {1 > V.

Next we show (2); to get started fix n; € N and let us show that MY (n1) > ((t;t)s)? for
any v € N with v; = ny (so we can set ¢; = ((t;t)o0)?). The weak convergence mentioned
above gives M{(n1) = lim AYdyyy(n1) = lim A6y (A(N)w), for any v € N with v = ny

N—o00 N—o0

and {A(N)}n>1 as constructed above. The calculations in the proof of Lemma 7.2 show
A6 (AN N) = ((E) oo )? for all N € N, and thus also M (n1) > ¢1 = ((£;t)o0)? > 0, for any
v e N with v; = n;.

For a general m € N, we have

My (i 2 -+ 2 2 2 ny) = lim Aoy AN N1 = -+ = A(N)w),
for {A\(IV)} n>1 as constructed above. In the proof of Lemma 7.3, we showed ANé)\ YAN)N 1
> AN)IN) > em E (£ 1)00)?™ holds for all N > 1. Therefore MY (ny, > --- > ng > ny) >
cm >0, for any v € N with 11 = ny, voa =na, ..., Um = Ny
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Finally we move on to (3). To get started, we prove it for m = 1, so let ,v € N be
such that v; > v; Vi > 2 and 1 = 1. Consider the following pair of sequences of signatures
{MN)=(n>--->a>v1)}n>1 and {A\(N) = (vxy > -+- > 19 > 1)} n>1. Then we have the
weak limits

P— lim Amdsn = MY, P— Jim_ Aoy vy = MY, YmeN. (7.17)

By the calculations in Lemma 7.2, we have

A{V(s,\(N)(Vl) = A]1V5,\(N)()\(N)N)

R, (1 =tV (1 — gtV ) - (1 = g0 1N
(1 —q AN);— (N)NtN—i) .. (1 _ qA(N)F,\(N)NJreﬂtN—z')

—

1

-
Il

=z

(1 tN—i)(l qtN—i) . (1 _ qe—ltN—z’)
(1 — gVN-i+1— v1N— l) . (1 _ qVN—i+1*V1+9*1tN—i)

Il
1

=2

(L)1 ) (1 )
(1 — qVN i1~ V1N — l) R (1 — qﬁN_H.l—ﬁl-i-@—ltN—i)

[V
1=

2
L

(1 _ tN—z‘)(l _ qtN—z‘) . (1 o qe—ltN—i)
(1—¢q X(N); )\(N)N—OtN—z'—H) (11— qX(N)i—X(N)N—ltN—z’-i-l)

5X(N)()\(N)N) = AY 65 ) (1)

I
= I

Thus taking into account the limits (7.17) for m = 1, we deduce M¥ (v1) > M? (vy).
The proof of the third item for a general m € N follows from similar calculations that are
used to prove Lemma 7.3. We leave the details to the reader. |

Theorem 7.9. The bijective map N: Qg{ltartin — N is a homeomorphism.

Proof. The first step shows that N~! is continuous and the second one shows that N is

continuous. v
Step 1. Let {M”(Z)} >1 C QM‘min and {y(i } >1 be the corresponding images under the

map N. If lim v(9 = v € N pointwise, then we prove the weak limit P — lim M v — v

1—00 1—00
By applying some automorphism Ay with large k, if necessary, and invoking Lemma 7.5, we
can assume v > 0. Observe that lim 1/£ D =11 > 0 implies yf 9 > 0 for large enough i. Thus let

1—00
us also assume I/£ g > 0 Vi > 1, for simplicity.

We reduce our desired statement to simpler ones. We claim that lim v® = v implies
1—00

lim @”(Z)(azl,...,a:m;q,t) =®"(z1,...,Tm;q,t) VmeN (7.18)
1—r 00
uniformly on T".

First let us deduce our desired weak convergence from the limit above. Recall that, due to
Theorem 5.5, all functions {<I>”<Z) (1, s Tms q, t)}z.>1 and ®”(x1,...,Zm;q,t) are entire functions
and, in particular, they are continuous on the torus T™. So the convergence (7.18) implies the
convergence of Fourier coefficients. Thus for any x € GT,, we obtain, see (6.6),

(©)
Z My, Z My,

oo oo (Lt ot ) T L Bl )

m
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Note that in both sides of (7.19), the sums have been restricted to GT;:. In fact, since we are

assuming l/y), v1 > 0Vi>1, Lemma 7.8(1) implies that all probability measures {MT”,L“ }l>1, My
are supported on GT;' .

From Proposition 6.10, the limit (7.19) yields lim M;;L(i) (n) = M%(u) Vu € GT},. But also
1—00

M”(Z)( ) = MY () =0 for any i > 1 and any p ¢ GT;’. Therefore lim M”(l)( ) = M}, (1) holds

for all 4 € GT,,, and so P — lim M}, v® = M,,. Note that we proved the weak convergence for

1—00

any m € N. By Proposition 6.5, we conclude P — hm M"Y = M.

We are left with the task of proving (7.18). We show the uniform convergence in a neighborhood
of the torus T™. But it suffices to prove the limit on compact subsets of if,,,. From the definition
of ®¥(x1,...,Tm;q,t) on Uy, see (5.8), and observing that T"™ C U,y,, it follows that the result
holds for any m € N provided it holds for m = 1. We prove (7.18) for m = 1 on an open
neighborhood of T.

Clearly a small enough open neighborhood of T is a subset of ¢/. By the definition of ®"(x;q,t)
on U, see (5.2), the desired uniform convergence will hold if we verify

(i) .
. —z—l—l/] tJ§Q)oo _Z—Hjﬂt] )oo
Zliglo L+ H —z+y() . q) _/ H —Z—‘rl/]tj 1. q) (720)
Jj=1 oo j=1

t]fl; 00

uniformly on compact subsets of z € C\ {0}. Note that, since all {I/§Z)}i>1, v1, are nonnegative,
we can take the same contour C* for both of the integrals in (7.20). -

The pointwise convergence of integrands in (7.20) is clear. We still need some uniform
estimates for the contribution of the tails of the left side in (7.20). This is similar to the proof of
Theorem 5.2.

Let K C C\ {0} be any compact set. Parametrize the tails of C* as z = r + ”r for r
ranging from some large R > 0 to +00, we want to show that the contribution of each of these
lines is small. We have

= (¢ i)

VA
Squ'H 6)

zeK j=1 (q_Z+VJ ti—1. q)oo
1
< const X |z|" x H ) )
(1 + q*T‘Hj +0(j— 1)) (1 + qfr+uj +9j71)
k\T
z|" T
< const - (2)! ‘u @ = const- %’
q—qu RN atiil o q +-trvy
for any z =r + ”1‘1/1: , and any k € N. The constant above depends on K but not on i. Choose

def (@)

k € N large enough so that a = sup |z| - ¢* € (0,1). Since lim v, =vj forall j =1,2,...,k,
reK 1—00
(1) _ @) (1) . .
then supq™™1 %2 777" < const < co. Then there exists a constant ¢ = cx > 0, independent

i>1
of 7, such that

(1) .
o'¢) —Z+Z/J - /7_1
sup sup :EZ” (q 7q)°° <c-a", if z=r+ .

: _ @ .
i>1 zeK j=1 (q Ztv; t]_l; q)oo Ing
Since f;o a"dr = —eff"?/Ingq RN 0, we have just shown that the contribution of the tails

of CT is uniformly small. We can then apply dominated convergence theorem to conclude (7.20),
as desired.
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Step 2. As in the step above, let {M v(® }i>1 be a sequence in Qg/ftartin, whose images under N
are {V(i)}l.>1. If the weak limit P — lim MY =M holds, then we show that M € Qg/[tartin, that
= ] 1—00 ’

there a pointwise limit lim v = v € A" and moreover M = M".
1—00
Let m € N be arbitrary. Thanks to Proposition 6.5, the limit P — lim MY =M implies
1—00
P — lim Mﬁ;” = M,,. By Lemma 7.8(2), there exists ¢,, € (0,1) such that M,’;z(l) (1/7(,1) >
71— 00
e > I/Y)) > ¢y > 0 for all ¢ > 1. Since M, is a probability measure, there exists Ng € N
large enough such that M, ((A1,...,Am) € GTyp: No > A1,..., A = —Ng) > 1 — %4~ Then
P — lim M*"” = M,, implies M*" (A1, Am) € GTm: No = A1y, Am = —No) > 1 — ¢y, for
71— 00
all ¢ large enough. It follows that Ny > 1/,(73), ey VY) > —Nj for all ¢ large enough. In particular,

the sequence {1/7(,?}»1 is bounded.

By using the boundedness of the sequences {w(f;) }i>1 and the “diagonal argument” of Proposi-
B (ik)

tion 7.4, there exists a subsequence 1 < i1 < 79 < i3 < --- such that the limits klim U’ exist,
—00
for all m € N. In other words, we have the pointwise limit klim v() = p for some v € N.
—00

We have the obvious implication

P— lim M =M =P — lim M*™ = M,

1—00 k—oo

But step 1 in this proof shows that lim (%) = v implies P — lim M v — v, By uniqueness
k—o00 k—o00
of weak limits, we have M = M".

We are left to show that lim v = . Above we only showed the existence of a subsequence
1—00
{ik}k>1 such that klim vk) = . Nevertheless the same argument gives us more. In fact, it
- —00

shows that any subsequence {1/(“)} C {y(i)}i>1 must have a subsubsequence {V(WS))}S>1 C

r>1

{V(“)}T>1 such that a pointwise limit lim vir) = 1/ exists. Then M = MY = MY, but since
= S$—00

the map N is bijective, we have v = /. We therefore conclude that the sequence {u(i)}pl itself
must converge to v, finishing the proof. h

7.3 Relation between the Martin boundary and the (minimal) boundary

The basic relation between the Martin and minimal boundary of the (q,t)-GT graph is the
following statement, which actually holds in a much greater generality.

Proposition 7.10 (consequence of [37, Theorem 6.1]). The following inclusion holds Q4 C
Qg/,[tamn. In other words, for any M € Qg,, there ezists a sequence {\(IN)}n>1, A(IV) € GTy,
such that

P— lim M =M, Vm=0,1,2,....

m
N—oo

In many examples, especially in the context of asymptotic representation theory, it is known
that the Martin boundary of a branching graph is equal to its minimal boundary, e.g., [21, 37]. In
our case, we will also prove that this is the case by following the ideas in [21, 41]. The following
statement, which also holds in greater generality, will be useful.
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Proposition 7.11 (consequence of [37, Theorem 9.2]). Let M’ be any probability measure
on Mpwob(T). There exists a unique Borel probability measure 7 belonging to Qq¢ such that

M(S) = [ M(S,)m(ad),
MeQqg,t
for any finite path ¢ = (qﬁ(o) <M <. < ¢(")) in the (q,t)-GT graph.

7.4 Characterization of the boundary of the (g, t)-Gelfand—Tsetlin graph

Proof of Theorem 1.3. Let us now prove the items (1), (2) stated in the theorem.

(1) Thanks to Proposition 7.10, we have Q4 C ng[tarti“ C Mprob(T). We claim that ng[tartin C
Qg Because of Theorem 7.9, the Martin boundary Q%artin (with its induced topology from
Mpron(T)) is homeomorphic to N, under the map N. The claim would then show that the
minimal boundary €, of the (¢,t)-GT graph is equal to the Martin boundary Qg{%‘rtin and
therefore homeomorphic to A/, under the map N.

Let us prove the claim above. Let v € N be arbitrary and let MY € Qg{[f‘mn be the
corresponding element of Qg{[frtin. Let i: Qg — ng[tartin be the natural inclusion, considered as
a measurable map. By Proposition 7.11, there exists a unique probability measure 7 on €, ; such
that

MY = / Mr(dM) = / M (i,7)(dM). (7.21)
MeQq, MeQ)fartin

Note that i.7 is a probability measure on Qgi[tartin with (4,7)(Qq,) = 1. Let 7 be the pushforward
of i,m under the homeomorphism N: ng[tartin — N, so 7 is a Borel probability measure on N.
Equation (7.21) can be rewritten as

MY = /N | MR@D). (7.22)

We make a subclaim: 7 is the delta mass at v € V. Let us first deduce Qg/fﬁr“n C Qq ¢ from
this latter claim. In fact, if 7 is the delta mass at v € N, then i,7 is the delta mass at M. But
since we had (i,m)(£2+) = 1, then M" € Q4. Since M" was an arbitrary element of Qg{[f‘rti“,
then we conclude qu\i[tartin C Qyy.

Let us now prove the subclaim that the probability measure 7 on A satisfying (7.22) must be
the delta mass at v € N'. We show first that 7 is supported on {F e N: 0> v} E{T e N: 1 >
Vi, Uy > g, U3 > 13,... }. Since T is a Borel measure, the opposite would mean the existence of
m € N and k1 < k9 < --- < K, such that k; < v; for some 1 <7 < m, and

T{veN: v =kK1,...,Um=km}) >0

As a consequence of (7.22) we have, for all m € N,
MY = MP7(dD). (7.23)
veN
We can now apply (7.23) to k = (kpy, > -+ > K1) € GTyp:
MY (k) = MY (k)7 (dD).
veN
From Lemma 7.8(1), the left-hand side of the equality above vanishes, while Lemma 7.8(2) shows

that the right-hand side is at least ¢, - 7({U € N: 11 = K1,...,Vm = Km}) > 0, thus there is
a contradiction.
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From the fact that 7 is supported on {v € N': v > v} d:ef{ﬁ eEN:vy >v,08 >1s,...}, and
Lemma 7.8, parts (1) (3), we have that (7.23) evaluated at (v, > --- > vq) is

MY (U > > 1) = Mgl(l/m > >u)7(dD) —/~ MZ(Vm > > u)7(dp)
veEN veN

v>v

= | sengsy Mmvm 2 2v)w(dy)
vi=v; Yi=1,...m

M7 (U > - > 1))T(dD)

+ / veN,v>v

v;#v; for some i€{1,...,m}

— ] vengzy My (vm = -+ > )7 (dv)
vi=v; Vi=1,...,m

<M (V> >0n) T({veN: DL =v1,..., U =Un}).

Next Lemma 7.8(2) says that MY (v, > -+ > v1) > ¢, > 0, so we must have 7({v e N: 1y =
Vi,...,Um = Vp}) = 1. Since this is true for any m € N, it follows that 7 must be the delta mass
at v, thus proving our second claim and the full characterization of € ;.

Let us return to the statement of item (1) in Theorem 1.3. By definition of the map N, the
relations (1.2) hold. We have already observed that the Macdonald generating function defining
Pury (1, ..., Tm) is absolutely convergent on T™. The last statement that says M" is determined
by the relations (1.2) follows from the uniqueness statement in Proposition 7.4.

(2) Let {MZ }n>0, {MA"},,>0, be the (g, t)-coherent sequences associated to M" and MA*,
respectively. By Lemma 7.5, we have the first statement M4 (Sy4, 4) = MV(S,), for any finite
path ¢. Next by virtue of Lemma 6.12, MA¥¥ = A, MY for all m > 0. Thus by following
the definitions, MA (ARN) = AR MY (Ap\) = MY (A_pAxX) = MY ()\), for any A € GT,, and
m € Z>g. [ |

A Basics on g-analysis

A good reference for the material on g-analysis is [2, Chapter 10]. Assume |¢| < 1 is an arbitrary
complex number. Most statements work if ¢ is an indeterminate too.
The g-numbers and the ¢-factorial are defined by
e 1-—- "
[n], = q , neN,
l—q
def
[nlg! = [nlq -+ - [2]q[1g, neN, [0]¢! = 1.

It is evident that [n], — n and [n],! = n!, as ¢ — 1, for any n € Z>(. Observe that we can also
define [z], for any = € C, as before, and it also holds that [z], — « as ¢ — 1. The ¢-Gamma
function is defined by

aet 1 1oz (9o

From the definition, the g-functional equation

Ly(z+1) = [2]4l4(2), z¢{...,—2,—1,0},

is evident. The g-Gamma function is a meromorphic function with simple poles at z =
0,—1,—2,... and all their shifts by an integral multiple of 2my/—1/1nq. The ¢-Gamma function
has no zeroes in C. Moreover, we have the following convergence to the Gamma function.
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Theorem A.1 ([2, Corollary 10.3.4]). For any z € C\ {...,—2,—1,0}, we have

lim [y (2) = T'(2).

q—1

Remark A.2. As a consequence of Stieltjes—Vitali theorem, the convergence lini Ly(z) =T(2)
q—

holds uniformly on compact subsets of C\ {...,—2,—1,0}.

Other important identities we use in our paper are the g-binomial theorems. To state them,
we need to define the g-Pochhammer symbols (z;q)n and (x; q)oo, for any x € C and n € Z>¢ by

1 if n=0,
n
. 1—a¢™ 1) ifn>1,
(z:q)n = E( )
o
H (1 — xqi_l) if n = cc.
i=1

1=

Note that |g| < 1 implies that the product defining (z; ¢)~ is uniformly convergent for x € C,
and thus (z;¢) is an entire function.
The g-binomial formula is the following

Theorem A.3 ([2, Theorem 10.2.1]). For |z| < 1,

(@ )n ,  (a230)s
;(q;q)nz a

(2;¢)c0

Corollary A.4. For z € C, m € N,

M _ _
Z (q 15(1 I)M (_1)”q_(g>z” = (z;qil)M.

(O S (Ve SV

n=0

Proof. Let a = ¢ in Theorem A.3, and use (q;q), = (—1)”q(n;1)(q_1; ¢ 1)n. The statement

is then proved for any |z| < 1; therefore it also holds for any z € C because both sides are
polynomials on z. |

M

Another application of the ¢g-binomial theorem is the following limit.

Theorem A.5 ([2, Theorem 10.2.4]). For any a,b € R such that b —a ¢ Z, the following limit

(24" @)oo _ (1— )

lim
% @)oo

q—1 (xq
holds uniformly on compact subsets of {x € C: || < 1,z # 1}.
Remark A.6. If b — a € Z, the limit in Theorem A.5 holds uniformly on compact subsets
of C\ {1}.

B Some properties of the rational functions Cﬁf”f)_ﬁn (U1ye ooy up)

Lemma B.1. Assumet = 7, for some® € N. Lety,...,7, € Z>o and uy, ..., u, ben variables,

then Cgff),;rn (u1,...,un) = 0 if some of the integers T1,...,T, is strictly larger than 6.



64 C. Cuenca

Proof. Let us first rewrite the expression for Cﬁf,’f)ﬁn (u1,...,uy), as it was done in [30, Section 6].
Let v; = q"u; for i = 1,...,n. Also, given 7 = (71,...,7), let T=T Z{ke{l,2,...,n}: 7 #
0}. Then

C’T(_‘Lt) (u17 H tTk 1 Q/t q T —1 (quImQ)

Py (¢ D1 (qtur; @),

<0 (qu/tsj; @)y (1) 033 Drs s (o) (B.1)

\<isien (qui/uj; @)ry (wi/vj;q)s,

where
def K |K] t—q"
Fruig )= Y (~0)"a/m) I —=
KCT JET—K q
v; vk/t 1 — tug U; — Vg
< [T =—"=11 11
kEK Vb peg | 1T Uk ot e/t
JET-K i#£k

Due to the factor [ (¢/t;q)r,—1 in (B.1), it follows that 7, — 0 € N = {1,2,...}, for some k,

keT
implies C’ﬁff_),jn(ul, ..., Up) =0, as desired. |
Lemma B.2 ([30, Lemma 6.1]). Assume t = q. Let 71,...,7, € Z>p and uy,...,u, be n
variables, then C’gf),,m (u1,...,up) =0 if some of the integers Ti,..., Ty, is strictly larger than 1.
If all 7y, ...,7, € {0,1}, then Cﬁ‘ff.’,ﬁn (u1,...,u,) does not depend on the variables uy, ..., up
and
Cﬂ(.q’t) L= (_1)71+“'+Tn.
1y--Tm
6
©) _ O @y e
Lemma B.3. Assume 6 € N. If we let ap,’ = 91— for all 0 < n < 0, then these
H (w1—q'w2)
expressions satisfy the relations
1 _ 0—1
ag@) = (Tq,ﬂﬂzane D— Tq,xlagfl ))’ l<n<0-1,
r1 —
) _ 1 0) _ 1
U ’ 9 = -1
[1 (z1 —q'x2) [I (z2 —q¢'x1)
i=0 =0

Proof. The expression CT(Lq’t)(u), for n € Z>, is much simpler than the general expression (2.5).
It was first found by Jing and Jozefiak in [26] and it reads C") (u) = t”(%é _t;)lin (((;f()]’)‘n lzf:”.
Then, for 0 < n < 6:

_ n 0 -1 0. _ i1
C0) (@1 / (¢z2)) = ¢’xy — ¢ xlll—l{q qi ¢'r2—4q" xl}. (B.2)

vy —z tn T2 — q'x1

From (B.2), it is only a matter of tedious computation to check the three identities given in the
lemma. [
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