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Abstract. Many distinct problems give birth to Darboux—Halphen system of differential
equations and here we review some of them. The first is the classical problem presented
by Darboux and later solved by Halphen concerning finding infinite number of double or-
thogonal surfaces in R3. The second is a problem in general relativity about gravitational
instanton in Bianchi IX metric space. The third problem stems from the new take on the
moduli of enhanced elliptic curves called Gauss—Manin connection in disguise developed by
one of the authors and finally in the last problem Darboux—Halphen system emerges from
the associative algebra on the tangent space of a Frobenius manifold.
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1 Introduction
The Darboux—Halphen system of differential equations

ty = t1(ta + t3) — tots,
ty = ta(t1 + t3) — tits,
ig =t3(t1+t2) — t1ta, ‘28/(9T, (1.1)

where 7 is a free parameter, first came to existence when Darboux [9] was studying the existence
of an infinite number of double orthogonal system of coordinates. He formulated the problem
as follows: Let A and B be two fized surfaces in the 3-dimensional Fuclidean space R® and
suppose that X is the family of surfaces which are the locus of the points such that the sum
of their distances from the surfaces A and B are constant; and X' is the family of surfaces
which are the locus of the points so that the difference of their distances from the surfaces A
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and B are constant. Is there a third family of surfaces intersecting ¥ and ' orthogonally?
When we restrict the third family to the surfaces given by second degree equations, we find the
Darboux—Halphen system. In Section 2 we present Halphen’s solution to this problem.

The Darboux—Halphen system also emerge from a direct map from Ramanujan relations
(Section 3).

In 1979, Gibbons and Pope [14] found the Darboux—Halphen equations while studying gra-
vitational instanton solutions in Bianchi IX spaces without having noticed it. Couple of decades
later, Ablowitz et al. [1] pointed it out and recently one of the authors [8] explored its integrability
aspects. A gravitational instanton is simply the (anti-)self-duality condition imposed on the
curvature of a Einstein manifold with asymptotic locally Euclidian boundary conditions.

Hitchin [19] and Tod [28] realized that (anti-)self-duality in Bianchi IX metric has a more
general solution envolving to a Darboux—Halphen system coupled to another system of linear
differential equation similar to Darboux—Halphen. A revised and simplified proof of the results
of Tod and Hitchin can be found in [4]. See [21] for a physical application in cosmology. We
review these works in Section 4.

Another author [23, 24] among us met the Darboux-Halphen system while exploring the
Gauss—Manin connection of a universal family of elliptic curves. This method is called Gauss—
Mamnin connection in disquise, which also name the vector field in this method that gives rise to
the Darboux—Halphen equations and we present it in Section 5.

The last interesting problem where Darboux—Halphen system appears is in the context of
a 3-dimensional Frobenius manifold with a certain potential function F'(¢). Frobenius manifold
arose as a geometrization of Witten—Dijkgraaf—Verlinde-Verlinde (WDVV) equations [10, 30],
an overdetermined system of differential equations that appear in the physics of topological field
theories in 2 dimensions. In this particular case of dimension 3, the WDVV equation is known
as Chazy equation, which has a close tie with the solutions of Darboux system. We present it
in Section 6, where we follow Dubrovin’s notes [11, 12].

We conclude this article, crossing information between problems displayed here, which led
us to interesting remarks and an evidence that leads to a new way on how to examine spectral
curves from monopoles using Gauss—Manin connection in disguise, further explored in [29] by
one of the authors.

Throughout this text we make extensive use of Einstein summation convention where the
sum over identical upper and lower indices is implicit.

2 The Darboux problem

The above Darboux problem given in Section 1 is equivalent to the following problem: Let A
and B be as before and suppose that X is a family of surfaces parallel to A which is parameterized
by v, and X' is a family of surfaces parallel to B that is parameterized by w. Is there a third
family of surfaces parameterized by T such that it intersects ¥ and X' orthogonally? Note that,
two surfaces A1 and Ay are said to be parallel, if there exist a constant ¢ € Ry and a continuous
one to one map between points a; € A; and points as € AQ, such that the tangent planes at these
points are parallel and the position vector az = a3 + ¢N, where N is the unitary vector normal
to the surface A; at a;. We say that a family of surfaces is parameterized by ¢ = ¢(z,y, 2),
if any surface belonging to this family is given by ¢(z,y,2) = const, in which x, y, z are the
standard coordinates of R3. If for a function ¢ = ¢(z,y, z), we define

Jdp _ Oy _ 9
Yo = oz’ Yy = oy’ ¥z = 5
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then in the latter problem, Darboux chose a case of parametrization of parallel surfaces that
gives the Gauss map for points on the parallel surfaces

v§+v§+v3:1, w%—i—wi—i—wg:l,

and the condition of orthogonality at points in the intersection of v and 7 and w and 7, respec-
tively, is given by

TzUz + TyUy + T, = 0, Tz Wy + TyWy + Tow, = 0.

So the problem is equivalent to the following system of equations,
vg + vz + vg =1,
w? + wz +w? =1,

TzUz + TyUy + o0, = 0,

Tz Wy + TyWy + T;w, = 0.

If for a function ¢ of three variables (z,y, z) we define the operator

0 0 0
8@ = @x% + @y@ + @z%,

then equations (2.1), (2.2), (2.3) and (2.4), respectively, are given by d,v = 1, d,w = 1,
0;v = 0u,7 = 0 and 0, w = 0,7 = 0, respectively. These equations imply 9;3,v = 0, 3,9, w = 0,
0pO0yT = 0, 007 = 0. Hence we get

20,07 — 0,000 =0, 204,007 — OrDpw = 0. (2.5)

The situation is more interesting when the family (7) is of second degree. Hence let us
suppose that the family (7) is given by

ar® 4+ by? +c2? =1, (2.6)

where a, b, ¢ are functions of the parameter 7. By this assumption, equations (2.3) and (2.4)
yield

arvy + byvy + czv, = 0, axwg + bywy + czw, = 0. (2.7)
As well, from equation (2.5) we get

av? + bvg +cv? =0, aw? + bwj + cw? = 0. (2.8)
Equations (2.1), (2.6), (2.7) and (2.8) imply

(a®V + b%a’) (zvy — yvp)? + (b2 + V) (yv. — 2vy)* + (Pd' + a®c) (2vy — 70,)? = 0,

ab(zvy — yvg)? + be(yv, — 2vy)* + ca(zvy — v,)? =0, (2.9)
in which ' = %. Analogously for w we find

(a®V + b*a) (zwy — ywy)? + (b2 + V) (yw, — zwy)? + (Pd’ + a*c) (2w, — 2w,)? = 0,

ab(zwy, — ywy)? + be(yw, — zwy)?* + ca(zw, — rw,)? = 0. (2.10)
The two equations in (2.9) and the two equations in (2.10) become equivalent if

a2V + b2a/ _ b2c + b _ 2a + a2c'. (2.11)
ab be ac
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If in (2.6) we substitute a, b, c respectively by i then from (2.11) we get that the family

7t27 t3

2 2 2
T Y z
—+—4+—=1
t1+t+t3 )

is orthogonal to both ¥ and X' if 1, to, t3 satisfy the following

dt;  dts dt;  dts dty = dts
3| —+—|=t|—+—|=t(—+—|. 2.12
3<d +dT> (d T a T ar (2.12)
A particular case of the equation (2.12), which is known as Darboux—Halphen system, is given

n (1.1). In 1881, G. Halphen [15] studied this system of differential equations and expressed
a solution of it in terms of the logarithmic derivatives of the theta functions; namely,

= 2(1n92(7))’, tg = 2(1I1 93(7’))’, t3 = 2(11104(T))/. (213)
with
Oo(7) = Y TR gy(r) = Y g
04(7) = Z (—1)”q%”2, q= e, T € H.

These theta functions can be written in terms of the more general theta functions with charac-
teristics 7 and s and arguments z and o:

Ir, s|(z,0) = Zexp {m’(m—i—r)20+27ri(m+r)(z+s)}, z,r,s € C, o € H,
meZ

such that

02(1) = 9[1/2,0](0, 1), 0s(1) = v[0,0](0, 7), 04(1) = 9[0,1/2](0, 7).

3 Ramanujan relations between Eisenstein series

The following differential equation

0By 1, ., 0By 1 0Es 1 ,
= (B - F —— = - (E2Ey — E —— = —(E2FEs — E 3.1

where F;’s are the Eisenstein series

Es(q _1+bz ddi gt i=1,23,
n=1 \ d|n

and (b1, be, b3) = (—24, 240, —504), was discovered by Ramanujan in [27] and it is mainly known
as Ramanujan’s relations between Eisenstein series. Ramanujan was a master of formal power
series and had a very limited access to the modern mathematics of his time. In particular, he and
many people in number theory didn’t know that the differential equation (3.1) had already been
studied by Halphen in his book [16, p. 331], thirty years before S. Ramanujan. The equalities
of the coefficients of z in

Az —t1)(x — ta)(x — t3) = 4(x — a1 F2)® — agBy(2x — a1 Fs) — a3E, (3.2)
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where

i omi\* _ [ 2mi\®
3) = —,12 — —
(alaGQaad) (127 (12> 58<12> )7
gives us a map from C? into itself which transforms Darboux-Halphen into Ramanujan diffe-
rential equation, see [24, pp. 330, 335].

4 Self-duality in Bianchi IX metrics

An instanton is a field configuration that vanishes at spacetime infinity. It is the quantum
effect that leads metastable states to decay into vacuum. It is a phenomenon that takes place
in usual spacetime with signature (—, +, 4, +) but in order to perform physical calculation we
use its equivalence with a soliton solution (static and energetically stable field configuration) in
Euclidean spacetime. In Yang-Mills theory, self-duality of the field strength F},, = €,,,0 " in
four spacetime dimensions is a widely known instanton configuration [5]. Similarly, self-duality
constraint on the curvature two-form (and connection 1-form) in Cartan’s formalism of general
relativity characterizes a gravitational instanton. An important feature of self-duality of the
curvature is that the Ricci-tensor vanishes and it is a solution of the vacuum Einstein equations.
Also, self-dual curvature leads to solving a linear differential equation, a task much easier than
solving the full non-linear Einstein equations. Gravitational instantons were found in Bianchi IX
metrics, by Gibbons and Pope [14]. Without realizing it, they arrived at Darboux—Halphen
system from self-duality constraints.

In [6], L. Bianchi studied continuous isometries of 3-dimensional spaces. He noticed that the
continuous isometries (continuous motion that preserve ds?) of a space form a finite-dimensional
Lie group and he classified such spaces according to the corresponding group of isometries.
Bianchi IX corresponds to a 3-dimensional space with SO(3) or SU(2) as Lie group of isometries.
When we consider it in the context of 4-dimensional cosmology, the isometries lie in the 3 spacial
directions [21], but since we are working in Euclidean signature we consider the isometry group
SO(3) as a subgroup of SO(4). In this configuration, as the instanton vanishes at infinity,
Lorentz symmetry is recovered and the space is called asymptotically locally Euclidean (ALE).
This same manifold describes the reduced' moduli MS of charge 2 monopoles in a SU(2) Yang—
Mills—Higgs theory.

A magnetic 2-monopole is a soliton solution of charge 2 of Bogomolny equations in the Yang—
Mills-Higgs theory in R3, where SU(2) Yang-Mills is a gauge theory of 1-form connections A on
a principal SU(2)-bundle while the Higgs field ® correspond to a section of an associated su(2)-
bundle [3, 20]. In [3], Atiyah and Hitchin showed that the reduced moduli MY of 2-monopoles is
a 4-dimensional hyperkahler manifold and an anti-self-dual (curvature-wise) Einstein manifold.
Since MY admits SO(3) isometry, the metric is a Bianch IX? (4.2). This is a consequence of the
hyperkihler structure of MY which has an S?-parameter family of complex structures, i.e., if I,
J, K are covariantly constant complex structures in Mg then al 4+ bJ + cK is also a covariantly
constant complex structure in MY given that a® + b + ¢? = 1.

Here we present a detailed derivation of the Darboux—Halphen system starting from the
Euclidean Bianchi IX metric with SO(3) symmetry with an imposition of the constraints of
self-duality at the level of Riemann curvature. The constraint of anti-self-duality yields an anti-
instanton, a solution with negative instanton number and we present this solution together by
using =+ sign. We follow the steps of [8] and [14], see also [26].

"Moduli of charge 2 monopoles reduced by quotient by R action.
2Note that here the four coordinates of the moduli are not spacetime directions, but internal parameters of
a 2-monopole solution.
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4.1 Geometric analysis

A metric for a 4-dimensional spacetime with coordinates (z!, 22, 23, #%), Euclidean time 2* and

SO(3) € SO(4) isometry is written in terms of invariant 1-forms ¢’ on SO(3), dual to the
standard basis X1, X9, X3 of its Lie algebra

4

. 1 .
i__ (AT B 7
o' = Tznuxdx,

where p,v =1,2,3,4 and 7 = 1, 2,3 and 77;31/ is a 't Hooft symbol given by
77i _ Eipw + 61'#51/4 - 5#461'1/ or,
- Eipy — 5iu51/4 + 5M45iu-

according to two different choices of s0(3) generators in the Lie algebra of the group SO(4) =
SU(2) x SU(2). Among the symbols presented above, €;,,, is the Levi-Civita symbol

€123 = €231 — €312 =— —€213 = —€321 = —€132 = 1, and zero elsevvhere,
and 0;, refers to the Kronecker delta. The o¥’s obey the structure equation:
do® = —sijkaj Ao, (4.1)

where we use Einstein summation in the repeated upper and lower indices here and what follows
below. This choice of SO(3) isometry leads to a 4D spherically symmetric Bianchi IX metric

ds? = co(7“)2d7“2 + c%(r) (01)2 + c%('r) (02)2 + c%(r) (03)2, (4.2)

with 7 =/27 + 22 + 22 + 23, co(r) = c1(r)ca(r)es(r) and 1, ca, c3 being functions of 7.
We can impose self-duality in Bianchi IX metric in two ways:

1) connection wise self-duality,

2) curvature wise self-duality.
The connection wise self-duality is a stronger form of self-duality that leads to self-dual curva-
ture tensor [13]. This form of self-duality does not present Darboux-Halphen system, but the
Lagrange or Euler-top system [8]. It is not in our goal to describe it here.

One can perform a standard analysis using vierbeins, leading to Cartan’s structure equation.
The vierbeins could be chosen as

e = codr, ¢! = c;o'  (no sum in i), 1=1,2,3,
and the connection 1-form can be obtained from the structure equation
de® = e’ A w®,
where a,b=0,1,2,3. Obviously, e® produces no connections while other three does

de® =0, de! = d,¢;dr Ao’ — cieijkaj Ak (4.3)

The first term on the r.h.s. above gives w’y while the second term needs to be rewritten in order
to produce a antisymmetric connection 1-form

2 2¢2 4+ (2 —c2) = (2 —¢2
Eijk%aj/\O'k:Eijk il Gkl Gl

ol AoF
i 2¢;
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E+ct-c2 . 2 +c2—c? .
7 i k _j k 7 k 9 j
Eijk——F—————€ N0 +¢Ejjpj— € N0o
QCZ'CJ‘ 2¢icy
C? +c2 - C% )
J J A k
= Eijk (& o .
CiCj
Rewriting (4.3),
2 2 2
. 0.c; cit+ci—cp o
det = =o' ned — 5@;6%6] Aot
Co CiCj
Hence,
2 2 2
. orc; L . c; +ci—cp
w'o = ——0" (no sum in i), W = —gijp———t——ok. (4.4)
Co CiCj

Here the connection 1-form components are anti-symmetric under permutation of its indices.

4.2 Curvature wise self-duality and Darboux—Halphen system

Curvature-wise self-duality was first studied in search of gravitational instantons. It is a more
general solution than imposing self-duality on connection 1-forms. The Cartan-structure equa-
tion for Ricci tensor is

Rij = dwij + Wim N wmj.
The (anti-)self-duality of curvature demands that
1
Ro; = i§€0iszlm =+ Ry, (4.5)

where {i,j, k}, in this order, are a cyclic permutation of {1,2,3} and we used the fact that
Fuclidean vierbein indices are raised and lowered with Kronecker deltas 5ij. Comparing the
Lh.s. and r.h.s. of (4.5), we have

d(woi F wjr) = £(wor F wij) A (woj F Wi),

d()q(r)ai) = :t()\g(T)O'k) A ()\g(r)aj) = )\3(T))\2(T>0k Ao,

O Mdr Aot 4 Ado' = Fhgdzo?! A o”, (4.6)
where the second line comes from equation (4.4) with A1, A2, A\3 being functions of r. But the
third line and (4.1) show that \;’s are constants and A\; = i%/\g)\g. From cyclicity of , j, k we
obtain two more copies of (4.6). Therefore,

1) )\1:)\2:)\3:001“
2) ()\1)2 = ()\2)2 = (/\3)2 = 4 with A\ A3 = £8.
The first case leads to self-dual connection 1-forms and Euler-top system, while the second case

can be resumed to A\; = A2 = A3 = +2 by an appropriate change of sign in ¢; [14]. Therefore,
from equations (4.4) and (4.6) we get

6 . cz.—|—02—02
< TCZ) :;(W—Q , O (Inc?) ::F2(c?+ci—c?—20jck).

Co CjCk
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One may suppose that we must parametrize the l.h.s. to match the linear form in cg, c? and ci
of the r.h.s. in the equation above. Essentially, the derivative operator aside, c? must be

parametrized such that
lnc? =InQ; +InQ; —In; + const = In (lek) + const.
(2
We choose new parametrization
Q;Q,

N2
()" = 5q,

= ;= 20jck.

which enable us to decouple the individual parameters into their own equations turning into
simpler expressions. This allows us to continue our analysis

. (1 J =24 k22 10090,
0 [n< 2Q; >] Qj+ka Q; jF( Qy * Qp Qi

Adding up the above equation with cyclic permutations of 4, j, k we will find that (anti-)self-dual
cases of the Bianchi IX metric gives us

L =<’“+ J—J’“—zﬂi)

Q0 QU Q; Q. Q;
_.l_
Q%9 Qi Qi
2R _ 2 _ — 20
oo, jF( o o, o 7
0 0, .
= 97: = :FQ < Qk] — Qz — Qj> = Qk = q:(QZQJ — Qsz — Qij),

where throughout derivative (denoted by dot) is taken with respect to r. Self-duality proceeds
to give us the classical Darboux—Halphen system

4.3 General Bianchi IX self-dual Einstein metric

Following [4], we rewrite the Bianchi IX by adding a conformal scaling term F' in the metric

2 2 2
d? = F (d?+ 2L+ 22 L Z3)
s < +Q%+Q§+Q§

where t is the cosmological time and different from before, here the isometry is SU(2) and (o;)
are the corresponding SU(2) invariant forms along the spacial directions with structure constant

doy = 09 A 03, doy = 03 N o1, dog = 01 A 09.
We define the new variables A;(t) by the equations
Y = — Q0 + U(A4; + Ag), (4.7)

for distinct 4, j and k taking values in the set {1,2,3}. The curvature-wise self-duality condition
is expressed in terms of the new variables A; in the form of the Darboux—Halphen system

O A; = —AjAR + Ai(Aj + Ag). (4.8)
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Therefore we find €2;’s by first solving system (4.8) and applying its solution in (4.7). A non-
trivial solution is given by (2.13)

(In0s(it),  Ag =22 (In6a(it).

A =22 moyit)), Ay =22 =

ot ot
For simplicity, we rename ¥9 = 05(it), ¥3 = 03(it), ¥4 = 04(it). The system (4.7) thus becomes

0 = — Q3 + 2010, 1n(193194),
0y = — Q30 + 2050, 1n(194192),
03 = — 0109 + 2Q30; 1n(192193). (49)

There is a class of solutions of this system that satisfies vacuum Einstein equations
1
Rap — §Rgab + Agab =0,

once we choose the appropriate conformal factor F' [28]. This class depend on the values of the
cosmological constant A and satisfy the constraint

2
9302 — 9302 + 9402 = %19‘2%9;{194, (4.10)

The general two-parametric family of solutions of the system (4.9) satisfying condition (4.10),
is given by the following formulas

d
a0+ 50+ 3)
emPdp,q]

0 = —Logp do?lpat 5]
P emingp, ]
. d
O — g g ag"[PF 2.0+ 3]
3 2 2 4 empﬂ[p,q} b

[
QQ == 5192'[94

where ¥[p, ¢] denotes the theta function J[p, ¢|(0,ir), p,q € C. The corresponding metric is real
and satisfies the Einstein equations for negative cosmological constant A if p € R and R{q} = %
(real part of ¢) or for positive cosmological constant if ¢ € R and R{p} = % In both the cases
the corresponding conformal factor is given by

2 01003

A (diq In9p, q])Q'

There is another family of solutions

1 —|—2g1n192, QQ = 1 —i—Qanﬁg, Qg = ! +2Q1n194,

Q:
"t ot t+q ot t+q Ot

with gg € R, that defines manifolds with vanishing cosmological constant if

F=C(t+ qO)Qﬁngﬁg.
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5 Gauss—Manin connection in disguise

In this section we explain how one can derive the Darboux—Halphen equations from the Gauss—
Manin connection of a universal family of elliptic curves. This has been taken from the references
[23, 24]. The family of elliptic curves

E;: y2 - 4(1‘ — tl)(.’L' - tg)(.’L‘ - t3) =0, te CS\ Ui, j {ti = tj},

is the universal family for the moduli of 3-tuple (E, (P, Q),w), where E is an elliptic curve and
w € Hlz (E)\F!. There is a unique regular differential 1-form in the Hodge filtration w; € F1,
such that (w,w1) =1 and w, wy together form a basis of Hj, (E). P and Q are a pair of points
of E that generate the 2-torsion subgroup with the Weil pairing e(P,Q) = —1. The points P

and @ are given by (t1,0) and (t2,0) and w = % and w = d—;. The Gauss—Manin connection

of the family of elliptic curves E; written in the basis d?x, % is given as bellow

dz dz
Y Y

where

A dty < —1 1)
2(t1 — to)(t1 — t3) \fats —t1(t2 +1t3)

n dts ( —to 1>
2(t2 — tl)(tg — t3) t1t3 — tQ(tl + t3) t2

n dts —13 1
2(t3 — tl)(tg — tg) t1ty — t3(t1 + t2) 3 .

The reader who is not familiar with the Gauss—Manin connection must replace V with d |, 50

where t¢;’s are assumed to depend on some parameter 7, d = % and J; is a 1-dimensional

homology class in E;. In the parameter space of the family of elliptic curves E} there is a unique
vector field R, such that

Vh (dw) _ v g, <xdx> _o.
Y ) )

The vector field R is given by the Darboux—Halphen system (1.1) and it is called Gauss—Manin
connection in disquise.
6 Frobenius manifolds and Chazy equation

Frobenius manifolds were developed in order to give a geometrical meaning to WDV'V equations:

O3F(t) . O3F(t) _ DBE(t) . BE(t)
OteotBotr ' OthotYOtd OO OtBOtr T OtHOtTOtY’

where F(t), with t = (t!,#2,...,t"), is a quasi-homogeneous function on its parameters. The
above equations conceal properties of an associative commutative algebra on the tangent space
of a manifold M of dimension n defined by the parameter space (t',¢2,...,¢"). That’s the
essence of a Frobenius manifold that we will detail below starting with the algebraic structure
in TM.
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6.1 Frobenius algebra

An algebra A over C is Frobenius if
e it is a commutative associative C-algebra with unity e,

e it has a C-bilinear symmetric non-degenerate inner product

(,): AxA—C,
(a,b) — (a,b),

which is invariant, i.e., (a.b,¢) = (a,b.c)

Properties: Let e,, @« = 1,...,N, be any basis in A, such that e; = e is the unity. By
notation, we define 7,5 := (eq,es), which yields the matrix 7 := [agli<a,s<n and its inverse
= [naﬁ]lga,ﬁgm and it follows naﬁnﬁ7 = ¢5. By writing e, - eg in the given basis, we find
the structure constants czéﬁ defined by e, - eg = CZLBeV. If we set capy = €47y, then we get
czvﬁ = capen 7. Note that in all above expressions, and in what follows, Einstein summation of

indices is implicit. Therefore, 7,3 and the structure constants CZB satisfy

commutativity NaB = NBas (6.1)
associativity (ea-€8).ey = €q.(€5.€5) .. cfwc‘; = ciecf;ﬂ, (6.2)
normalization clg = 03, (6.3)
invariance&commutat. CaBy = (€alBs€y) = Clay = Cang- (6.4)
Now consider an n-parametric deformation of the Frobenius algebra Ay, t = (t!,¢2,... "), with

structure constants c5(t) preserving relations (6.1) to (6.4). Such deformed algebra A; can be
seen as a fiber bundle with the space of parameters t € M as base space. We identify this fiber
bundle with the tangent bundle T'M to arrive at the definition of a Frobenius manifold. The
requirements for this to happen are presented in the definition below.

6.2 Frobenius manifold

A Frobenius manifold M of dimension n, is an n-dimensional Riemannian manifold, such that
for all ¢ € M the tangent space T;M contains the structure of a Frobenius algebra (A, (, )¢),
satisfying the following axioms:

A.1. The metric (, ); on M is flat. The unit vector e must be flat, i.e., Ve = 0, where V is the
Levi-Civita connection for the metric.

A.2. Let ¢ be the 3-tensor ¢(x,y, z) = (z.y, z), with z,y,z € T;M. Then the 4-tensor (Vc)(z,
Y, z) must be symmetric in x,y, z,w € Ty M.

A.3. A linear vector field E must be fixed on M, i.e., V(VE) = 0 such that the corresponding
one-parameter group of diffeomorphisms acts by conformal transformations of the metric
(, ) and by rescaling on the Frobenius algebras T; M.

The flatness of the metric (, ) implies the existence of a system of flat coordinates t!,...,t"
on M. In these flat coordinates the structure constants of A; are given by

o o ., 0
5ia 08— CosW g
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Potential deformation. If there is a function F'(t), called potential, such that the structure
constants of A;, t € M, can be locally represented as

O3E(t)
ool = Gparon

satisfying A.2 with unity vector e = %, and the metric given by

O3F(t) . O*F(t) 0
=Cigy = =——7-—= s.t. — =
15y = A6 Priorans ot ot
satisfying A.1, and the associativity property (6.2) represented by the WDVV equations

O3F(t) . O3F(t) _ DBE(t) . DBE(t)
OteotBotr ' OthOtYOtS OO OtBOtr T OtrOtT Ot

then M is a Frobenius manifold and the Frobenius algebra A; is called a potential deformation.
Note that the condition A.3 is satisfied by a quasihomogeneous function F'(t).

Example 6.1. Let dim M = 3, and consider the basis e = 1 = 6%1, ey = % and es = % of
the 3-dimensional algebra A;. Then the multiplication law is given by

2 2
€y = fxxyel + froaze2 + €3, €2€3 = fmyyel + fxxy62a €3 = fyyyel + f:cyye2a

where the funtion F(t) has the form F(t) = 2(t1)%% + 2t1(#?)? + f(t2,¢3) and the notation
fo = 0uf(z,y), fy = 0yf(x,y). The associativity condition (e3)es = ea(eses) implies the
following PDE for f(x,y):

fy?:]cy = fyyy + fﬂ&xxfa:yy' (65)

6.3 Chazy equation and Darboux—Halphen system

In this section we explain how the Chazy equation arises from a 3-dimensional Frobenius mani-
fold. We follow Dubrovin’s notes [11, 12]. Let dim M = 3, and consider the potential function

4
F(t) = %(#)%3 - %tl(t2)2 ~ (igy(t?’),

where 7(7) is an unknown 27-periodic function that is analytic at 7 = i0o. Then the associativity
condition (6.5) leads to the Chazy equation

’)/H _ 67’7” B 9(7/)2-

s

The solution, up to a shift in 7, is given by v(7) = 5 E2(7), where E3 is the weight-2 Eisenstein
series. Notice that the Darboux—Halphen solution (2.13) leads to

v
t1+to+13 = EEQ(T),

which can be easily checked from (3.2) or by writing the theta functions in terms of Dedekind
eta function, see [7, Chapter 3, p. 29]. Applying 7 derivatives on both sides and using Darboux—
Halphen equations, one can also check that the solution to Darboux—Halphen system (2.13) are
the roots of the cubic equation

3 3 1
3 e 2 ) Son _
Yy - 2’Y(T)y =+ 2’7 (T)y — 4’Y (r)=0.
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7 Conclusion

The study of Darboux—Halphen equations in several different problems in theoretical physics
and mathematics raised more and more questions that eventually lead us to further studies.

The problem involving Gauss—Manin connection in disguise lies at the center of some ques-
tions. It shows that the Darboux—Halphen system corresponds to a vector field in the moduli
of an enhanced elliptic curve. As mentioned in Section 4, the Bianchi IX four-manifold (4.2)
also describes the reduced moduli of 2-monopoles and its self-dual curvature equations can be
reparametrized to the Darboux—Halphen equations. Furthermore, in the problem of 2-monopoles
it has been found that a 2-monopole solution relates to an elliptic curve as its spectral curve
[17, 18, 20]. Therefore, we believe that Gauss—Manin connection in disguise is a new way to
demonstrate the association of spectral curves and the curvature equations of the moduli of
monopole solutions. Starting from these coincidences, in [29] one of the authors started to find
more evidences to support this idea.

Another interesting remark is the fact that potential functions and structure constants in
Frobenius manifolds correspond to prepotentials (or genus zero topological partition function)
and Yukawa couplings in topological string theory and Gauss—Manin connection in disguise has
been used in the moduli of enhanced Calabi—Yau varieties to find polynomial expressions for
Yukawa couplings and higher genus topological partition functions [2, 25]. It would be interesting
to find cases where the moduli of enhanced Calabi—Yau varieties are also Frobenius manifolds.
In particular, the Frobenius manifold presented in Section 6.3 is a case of modular Frobenius
manifold where the prepotential is preserved under a inverse symmetry that acts as an .S gene-
rator of the modular group SL(2,Z) in 3 direction [22]. Such modularity is a desirable property
that can establish a relation to Gauss—Manin connection in disguise and may be extended to
the group of transformations of Calabi-Yau modular forms [2, 25].
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