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Abstract. We construct 2" + 1 solutions to the Yang—Baxter equation associated with the
quantum affine algebras U, (Afllzl), U, (Agi)), U, (C,(LU) and U, (D512+)1) They act on the Fock
spaces of arbitrary mixture of particles and holes in general. Our method is based on new
reductions of the tetrahedron equation and an embedding of the quantum affine algebras into
n copies of the g-oscillator algebra which admits an automorphism interchanging particles
and holes.
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1 Introduction and main results

The principal structure in quantum integrable systems is the Yang—Baxter equation [1]:

Ri2(w) Ry 3(7y) Re3(y) = Ra3(y) R s(zy) Ry 2(x). (1.1)
The tetrahedron equation [20] is a three dimensional (3d) analogue of it having the form
Ri24R135R236R156 = Ras6R236R135R1,24, (1.2)

1 6
where R lives in End(F®F®F) for some vector space F. The equality holds in End (F®---®F).
i ik 1 6
The R; ;x in (1.2) acts on the components F @ F @ F'in F ® --- ® F as R and as the identity

elsewhere. Composing the above equation n times one gains a ‘non-local’ relation
(Riy21,4R1,.30,5R21.31.6) - - (R,,,20,4R1, 3, 5R2,.3,.6)Ras.6
= Ra5,6(R21 31, 6R11,31,5R11.21.4) - (R2p 3,,6R1,,8,,5R1,,20,4),

where the spaces 1, 2, 3 have been replaced by the copies 1;, 2;, 3; with ¢ = 1,...,n. It can be
cast into the following form just by commuting R’s without common indices:

(Ray 204 Rapy2,4)(Ray 305 Rap, 3,5)(Ray 3060 Ra,, 3,,6)Rase

= Ru56(Rou 316 R, 3,,6) (Rir 315 Ry 3,,5) (Rug 204 Rayy2,4)- (1.3)
This is almost the Yang-Baxter equation except the conjugation by R4 5. In fact there are two
4 5 6

ways to evaluate FF ® F ® F out to reduce (1.3) to the Yang—Baxter equation (1.1) with

Rq p(x) = Tr, (ach“CRal,gha +++Ra, Bna) (trace reduction), (1.4)
R, p(x) = <Xs|xh“fRa1,g1ﬂ -+ Ray BualXe) (boundary vector reduction; s,t=1,2), (1.5)


mailto:atsuo.s.kuniba@gmail.com
https://doi.org/10.3842/SIGMA.2018.067

2 A. Kuniba

where the operator h, € End (1%') and the elements <X5\ € 1%*, |Xt> € 1? called boundary vectors
will be explained in Section 2. We have regarded the F to be eliminated as an auziliary space
and labeled it with a.

The above reduction works for arbitrary n hence generates an infinite family of solutions
to the Yang-Baxter equation from a single solution to the tetrahedron equation. This idea has
a long history; see [3, 9, 17, 18] and references therein. As for the input R, we will exclusively deal
with the celebrated solution to the tetrahedron equation [8] discovered as the intertwiner of the
quantized coordinate ring A4(sl3). See (2.3) and (2.4) for an explicit formula and [2, 10, 11, 16]
for further aspects. The R is a linear operator on F'®? with F being the ¢-oscillator Fock space
F=8,,- C(q%)\m> The reduction procedure based on this R has been studied extensively
in recent years [3, 12, 13, 14, 17]. By the construction (1.4) and (1.5), the resulting R matrices,
i.e., solutions to the Yang—Baxter equation, become linear operators on the tensor product of
the Fock spaces! F®" @ F®",

Having infinitely many R matrices at hand, a fundamental problem is to clarify their origin
in the framework of quantum group theory. More specifically one should identify the quantum
affine algebras Uy, if any, which characterize the R matrices by the intertwining relation

A°®(g)R=RA(g)  VgeUy, (1.6)

in an appropriate representation space. Here A and A°P denote the coproduct and its opposite
(cf. (3.2)). In short one should elucidate the quantum group symmetry of the R matrices [4, 6].

The previous works have revealed that the trace reduction (1.4) is linked with U, (Agllzl) 3, 12]

whereas the boundary vector reduction (1.5) is associated to U, (Agi)), U, (Cq(q,l)) and U, (Dr(LQ—Q)-l)
depending on the choice of the boundary vectors (s,t) = (1,2),(2,2) and (1,1), respective-
ly [12, 14]. The relevant representations are q-oscillator representations® which allow a natural
interpretation in terms of particles or holes.

Our aim in this paper is to generalize these results further by exploring new variants of the
reduction method. Let us illustrate them along the trace reduction with n = 3. We write
(1.4)|,=3 simply as Tr, (zh' ROO.ROO.ROO.) paying attention only to which component is adopted
as the auxiliary space a = o. We will show that the reduction to the Yang—Baxter equation
works equally well and produces different R matrices for the following 23 4+ 1 arrangements:

Tre (Zh. jzooofRooo"Rooo) s Tre (Zh' "Rooo:Rooo:Rooo) ) Tre (Zh. :Rooo:Rooogzooo) )
Tr, (zh. :Rooo:Rooo:Rooo) , Tr, (Zh. :RooozRooog{ooo) ) Tre (Zh. Rooomooogzooo) )
Tr, (Zh. jQooojzooo:Rooo) s Tr, (Zh. :Rcoogzooogzooo) s Tr, (Zh. jzooogzooojzooo) . (1 7)

This list is obtained by placing either Roce Or Reoo at each factor of the product. The top
left is (1.4)|,—3. The exception is the bottom right which contains Ree, only. The general n
case is similar. Consequently we have 2" + 1 R matrices either from the trace reduction or the
boundary vector reduction for each choice of the boundary vectors. They will be denoted by
S (g1, ... enl2), S5t (e1, ... en|2) where (e1,...,6,) € {1,3}" or (€1,...,6n) = (2,...,2). They
are all expressed in the matriz product forms (1.4) and (1.5) connected to the 3d integrability.
This is our first result in the paper, which will be detailed in Section 2.

Our second result is about the quantum group symmetry of the so obtained R matrices. To
explain it, note that the relevant representations in the previous works [3, 12] is most transpar-

!This might look too huge, but actually the R matrix arising from the trace reduction (1.4) splits into a direct
sum of finite dimensional ones.
*They correspond to (3.8) and (3.9) with € = (3,...,3). The former is a representation of U, (A(1>

n’1), which
splits into a direct sum of (dual of the) symmetric tensor representations.
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ently understood as the composition [14]:

Ug(gn) ™ BE" (2,271 *25 End (F®"), (1.8)
where z is a spectral parameter and g, = Agl)l,Agi),C(l), 2421 are affine Lie algebras [7]

which are already mentioned after (1.6). The homomorphism 7, is specified in (3.6) and (3.7)
depending on g,,. The B, denotes the g-oscillator algebra generated by b™, b™, t*1 obeying the
relations

tt7'=t"t=1, tbt=¢b, btbT =1 — ¢T¢2

Finally the map p: B, — End(F) is the representation (3.3) sending b™ to the creation operator,
b~ to the annihilation operator and t*!' to the (exponentiated) number operators which are
concretely realized on the Fock space as (2.9). A key observation at this point is that B, admits
the automorphisms (u € C* is a parameter)

w: b s —ut™'b™, b s u it Tbt,  te -t
®): bt ubt, b~ u b, t s t.

Wy

In particular the first one interchanges the creation and the annihilation operators. Thus B, is
endowed with two types of representations defined by ,0(6) =po wﬁf’ fore =1, 3.

Now we are ready to digest our result on the quantum group symmetry of the R matrices
obtained by the new 2" reductions. The associated quantum affine algebra U,(g,) remains

unchanged from the previous result [3, 12, 14]. Namely g, = AS_)I

On = Agn) , 07(1 ), Dgzl for the boundary vector reduction depending on the boundary vectors.

On the other hand the relevant representations (1.8) are generalized to

for the trace reduction and

PP @ @plEn)
s

Tou(€): Uygn) == Bgzm E2 z_l] End (F®™). (1.9)
Here the essential data is the array € = (e1,...,&,) € {1,3}" which is determined as ¢; = 1 or
g; = 3 according to whether the i-th R in (1.4) and (1.5) is of type Reco Or Rooe, respectively.
The parameters u = (uy,...,u,) € (C*)™ do not play a significant role. The R matrices enjoy
the U, symmetry (1.6) in the representation 7, () ® myu(€). These results are summarized
in Theorem 3.1 and Theorem 3.2, respectively. They include the previous ones [12, 14] as the

special case € = (3,...,3). The representation® T (€) of U, (Aq(ll_)l) is a direct sum of finite
dimensional ones if and only ife = (1,...,1) or (3,...,3). The irreducible components contained
in 71'“ u(1,...,1) are the symmetric tensor representations corresponding to the Young diagrams
that have a single row. Similarly the irreducible components contained in 7Ttr u(3,...,3) are
their duals corresponding to the Young diagrams of rectangular shape with depth n—1 In
the language of the g-oscillators, they correspond to a system of particles or holes only. In
this sense 7, y(€) in (1.9) with general e € {1,3}" is viewed as a g-oscillator representation
mixing particles and holes. These degrees of freedom live on the vertices of the Dynkin diagram

of g, and hop to the neighboring ‘sites’ according to the rules (3.11)—(3.22) via pair creation
(1)

»_1 corresponds to the periodic boundary condition while AP

and annihilation. The algebra A g
C,(Ll), Dfizl describe the systems with various injection/ejection at the boundaries.
Let us turn to the exceptional reduction involving only Ree. like the bottom right case of (1.7).

We find that the trace reduction produces the R matrix with the U, (A;l_)l) symmetry (1.6) on

3The map 7. in (1.9) is taken to be 7% in (3.6) for the trace reduction and accordingly (1.9) is denoted
by ¥, (g) in (3.8).
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the representation 73, (3,...,3) ® 7,7, (1,...,1). See Theorem 3.3 for the precise statement.
This R matrix is known to be a basic ingredient in the box-ball system with reflecting end via its
geometric and combinatorial counterparts [15, equation (2.3), Appendix A.3]. Our result here
establishes a matrix product formula of it for the first time. It will also be an essential input to
the project [16, Section 6(iii)] on the recently proposed quantized reflection equation. As for the
boundary vector reduction involving only R.eo, the corresponding solution to the Yang-Baxter
equation is not locally finite (see the end of Section 2.4) and we have not found a quantum group
symimetry.

The variants of the reductions introduced in this paper have essentially emerged from the
three local forms of the tetrahedron equation (2.2), (2.22) and (2.23). Similar possibilities have
been pursued extensively in [19] including fermionic degrees of freedom. The importance of the
automorphism of the g-oscillator algebra and the appearance of infinite dimensional representa-
tions mixing particles and holes were recognized there.

Let us summarize the solutions to the Yang—Baxter equation covered in this paper. They all
originate in the R.

trace reduction ‘ boundary vector reduction
S%(elz) SVl (elz), 812 (e]2), 8% (e]), S*2(e|2)
5%(2[2) St1(22), 51%(2]2), §21(2]2), 5#7(2]z)

Here € € {1,3}" and 2 = (2,...,2). For the homogeneous choices € = (1,...,1) or (3,...,3),
S'(eg|z) was studied in [2, 3, 12] and S*!(g|z) in [12, 14]. The other cases are new.

There is also another generalization of the reduction method [13] to include the 3d L operator
obeying the RLLL = LLLR relation [3]. Section 2.8 of [13] provides a concise survey of the
status. Combining these degrees of freedom in full generality is beyond the scope of this work.
We believe nonetheless that the treatise in this paper will serve as a basic step toward a thorough
understanding of the subject.

In Section 2 we recall the solution R to the tetrahedron equation and demonstrate the reduc-
tion procedures generalizing the previous ones. They lead to the solutions to the Yang-Baxter
equation listed in the above table. Their basic properties are described. In particular the sub-
spaces of F®" @ F®" that are kept invariant under these solutions are extracted in (2.56)—(2.60)
and the corresponding decompositions are listed in (2.61)—(2.66).

In Section 3 we recall the g-oscillator algebra By, its automorphisms and the homomorphism

from U, to B®" [5, 14]. They are combined to define the representations 7'*, (¢) of U, (A 1_) )
q q z,u a\“*n—1

mva(e) of U, (Agi)), m25(e) of Uq(Cq(q,l)) and 7o (e) of U, (Dfizl), where the superscripts s, ¢
of 73h(e) correspond to the choices of the boundary vectors in (1.5). We describe the ac-
tions of the generators in these representations explicitly. Our main results in this section are
Theorems 3.1, 3.2 and 3.3 which clarify the U, symmetry of the solutions to the Yang-Baxter
equations constructed in Section 2 (except S!(2,...,2|z)). The tensor product representa-
tion of U, corresponding to each summand in the decompositions (2.61)-(2.66) is irreducible
for (2.61) withe = (1,...,1),(3,...,3) and (2.64). In the other cases the irreducibility is yet to
be investigated.

Throughout the paper we assume that ¢ is generic and use the following notations:

Eom =0 -2""),  (@Dm=(@Dm, <7Z> = (Q)m_

k=1 (Dr(@)m K

, O(true) = 1, f(false) = 0,

qm o qu
qg—q!
7

e;=(0,...,0,1,0,...,0)€Z", 1<i<mori€Z,

[m] = [m]y =
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2 Solutions of the Yang—Baxter equation

2.1 Tetrahedron equation and 3d R

Let FF = @,,~0 (C(q%)|m> and F* = @m>OC(q%)<m| be a Fock space? and its dual equipped
with the bilinear pairing N

(mlm’) = 6 m (4°),, (2.1)
where 6y, s = 6(m = m’). In this paper we will study the tetrahedron equation of the form
R124R135R236R456 = Rajs6R236R135R1,24, (2.2)

where R lives in End (F®?). The equality (2.2) holds in End (F®%), where Ry 24 for example
means the operator acting on the 1st, the 2nd and the 4th component in F®5 from the left as R
and identity elsewhere.

We will exclusively deal with the following solution to (2.2):

R(liy @ |j) @ k) = Y REVela) @ [b) @ |e), (2.3)
a,b,c>0
abe _ gatbgbte A gile=0)+(k+1)A+p(p—k) (q2)c+u ¢ J
Rk = 057000 > (=1 oA (2.4)
Ap=b c q q

where 9, = 6, just to save the space. The sum (2.4) is taken over A\, u € Z>( satisfying
A+ pu=>b, u<iand A <j. The formula (2.4) is taken from [11, equation (2.20)].

This solution was originally obtained® as the intertwiner of the quantum coordinate ring
A,(sl3) [8]. Later it also emerged from a quantum geometry consideration [3], and the two R’s
in these literatures were identified in [11, equation (2.29)]. Here we simply call it the 3d R. It
satisfies the following:

Ri23 =R321 or equivalently Rf’jb’kc = SRZ’I;-’?, (2.5)
RZ’Jb”kc =0 unless (a+bb+c)=(i+7,j+k), (2.6)
2\ (2) (o2
abe _ (q )z(q )j(q )k ik (2.7)
HE (@), (¢2), (),
R=R"1L (2.8)

The second property is refered to as the conservation law. The third one is due to [11, Proposi-

tion 2.4]. We let R act also on (F*)®* by ((i| @ (j| @ (kDR =3, Rfjb,:<a| ® (b| ® (c[. In view

of (2.1), this matches ((a| @ (b ® (c])(R(|7) @ [5) @ |k))) = (({a] @ (b @ (c))|R)(|) @ |5) @ |K)).
For later use, we introduce the creation, annihilation and number operators on F', F* by

atlm)=|m+1), a|m)=(1-¢*")|m—1),  Klm)=q""2|m), (2.9)
(mla= = (m+1|,  (mla* = (m—1)(1-¢*"),  (mlk = (m|g"™"2, (2.10)
h|lm) = m|m), (m|h = (m|m, (2.11)

where | — 1) = (—=1| = 0. Due to (2.1) they satisfy ((m|X)|m’) = (m|(X|m’)). By definition, the
identity k = q%+h holds. The extra 1 here is the celebrated zero point energy, which makes the
coefficients in (2.13)—(2.16) free from ¢ totally®. It is easy to check the g-oscillator relations:

ka® = ¢tlatk, ata” =1-¢ 'K a—at =1— gk (2.12)

4C(x) denotes the field of rational functions with complex coefficients of the variable .
®The formula for it on p. 194 in [8] contains a misprint unfortunately. Equation (2.4) here is a correction of it.
5This is an indication of a parallel story in the modular double setting. See [14] and references therein.
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It is known that the 3d R is uniquely characterized (up to sign) as the involutive operator
on F®3 satisfying the following relations (cf. [3, 8, 17]):

Rkoa! = (ksa] + kijajaz)R, Rkoa; = (ksa] + kjayaj)R, (2.13)
Raj = (afaj — kiksag)R, Ra, = (aja; —kiksa;)R, (2.14)
kagaé|r = (kla; + kgal_a;)fR, Rkoag = (kjaz + kgafag)fR, (2.15)
Rk ks = k1 koR, Rkoks — koksR. (2.16)

Here for example kgaf, kla;ag mean at @k ® 1, k ® at ® a~. Thus operators with different
indices are commutative. In this notation, (2.6) is rephrased as

[SR, oz (xy)thh3] =0, (2.17)

for generic parameters z and y. Introduce the vectors

M) =) be@) =P ha) = 32 rm>:z(j§’;>,

m>0 (@)m m>0
m 2m
)=l ekl =Kelz",  tal=)_ (<)‘, X2l =) <4 . (2.18)
m>0 \&Im m>0 (q )m
Up to normalization they are characterized by the relations
1 1
atlxi) = (1Fq2k) 1), (ala™ = (al(1+¢7k), (2.19)
atx2) =a |x2), (x2la® = (xola™. (2-20)
The following equalities are known to hold for s = 1,2 [17, Proposition 4.1]:
(<Xs| ® <Xs| ® <Xs’)"R = <Xs| ® <Xs’ ® <Xs|>
:R(’Xs> ® |Xs> ® |Xs>) = |Xs> ® |Xs> & |Xs>' (2'21)
2.2 Reduction to the Yang—Baxter equation
By taking the conjugation 3%1,274(2.2)921_7574 and using (2.8), (2.5) we have
R1,35R236R156R1,24 = R124R456R236R135, (2.22)
Ru21R156R236R1,35 = R135R236R156R12,1- (2.23)

a; Bi i
Let F', F, F be copies of F, where a;, B; and ;, ¢ = 1,...,n, are just labels for distinction

and not parameters. (They will mostly be suppressed after this subsection.) In the three
forms of the tetrahedron equation (2.2), (2.22) and (2.23), change the labels (1,2, 3,4,5,6) into
(e, Biyviy 4,5,6), (4,5, 4,6, 8;,v) and (4, 5;, 5, i, 6,7;), respectively. The results read

Raiﬁi,4Rai»%,5yﬁimﬁy475,6 = :R47576R5i7%76R@i7’Yi»5Rai76i»4’ (2'24)
R4,ai7ﬁifR57O¢i,%Rﬁ,ﬂi,%‘{R&&G = 5R475,6R6,ﬂm%fR570¢imR4,aiﬁi7 (2'25)
R Bi,4Rai 6.7 R 5.7 Ra56 = Ras,6R ;.57 Rai 6.7 Raipia- (2.26)

Write these relations uniformly as

PORy56=RuseP”, =123, i=1,...n (2.27)
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in terms of the operators

1 =(1

Pi( )= j{470¢i7/8ijz5,ai77iy6w8iﬁi7 Pi( ) = R67/8i77i:}z5704i’7im47ai7,3i7
2 =(2

P'( ) = :Rai,ﬁu‘lj%aiﬁmikﬁiﬁm7 P‘( ) = Rﬁufn%‘Rai,&%gzaiﬂi,%

K3 3

3 (3
P = Rai pi,4Ra; 7:,5R 85,7165 Pi( )= Rg: 7i,6Rai 7i,5Rai B4 (2.28)

1

a Bi vi 4 5 6
which act on the six spaces F', F, F, F', F', F. The relation (2.27) with ¢ = 1,2,3 correspond

to (2.25), (2.26) and (2.24), respectively. We have suppressed the indices 4, 5, 6 for Pi(e), 15i(6)
) 4 5 6
for simplicity. Composing the operators Pi(sl) withi=1,...,non FF® F ® F and applying the

relation (2.27) repeatedly we get
Pl(El) s PT(LE”)IR475,6 = R47576P1(81) s P(E"), g =1,2,3. (2.29)

n

o B ¥ 4 5 6 [ aq an
This is anequalityinEnd(F®F®F®F®F®F) with F = F®---®@ F (= F®") for the

B Y
array of labels @ = (a1,...,a,). The notations F' and F' should be understood similarly. The
argument so far is just a 3d analogue of the simple fact in 2d that a single RLL = LLR relation

for a local L operator implies a similar relation for the n-site monodromy matrix in the quantum
4 5 6
inverse scattering method. In this terminology F', F', F' play the role of auxiliary spaces.
4 5 6
Now we are going to eliminate Ry 56 by evaluating the auxiliary spaces F', I, I’ away. There

are two ways to do this. The first one is to multiply ™ (:ry)h5yh633;é76 to (2.29) from the left

4 5 6
and take the trace over F ® F'® F. From (2.17) the result becomes

TI“475,6 (:L"h4(a:y)h5yh6P1(€1) .. PéEn)) _ Tr4,576 (:L‘h4(l'y)h5yh6pl(€l) o F)?gfn))_ (2_30)

The second way is to sandwich 2P (xy)P5yBe x (2.29) between the vectors in (2.18). Using (2.21)
and (2.17) we get

4 5 6 (61) (6 ) 4 5 6
(xs(@) @ (xs(xy)| @ (s@IP - Pa™ Ixe) @ |xe) @ |xe)
4 5 6 ) A 4 5 6
= (xs(@)| ® (xs(@y)| ® (@)IP - BEV ) @ Ixe) @ |xe),s s,t=1,2. (2.31)

In order to reduce (2.30) and (2.31) to the Yang-Baxter equation, we seek the situation such

that the two sides factorize into three operators each of which is associated with only one of the
a 4 5 6
auxiliary spaces F' = F, F or F'. Each piece will be an operator of the form

a B
SY gets. . enlz) = 0 (en, . enl2) Trg (2P REY, - RE™, ) € End (F @ F), (2.32)

a1,B1

a a o B
Setaers . enlz) = 0% en, - enl2) (sl M REY, - REY, Y|xi) € End (F @ F), (2.33)

a1,/

a; Bi a

where (g1,...,e,) € {1,2,3}" and fR((fZ’)ﬁZ is a temporal notation for the 3d R acting on F', F, F":

R

2 3
aiBi Ra,a;,8:5 Rgi)ﬁi = R0 :R&i),/ji = Ra; Bia- (2.34)

The a can actually be any dummy label since it is being evaluated out. In (2.32) and (2.33),

. a a a
composition of fRSi’)ﬁi is taken along the auxiliary space F', where Trq(---) and (xs|(---)|xt)
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are also to be evaluated. We have inserted the scalars o' (g1, . ..,e,]2) and 0*!(c1,...,&,|2) to
control the normalization. They will be specified in Section 2.8.
It turns out that not all of the 3™ choices of (1,...,¢&,) in (2.30) admits the factorization into

the operator (2.32). Rather, there are 2" 4+ 1 cases leading to the Yang—Baxter equation. The
same feature holds also between (2.33) and (2.31). The 2" + 1 cases correspond to the choice
(€1y...,6n) € {1,3}" and (e1,...,en) = (2,...,2). We illustrate them separately in the sequel.

(i) Case (e1,...,en) € {1,3}". Take n = 2 for example and consider the Lh.s. of (2.30) with
(e1,e2) = (1,3) and the Lh.s. of (2.31) with (e1,e2) = (1,1). They are factorized as

Tr47576 (xh4 (xy)h5 th :R4,041,51 iR5,0¢1N1 :R6»Bl,71 R062ﬂ2,4:]%@2,72759%52,72,6)
= Tr4 ("Eh492,4’a1751 Ra276274) Tr5 ((x/y)h5 R57041,'Yl ROQKYZ:S’) Tr6 (yh6R67617’yl 92'6277276)
= Sg,ﬁ(la 3|x)5(t)f,’y(1a 3|xy)stﬁr,'y(1a 3|y)/Qla
4 5 6 4 5 6
(xs(@)| @ (xs(zy)| @ (xs (y)’:R4,041,31 :R5,0t1771fR6ﬂl,713470427523%570427723%6752772 IXt) ® [X¢) ® |xe)
4 4 5 5 6 6
= <X8(x)‘9247a1751314,a2752 Ixe) (Xs (xy)’:R&ah%:R&azﬁz ’Xt><X8(y)|jzﬁyﬁ1,’71jz6ﬂ2,72 Xt)

= S5(1, 1|2) S5 (1, 1|ay) S5L (1, 11y)/ 02,

where 01 = 0" (1, 3]z) 0™ (1, 3|zy) 0™ (1,3|y) and g2 = 0>*(1, 1|x)0>(1, 1|zy) 0™ (1, 1|y). The case
of general n is similar. Since the r.h.s. also has the similar factorization with the same g1, 09,
the Yang—Baxter equation

Sa,8()San(xy)S8,~(y) = S~ (Y)Sa~(2y)Sa,p(x) € End (%‘ ® ]'?' ® l:l') (2.35)

holds for Sa,5(2) = S§ (€1, - .-, €nl2) or Si’tﬂ(el, ...,€nl|z) € End (% ® ]@) for any n as long as
(e1,-..,en) € {1,3}™. The point in the above factorization is that no pair of the 3d R’s sharing
a common label have changed their order.

(ii) Case (e1,...,en) = (2,...,2). Take n = 2 for example and consider the Lh.s. of (2.30)
with (e1,e2) = (2,2). It is factorized as

Tras6 ($h4 (xy)hs th Ron,81,4Ra1,6,71 Ry 55 Ras,B2,4Ra2,6,7: R 6s,5,72 )
=Ty (xh4 Ral 81 ,4Ra2,52,4) Tre (yh6 Ray 6,71 ROC2167’Y2) Trs ((xy)h5 :R51 ,5,71 jz52,5772)
= Sg,ﬂ(gu 3‘37)53,7(27 Q‘y)s,tﬁr,'y(Qv 2‘1’y)/g37

where o3 = 0% (3, 3]2)0% (2, 2|y) 0" (2, 2|zy). The r.h.s. is similarly factorized with the common p3.
General n case is similar and the same feature holds for (2.31) as well. Thus we find that (2.30)
and (2.31) are reduced to the Yang-Baxter equation

Ses()Semy (U ) Sh (27 y7h)
o B
= S (@)Y (y7) Sap(@) € End (F & F & ), (2.36)

where, depending on (2.30) or (2.31) we have set

Sa,8(2) =Su5(3,....3l2),  Sup(z)=545(2,...,21z271), (2.37)
Sap(2) = 855(3,...,32),  SYg(2)=S35(2,...,20z7Y), st=1.2 (2.38)
We remark that mizture of {2} and {1, 3} in the sequence (g1, ...,&,) spoils the factorization

illustrated in the above, therefore it makes a reduction to the Yang-Baxter equation invalid.

This is seen evidently in (2.28), where PZ-(2)

that in Pi(l) and Pi(g).

has the opposite ordering of the indices 5 and 6 from
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2.3 Matrix elements of S*(e|z) and S%*(g|z)
Let us describe the elements of the matrices (2.32) and (2.33). Set

S (g1, .. enl2) (1) ®15) Zsﬁr (21, enl2)i3 ) @ [b) € FO" @ Fo", (2.39)
S5t(er, .. en]2) () @ 13) = ZSS’t(El, . ,En]z):jb\a> ®|b) € F¥" @ F", (2.40)
a,b

where |a) = |a1) ® -+ ® |a,) € F®™ for a = (a1,...,a,) € (Z>0)", etc. We have removed the
labels o, B which are unnecessary hereafter. It is convenient to write

(1) a,b,c ¢,a,b (2)a,b,ec _ mpa,ch (3)ab,c _ mab,c
R i,k fR’HJ’ R igk fRi,k;,j7 R ik me.,k (2.41)

in terms of (2.4). Then applying (2.1), (2.11) and (2.18) to (2.32) and (2.33), we have

tr ab/ tr
S¥(er, .. enl2)i) /07 (e, - s En]2)
_ Z ZCO IR(EI) (?,1,?)1,00 R(EQ) 927?2701 . :R(an 1) @n1,bn-1,Cn2 R(En) (']”ﬂpn’c”—l , (242)
11,J1,C1 12,72,C2 In—1,Jn—1,Cn—1 in,Jn,CO
€05---,Cn—1>0
Ss,t ab/ st 2.43
(€1, enl2)ij /0™ (€1, - .. €n|2) (2.43)
250 (q2)
_ } : sco R(el)ahbww (e2) az,b2,c1 ..:R(En—l)an—hbn—lacn—Q (en) an,bn,cn
(q82) (qt2) 11,]1,C1 12,J2,C2 In—1,Jn—1,Cn—1 in,Jn,tcn
COy--y cn>0 co Cn

where (qQ)SCO in (2.43) originates in (2.1). Using (2.7) it is easy to show

t 1, - (qz)l (qz)_y tr— \1,J tr —
S (el /0 (el) = (T gt | St(el)bd /ot (el2),
k=1 (q )ak (q )bk ’
t a,b t = q2)i (q2)j t.5/—| NLJ / t.8/—
S5 (el o) [0 el2) = [ [] rprtte | St (g2) ot 21, (2.44)
| i (@), (@), |
where m = (my, ..., m;) denotes the reversal of an array m = (mq,...,my,).

From (2.5) it is also straightforward to see

ST(1,..., 1)z )?‘zb/gtr( ,1]2) :5“(3,...,3|z);;a/gtf(3,...,3yz), (2.45)
Str(2,...,2|z )ab_stf( 202 (2.46)
ST, 125 P /ot (1,.. ., 1]2) :Ss’t(s,...,3\,2)}?;"‘/@8’%3,...,3\,2), (2.47)
Ss’t(2,...,2]z)i7j = $%(2,...,2]2)P2. (2.48)

J,1
In fact, these are consequences of a finer relation valid for any k£ € {1,...,n} as follows:
S (el2)i /0" (el 2) = S™ (]2 ) ik 5k > o (e4]2),
S el 0 (elz) = S (M) AR Jo (F1), (2.49)

where the arrays m* = (m/,...,m/) here (m = €,a, b, i, j) is specified from m = (my, ..., my)

by m.. = m, (r # k) and

/ / / -/ . ./ .
5k=4—5k, Qg = by, bk = ag, U = Jk> Je = k-
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One can use (2.49) to attribute Str(slz)?jb, Ss’t(s\z)ijb for arbitrary e € {1,3}" to the homoge-
neous case € = (1,...,1) and (3,...,3). Note however that S™(e|z), S*(e|z) with € € {1,3}"
all yield distinct solutions to the Yang-Baxter equation’ since they keep different subspaces
specified by the conservation law (2.51), (2.52) depending on &. Such spaces will be detailed in

Section 2.5.

2.4 Conservation laws of S*(g|z) and S**'(e|z)

Let us investigate the consequence of the conservation law (2.6). For instance consider Str(s\z)?jb
with € = (e1,...,en) € {1,3}". From (2.6), (2.41) and (2.42) we have

(ag + by, ch—1 + ag) = (ix + Jrs e +ix) i e =1,
(ag + bg, ck—1 + by) = (ix + jr, e + Ji)  if e, =3,

where k € Z,,. They are equivalent to ax + by = ix + jr and cx—1 + (e — 2)bg, = ¢k + (e — 2)Jk
for all k € Z,,. The former means a+ b =i+ j € Z™ whereas the latter leads, by elimination of
€0y -+ Cn—1, t0 |ble = |j|le in terms of the symbol defined by

|m|. = Z(Ek —2)my,  for m=(my,...,my) €Z", €= (c1,...,6n) € {1,3}".(2.50)
k=1

Combining |b|e = |j|c¢ and a+ b =1+ j one also has |a|c = |i|c. By a similar consideration the
following conservation law can be derived:
Case € € {1,3}",

(I) S"(el2)3> = 0 unless a+ b =i +j, [ale = ile, [ble = |jle, (2.51)
(I1) Ss’t(s|z)ijb =0 unlessa+b=1i+]j, (|ale — |ile, |ble — ljle) € (min(2,s,t)Z). (2.52)

Case e = (2,...,2),

(ITT) §™(2,...,2]2)f" =0 unlessa— b =i—j, |a| =i, [b| = jl, (2.53)
, b e e . . . 2
(IV) S5%(2,.. .,2\z);j =O0unlessa—b=1i-j, (Ja| — [i|, |b| — |j|) € (min(2, s, t)Z)* (2.54)

The last conditions in (2.52) and (2.54) are trivial unless s = ¢t = 2. In (2.53) and (2.54) we
have used the symbol

n
m| = " my, (2.55)
k=1

which is the special case of (2.50) in that |m| = |m|3 3 = —|m|q 1.

We say that S%(e|z) and S®!(e|z) are locally finite if the summands in r.h.s. in (2.39)
and (2.40) are nonzero only for finitely many (a, b)’s for any given (i, j). The result (2.51)—(2.54)
tells that they are locally finite except S!(2,...,2|z). In any case, the matrix elements of the
Yang-Baxter equations (2.35) and (2.36) for the prescribed transition [1)®|j)®|k) — |a)®|b)®|c)
in F" @ F®" @ F®" consist of finitely many summands.

"The symmetry of S* (e\z)f_'b under the simultaneous Z, cyclic shift of all the indices holds only at z = 1.
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2.5 Decomposition of S*(g|z) and S**'(e|z)

In view of (2.51)—(2.54) we prepare subspaces of F®" for a given array € € {1,3}" as

V =F" = PV(e), (2.56)
leZ
Vi(e) = D C(q2)m), ez, (2.57)
me (Z0)", jmle=l
Vie)* = D C(g?)lm), V=V(Ee)taV(), (2.58)
me(Z>o)", |m|e=(1F1)/2 mod 2
Vi=Vi3,....3)= P C(¢2)m), 1€, (2.59)
me(Zxo)™, |m|=l
VE = C(g?)lm), V=VtaV, (2.60)

meé(Zxo)", lm|=(1F1)/2 mod 2

where |m|s and |m| are defined in (2.50) and (2.55). By the definition we have Vj(e) = {0} if
[>0ande=(1,...,1),orl<0and e = (3,...,3). Note also that V;(3,...,3) =V_(1,...,1)
and V(1,...,1)* = V(3,...,3)* = V*. We shall never abbreviate Vj(¢) to V} and V(e)* to Vi
for example to avoid confusion®.

From (2.51)—(2.54) we have the direct sum decomposition:

O Sel) = @ St

Il,meZ
Siha(elz) € End(Vi(e) ® Vin(e)), &€ {1,3}", (2.61)
(I)  S%'(e|z) € End(V ® V) (s,t) #(2,2), e c{1,3}", (2.62)
S elz)= @ S22
o,0'=%1
S2% (elz) € End (V(s)" ® V(e)a’), e € {1,3}", (2.63)
(1) S"(elz)= P S,
l,m€EL>q
Sim(elz) € End(V; @ Vi), e=1(2,...,2), 2.64
(IV) SSvt( yz) € End(V ® V) (s,t) #(2,2), e=1(2,...,2), (2.65)
SQ 2 82 ,2
=P,
S22, (e]2) €End (VI @ V),  e=(2,...,2). (2.66)

In (2.61), the sum is a direct sum provided that the range is restricted to the nonzero cases, i.e.,
IbmeZsyife=(3,...,3)and [,m € Z<g if e = (1,...,1). In (2.64), it is actually more fitting
to write Vi ® Vi, as Vi(3,...,3) @ V_,,(1,...,1). See the argument after Theorem 3.3.

2.6 Matrix product operators

In order to calculate the matrix elements (2.42) and (2.43), it is useful to reformulate the
3d R (2.41) as a family of operators on the auxiliary Fock space. Here we provide such operators.

8The definition (2.59) says that this abbreviation is allowed only for & = (3,...,3).
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For a,b,i,j € Zso, define R}7, Q! € End(F) by

1,57
Ry = 0y <—1>*q”“2‘“’<1> (Q () (@™ g 2k A, (2.67)
HJ.2 2
Ap=b 4 q
2+2. 2
b b ib 1 (q Q)
Q;.’“ 5a Z q +p(p—5)—(G+1)v ( 2) “
u—v=i—a )y
g (u) (a*)(a7) (g k) (=) (2:68)
q2

The sum (2.67) is taken in the same manner as (2.4), and the sum (2.68) ranges over u,v € Z>g

a.b Q“b have been designed so that the

satisfying u — v = i — a and p < 7. The operators .’RZ],

action of the 3d R (2.3) is expressed as

R(i) @ 1) @ k) = Y |a) @ [b) @ RY7|K), (2.69)
a,b>0

R(j)) @ 15) @ k) = Y la) @ Q%) ® ). (2.70)
a,c>0

These relations can be checked by using, for example, (a~)"|j) = 6(j > v) (q2)y(i)q2 |7 —v). The

operator R?" ]- was first introduced in [10, equation (8)].
Now the elements of (2.32) and (2.33) are expressed as

S (g1, ... ,an\z)?’.b = 0"(e1,...,en]2) Tr(2 th(El)?l’ﬁ o 'R(EH)?:,}?:) (2.71)
S (ery oy enl)2P = 0% (e al2) (e P REV D LR by (2.72)

where the family of matrix product operators fR(a) € End(F) are specified by
()ab b,a ()ab a,b 3)ab _ pab
R =R R =% R =R (2.73)

in terms of (2.67) and (2.68). The leftmost one here is derived from (2.69) and (2.5). The
formulas (2.71) and (2.72) are more efficient than the previous ones (2.42) and (2.43) in that
they are suitable for systematic programming. The necessary input will be provided in the next
subsection.

2.7 Evaluation formula

Substituting (2.73), (2.67), (2.68) into (2.71), (2.72) and using the commutation relation (2.12),
one can express them as linear combinations of Tr (zPk™), Tr (z"k™(—1)"), (xs(2)|(a®)7k™|x:),
and {xs(2)|(a®)’k™(—1)®|x;). These quantities are evaluated explicitly as follows (m > 0):
O K xe(w)) = (xe(w) K™ @) |xs(2)),  s,t=12,
((Dhat =t (-0 (CDPR=KCDR (D) () = (-w)),
2 El

2
Tr (zhkm) _ : —qqmz’ Tr (zhkm(_1)h) _ - fqmz,
(=g 2wia)

(@)@ YK () = 4% 2 (g 9);

)

(qmzw;q)

. (]) ( q21+2m+122w2’q)
/)

(q2i+2m22w27 qz)oo ’
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2i+2m+1,2, 2. )

j .
\iLm _om o Li(i+1) (J (—a W q
oG PR o) = 2 3200 (7) S,

(ng+2m+2 2,2 )

2w q

(=) (@YK xa(w)) = 0(j € 22)q% 2 (a5 4%) (@202, g) 2

These formulas are easily derived by only using the elementary identity

U
= (69); (75 @)oo

> &a); 5 (Ema)

An essential consequence of these formulas are that the matrix elements Str(e\z)?jb and

Sst(e|z ) become rational functions of z and ¢ via appropriate choice of " (g|z) and ¢!(e|2).
We will specnfy them explicitly in the next subsection.

When € = (2,2,...,2), the formulas (2.71) and (2.72) contain the product Q;”’Jl Qf:]b:
From (2.68) and the 1eftmost relation in (2.12), it is expressed in the form (—1)"PQk2-r=10r—ir+1)
= (=1)"PQkHI-llH+"  Here Q is a polynomial in at and a~ which can be cast into Q =
> 50 crk? by (2.12) whenever the conservation laws (2.53) or (2.54) is satisfied. The coeffi-
cients ¢, belong to (C(q%). In particular ¢y is nonzero in general. Therefore the formulas (2.74)
are applicable only for |i| < |j|+n to evaluate (2.71) and (2.72) with € = (2,2,...,2). The other
case [i| > |j| + n is covered by first applying (2.46) and (2.48).

2.8 Normalization of S*"(¢g|z) and S**(e|z)

Let us fix the normalization by specifying o"(g|z) and ¢**(g|z) in (2.71) and (2.72).

(I) Si* (e|z) with e € {1,3}" in (2.61). We specify the normalization depending on (I,m) as
follows.

If (I,m) € (Z<o)?, take any k € [1,n] such that g, = 1. Similarly if (I,m) € (Z>0)?, take any
k € [1,n] such that g = 3. In either case we choose o' (g|z) as

(¢"717120%)
(qm*‘m‘JFZz*l; q2)

0" (elz) = 27" . then ST (e|z)flerlmler —

|llex,Imle

Iml

If (I,m) € (Z<o,Z>), take any i,j € [1,n] such that (e;,¢;) = (1,3). Similarly if (I,m) €
(Z>0,Z<y), take any i, j € [1,n] such that (¢;,e;) = (3,1). In either case we choose o™ (g|z) as

0% (elz) = g™ (1- qll\—l-\m\z), then Sltfm(s\z)m:}z;zj =1.
(IT) S*t(e|z) with € = (e1,...,e,) € {1,3}" in (2.62) and (2.63).
If (s,t) # (2,2), we set r = max(s, t,2) and choose ¢*!(g|z) as

(2”4 )0 t/_1 10,0

o®l(elz) = — =2 then S%'(glz)gg = 1,

() = (i) g8t

where 0 = (0,...,0) € Z".
If (s,t) = (2,2), we choose 0*2(g|z) to be gii,(dz) depending on o, ¢ in (2.63) as

2. 4
2,2 2,2 _ (Z ) 4 ) 2,2 0,0
07 (elz) = 0y 5 (el2) b= Tolo A ; 400 ) then S+,+(€|Z)o,o =1,
(422%4%)
12,2 0,e1 2,2 e1,0 1 2,2 el 61 22— q?
—q ST (€l2)ge, = 774 (€l2)ey0 = ST (elz)erer =

1— 22’ - et ] 2227
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(TIT) Si%,(2, ..., 2|2) in (2.64). We choose 0" (2,...,2|z) depending on [, m in (2.64) as

07 (2,...,2]2) = 1 4 (=1)"Hgtming then S7%,(2,... ,2|z)lerme2 _ (2.75)

lel,’r‘nEQ

(IV) S%%(2,...,2|2) in (2.65) and (2.66). If (s,t) # (2,2), we set 7 = max(s, t,2) and choose
0*4(2,...,2]2) as

st (=9)™2"; 4" )0 st 0,0
t(2,...,2]z) = . then S°%(2,...,2[2)2%=1.
e ( ’Z) ((_q)rn+1zr;qr)oo en ( |Z)0,0

If (s,t) = (2,2), we choose 0>2(2,...,2]2) to be Qi’i,(Q, ...,2|z) depending on o, ¢’ in (2.66)

as
2n 2. A4

2,2 2,2 -1 (C] 275 q )Oo
075 (2,...,202) = 005 (2,...,22) T = 55—,  then

+ (q2n+222; q4)oo

1

2,2 0,0 2,2 0, 2,2 ,0
SYT(2,..202)g0 =1, SYT(2,...,202)ge = S75(2,...,202)e 0 = Tt

2n72z2

1—
2,2 erer _ q
S22 2z)eler = 97 arz 2

)

2.9 Example
Consider §(2)33" = S5,(2,...,2[2)%” in (2.64) with n =3, 1 =2, m =4, i = (101), j = (211).
From the conservation law (2.53) the only nonzero matrix elements are
5(2)002,112 _ Q(l - q4)z(1 + qu) 5(2)011,121 _ (1 - q4)z(1 - q2 - q4 - q7z)
0L = ) (L4 ) 101,211 (+es)(l+az)
S( )020,130 Q(l - q2) (1 - q4)z

Z)101,211 = A+ (1+q2)
S(z)101211 _ *(qa— 2+ 2+ 2¢*2 + ¢°2 — ¥z + ¢"2?)
(2)101211 = 0T+ 47) ’

2 2 3 7 4 2
o220  ¢°(1—¢°)(1+gz+¢°z2—q'z 200,310 g (1 —q%)z(1 +qz)
S(z)1017211 = ( )( ) ) S(2) = ( )

(1 + q5z) (1 + q7z) 101,211 = — (1 + q5z) (1 + q7z) '

According to (2.71) and (2.73) they are derived from

002,112 h0,1~0,1+2,2 011,121 hn0,1A1,2A1,1
S(Z)101,211 = Qtr(z) Tr (Z Q1,290,191,1)a S(Z)101,211 = Qtr(z) Tr (Z Q1,290,1Q1,1)>

020,130 hA0,142,3~0,0 101,211 h1,240,1~1,1
5(2)101,211 = 0"(2) Tr (2 Q17290,191,1)7 5(2)101,211 =0"(2) Tr (Z Q1,2907191,1)7

110,220 hA1,2A41,2A0,0 200,310 hn2,340,1 0,0
5(2)101,211 = Qtr(z) Tr (Z Q1,290,191,1)v 5(2)101,211 = tr(z) Tr (Z Q1,290,191,1)>

where o (z) = 1 + ¢°2, which is 0'7(2,2,2|2) (2.75) with n = 3, [ = 2, m = 4. Let us illustrate
the cal(lﬂationlof the top left example. In terms of the number operator without zero point
energy k := ¢~ 2k, the relevant Q?’;’ (2.68) are given by

—2 —2
oYy = (1-¢"a'k (-1)",  of} =k (-1)",

opf = ( I C —qﬁ)a+(a)2)> k(~1)h.

1_q2 q2(1_q2)(1_q4
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Thus Tr (th(l)éQgﬁQ%f) is calculated as

_1 - Zi Tr(2"a K (- 1)MK (- )Pa k(-1)")
1_7q6 r zha+72 R (- bat(a™)’k(-1)"
+q2(1—q2)T( k(=DM (=1) (87K 1))
2 —q° k
_ 1 }q Tr(*(~1)Pata &) + M Tr(" (1) (@*) (2 )’K)

144 1 1
¢t \1+¢°z 1+q"z

L1 q° 1 1+¢ N 1
F1-P) \1+¢P2 P(1+4d"2)  ¢(1+¢%)
q(1—q")z(1 +¢%)
(1+¢°2)(1+¢72) (1 +¢%)

Upon multiplication of o (2) = 1+ ¢%z, this agrees with S(z)ggfég

3 Quantum R matrices

3.1 Quantum affine algebras
Let

2 2 e
gr=AD, gt =DP  g?=al)  @2'=40), @22=0
be affine Kac-Moody algebras [7]. The fl;i) is isomorphic to Agi) and their difference is only the
enumeration of vertices. We keep it for uniformity of the description. The Drinfeld-Jimbo quan-
tum affine algebras (without derivation operator) U, = U,(gt"), U,(gs") are the Hopf algebras
generated by e;, fi, k', 0 < i < n, satisfying the relations [4, 6]

ikt =k ki =1, [ki, kj] = 0,
— ;i — —Q;j k’b - kz_l
kiejk ' =g e, kifikit=q; " fj, lei fi] = 0ij—— ",
1—a;; 1—aj
v (1—a;j—v v v p(l=a;j—v v . .
Yo (el T e =0, S (-0 T =0, i 4, (3.1)
v=0 v=0

where el(»y) = e’ /[v]g,!, fi(y) = 1 /[V]g,! and [m]g! = IT}2, [j]q- The data (a;j)o<i,j<n is the Cartan
matrix in the convention of [7]. It is given by

a;; = 26; ; — max((log g;)/(log ¢;), 1)(d; j+1 + 6ij—1),

where 6; ; = 0(i — j € (n+ 1)Z) for g¥¥ and &;; = (i = j) for gs'. The data ¢ in (3.1) are
specified above the associated vertex i, 0 < i < n, in the Dynkin diagrams (see Fig. 1). For
U,(g%"), we have gy = qs2/2, Gn = qtz/2 and ¢; = ¢, 0 < 7 < n. The coproduct A has the form

AR =k @k, Aei=1®eitei®k, Afi=fiol+k'ef. (3.2)

The opposite coproduct is denoted by A°? = P o A, where P(u® v) = v ® u is the exchange of
the components.
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q
1 0
=4 g 4 ¢4
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3.2 g-oscillator algebra

Let B, be the algebra over C(q%) generated by bT, b, t and t~! obeying the relations
ttt=t"t=1, tbt=¢*'bTt, bTbT =1- Tt

We call B, the g-oscillator algebra. Comparing it with (2.12) we see that the map
p: bt at b-—a, t—k (3.3)

provides a representation of B, on the Fock space F.
The g-oscillator algebra admits families of automorphisms as

bt — —ugb "t Y, b  —u 'tV b, t— £t
bT — ubtt”, b —u t7Vb, t — +t,

where u € C*, v € Z. The first family is notable in that it interchanges the creation and the
annihilation operators. In this paper we will be concerned with their special cases:

w: bt s —ut™ '™, b —ut7'bT,  t— -t
3. bt s ub™, b~ —u b, t i t.

The compositions pq(f) =po wq(f), e = 1,3, define irreducible representations B, — End(Fy).
Explicitly they read

PV bt s —uk'a”, b —u 'k lat,  te— -k (3.4)
p&g): bT — ua™, b~ —uta, t— k.

3.3 Homomorphism from U, to g-oscillator algebra

Set

_atl
_q_l, —q_q_1> (q%52—q7%82)2’
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They satisfy di = ikd and do = ¢[2]72d?. For a parameter z, the map 7'7: Uy(g™ ;) —
B [z,27!] given by

ej =2%0%dby bl t7',  fy=z"%0%dblbr tTh, k=t  jE€Z, (3.6

with 00 = 6(j € nZ) defines an algebra homomorphism (cf. [5]). On the Lh.s. we have de-
noted 7t (g) by g for simplicity. Similarly for s,¢ € {1,2}, the map 75*: U,(gi") — By [z, 271
given by

eo = 2°(b])?, Jo=2"%ds(by)t1", ko = (—it1)”,
ej=db;bl t-',  fi=dblb t7}, kj=t7't01,  0<j<mn,
en = di(b;))'t;", fo = (D), kn = (—it,) ™" (3.7)

defines an algebra homomorphism [14, Proposition 2.1]. We have slightly changed the coefficients
from [14].

3.4 Family of representations of U,

The compositions

r (1) (en)
() Ul y) =5 BEn [z, 271 P 28 End (PO, (3.9)
st sty T n -1 p1(f11>®"‘®l?z(f7:l> mn
mon(e): Ug(gy') = BY™[z,27'] " —"" End (F®") (3.9)

provide families of representations of U,(g!"_;) and Uq(gf{t) labeled by € = (e1,...,&,) € {1,3}"
and u = (uy,...,u,) € (C*)". Below we present explicit formulas of the generators in these
representations.

3.4.1 Representation 71'21:11(6) of Ug(g¥_,) with e = (e1,...,en) € {1,3}"

Let us write down 7", () (3.8) choosing u = (ux, ..., u,) concretely as
u, € =1, u _ 1 _
ui—{ C —=—qd " =q2(g—q7"). (3.10)
w, & =3, u

The image of the generators e;, fj, k; is given by

Table 1. Expression in terms of g-oscillators.

(€5,€5+1) (1,1) (3,3) (1,3) (3,1)
e | dafajkiyy  dajaj k! aajy  daja kil
2950 fi daj_a;trlkj_1 da aj_Jrlkj_J}1 dzaj_aj_—&-lkj_lkj_—&l aja;.:l

k; Kkl Kk —kjkji1 -k, 'k}

We see that the interchange (g;,€i41) > (4 — €i,4 — €i41) corresponds to the automorphism
ej « fi, kj < k‘;l up to a power of z. From (2.9) they act on F'®" as (j € Zj,)

ejlm) = 2%0(m; 1 ]|m + e — ej11),
(6j,€j+1) = (1, 1): fJ]m> = zfajvo [mJHm — € + ej+1>, (3.11)

kjlm) = ¢+ m),
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(ej’m> = 2%0|m + e; + ej11),

(ej,65+1) = (1,3): { fjlm) = 27%0[my][mji1]jm — ej — e;11), (3.12)
fym) = 51 ),
ejlm) = z % O[mjl[mji1]/m — e; —ej1),

(i) = (3.1): { film) =2 ao|m+e] Fej), (3.13)
)
ejlm) = 2 JO[mJ]lm ej +ej11),

(i) = (3:3): { flm) = 2 50[my 1] jm + e; — ej1), (3.14)
[ 5 en) = g+ m551m).

As is clear from (3.11), (3.12) and (2.50), the representation 7", (e) (3.8) of U, (A( ) 1) on

V = F®" decomposes into those on V;(e). Each V(g) is irreducible for any € € {1, 3} It is
finite dimensional if and only if € is uniform, i.e., e = (1,1,...,1) or (3,3,...,3). As a module
over the classical subalgebra Ug(A,_1), the V_;(1,1,...,1) with [ € Z>¢ is equivalent to the
degree-l symmetric tensor representation with highest weight vector |le;). It corresponds to
the Young diagram of 1 x [ row shape. The V(3,3,...,3) with | € Z>( is equivalent to its
dual, i.e., the degree-l symmetric tensor of the anti-vector representation with highest weight
vector |ley). It corresponds to the Young diagram of (n — 1) x [ rectangular shape. In these two
cases of the uniform e, one may regard the base vector |[m) € V() as specifying a configuration
of particles or holes on a ring Z, in terms of their occupation number m; at site j. The
generators ej, f; in (3.11) and (3.14) represent ‘ordinary’ nearest neighbor hopping. In general
the representation Vj(e) with a non-uniform e € {1,3}" corresponds to the mizture of particles
and holes. A site j accommodates only particles if ¢; = 1 and only holes if ¢; = 3. The base
vector |m) signifies the configuration in which there are m; particles (resp. holes) at site j if
gj = 1 (resp. €; = 3). Then e; in (3.12) and (3.13) for example is interpreted as a particle
hopping from the site 7 + 1 to j via pair creation and pair annihilation, respectively.

3.4.2 Representation 7 (s) of Uy(g%*t) with e = (e1,...,e5) € {1,3}"

Let us write down 755 (e) (3.9) concretely for u = (uy,...,u,) chosen in the same manner
as (3.10). Since (3.6) and (3.7) are the same for 0 < j < n, the corresponding ‘generic’ generators

ej, fj, k;j are again given by Table 1 and described concretely as (3.11)—(3.14). The other

‘exceptional’ generators depend on the parameters u, «’ in (3.10) not only via the ratio but

individually. Below we present them with the choice u = —dg~! and «’ = 1 keeping (3.10).
The representation of eg, fo, ko are determined according to s = 1,2 and ¢; = 1,3 as

eolm) = ,zala1 THm) = z[m1]|m — e;),
(s,e1) = (L, 1): < folm) = 2z tika] |m) = 2~ m\m +ei), (3.15)

kolm) = ik; ! |m) = ig~"™ % |m),

)=
)=
)=
eolm) = za |m) = z\m +e1),
(s,e1) = (1,3): < folm) = 27 dya; k' m) = 27 Hk[my]|m — ey), (3.16)
)= ),
)=
)=
) =

kolm) = —ik;|m) = —ig

eolm) = 22d%q(a; )?k; 2 m) = 2%[my][m; — 1]|m — 2e;),
(s,e1) = (2,1): ¢ folm) = 272dad~2¢7 1 (a])?|m) = 272[2] 72 |m + 2e;), (3.17)
i fm) = g2 ),

ko|m
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eolm) = 22(a})2m) = 2/m + 2e1),
(s:1) = (2,3): { folm) = 2~2dy(a7 )2k 2|m) — 52 allm1 = 1)

o2 |m — 2ey), (3.18)
kolm) = —ki|m) = —¢*™ " |m).

Similarly, the representation of e,, fy,, k, takes the form according to t = 1,2 and &, = 1,3 as

enlm) = ikal |m) = ik|m + e,,),
(en,t) = (1,1): < folm) =da, k, }m) = [mn]|m—en), (3.19)

kplm) = —ik,|m) = _igmnts |m),

)=
)
) =
en|m) = dia;k;lm) = ik[m,)|/m — e,),
(en,t) = (3,1): < fulm) = af|m) = |m + en>,1 (3.20)
kn|m) = ik, '[m) = ig™"" "2 |m),

)

)

) =

en|m) = dod=2¢~(a;})?|m) = [2]72|m + 2e,),

(enst) = (1,2): { fulm) = dq(a; )2k 2|m) = [ma][my, — 1]|m — 2e,,), (3.21)
knm) = —k7|m) = —¢*"» ! |m),
(en]m) = dy(a;)?k2|m) = %m—zen>,

(en,t) = (372): fn|m> — (a;r)2‘m> = |m + 2e,), (3.22)
[ Fonn) = I 2m) =~~~ m).

If (s,t) # (2,2), the representation 754 (€) acts on the space V = F®" (2.56) irreducibly. If
(s,t) = (2,2), it acts on each of V* and V™~ (2.60) irreducibly.

3.5 Quantum R matrices

Let U, be either U,(g" ;) or U,(gi"). Suppose they have representations on W, and W/ de-
pending on z called the spectral parameter’. Form the tensor product representations of U, on
W, ® W, by the coproduct A and A° defined in (3.2). Let R be their intertwiner, meaning
that R € End(W, ® W}) is an element satisfying'”

A°?(g)R = RA(g) VgeU. (3.23)

We call the intertwining relation or commutativity (3.23) as the U, symmetry of R. It is
a consequence of the g = e;, f;, k;j (0 < j < n) cases:

(k; ® k;)R(z) = R(2)(k; ® k), (3.24)
(6]' ®1+ kj & €j)R(2) ( )(1 Re+e & ki) (325)
(e fj+fi®k)R(z) =Re)(fio1+k ' @ f;). (3.26)

;R
We have written R as R(z) assuming that it depends on = and y only via the ratio z := z/y. All
the examples treated in this paper have this property. If W, ® Wy is irreducible, (3.24)—(3.26)

characterize R(z) uniquely up to an over all scalar. If further Wy, ® W, ® W,! is irreducible,
the Yang—Baxter equation

Ria(z12)R13(x1,3)Ra3(x23) = Ra3(xe3)Ri3(x13)Ri2(x12) (3.27)

9By a representation W, we actually mean an algebra homomorphism 7, : U, +— End(W) depending on z.
%Tn the notation of the previous footnote, A°P)(g) actually means (7, ® 7,) o A©P)(g).
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is valid, where z;; = x;/x; and R; j(z;;) acts on the ith and the jth components (from the
left) of Wy, ® W, ® W, as R(x;;) and identity elsewhere. We call the elements R satisfying
(3.23)—(3.27) quantum R matrices. In short the U, symmetry serves as a characterization of
a quantum R matrix up to the irreducibility of the relevant representations [4, 6].

3.6 U, symmetry of S*™(g|z) and S*!(g|z)

Let us state the U, symmetry for the locally finite solutions to the Yang-Baxter equation S* (g|z)
and S%'(e|z) in (2.61)—(2.64). We will be concerned with the spaces (2.56)—(2.60). We also
assume z = z/y throughout this subsection.

(I) S*(g|z) with e € {1,3}" in (2.61). To recall this, see (2.32) for the matrix product
construction, (2.51) for the weight conservation and (2.35) for the Yang-Baxter equation. As
for the relevant representations W, and W, we take the both to be

wro(e): Uy(Al)) = End(V)

zZ,u

defined in (3.8). The parameters u € (C*)™ are arbitrary and not restricted to (3.10).
Theorem 3.1. The SY(e|z) with € € {1,3}" enjoys the U, (AS_)I) symmetry
AP (q)S" (e]z) = ST(el2)Alg) Vg e Uy(AY)

in the tensor product representation w3, (g) ® m',(€).

According to the explanation after (3.14), Theorem 3.1 actually holds for each component
Slt;l(s|z) in (2.61) as an equality in End(V;(e) ® Vi(g)). The space Vi(e) ® Vi,(e) is finite
dimensional if and only if e = (3,...,3) or e = (1,...,1). It is finite dimensional and nonzero if
and only if[,m > 0,e = (3,...,3)or{,m < 0,& = (1,...,1). In these cases S;* (&|z) reproduces
the well studied quantum R matrices for the symmetric tensor representat’ions or their dual
representations. This fact was announced in [3, Section 5] and proved in [12, Appendix BJ.

(IT1) S*!(elz) with e € {1,3}™ and s,t € {1,2} in (2.62) and (2.63). To recall this, see (2.33)
for the matrix product construction, (2.52) for the weight conservation and (2.35) for the Yang-
Baxter equation. We introduce a slight gauge transformation by

S’S’t(r-:|z) =(K® 1)Ss’t(5|z)(1 ® Kﬁl), K|m) = (—iq%)|m|s\m>,

where |m|. is defined in (2.50). It is easy to see that S®f(e|z) also satisfies the Yang-Baxter
equation. As for the relevant representations W, and W, we take the both to be

7ot (e): Uy(gs') — End(V)

zu
defined in (3.9). The parameters u € (C*)™ are arbitrary and not restricted to (3.10).
Theorem 3.2. The 5%(e|z) with e € {1,3}" and s,t € {1,2} enjoys the U,(gy") symmetry

AP(g)5%!(e]z) = 5*'(e|z)Alg) Vg € Uy(ay") (3.28)
in the tensor product representation T w(€) ® myu(€).

When (s,t) = (2,2), Theorem 3.2 holds for each component S’ji,(e\z) in (2.63) as an equality

in End(V? ® V7). For the special case € = (3,...,3), this result was established in [12] whose
proof was further refined in [14].

(IIT) S*™(2,...,2|2) in (2.64). To recall this, see (2.32) for the matrix product construction
and (2.53) for the weight conservation. The relevant Yang-Baxter equation is (2.36) with (2.37).
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It involves S™(3,...,3|z) treated in the above (I) in addition to the S™(2,...,2|z) under con-
sideration. The relevant representations are given by

a3, ,3): Ug(AY ) - End(V)  for W, (3.29)
(1) Ug(AY) = End(V)  for W/ (3.30)
in terms of (3.8), where u = (uq,...,u,) € (C*)" is arbitrary. This is a distinct situation from

the previous (I) and (II) in that the left and the right components in W, ® W, differ not only
by the spectral parameters.

Theorem 3.3. The S" (2, .. .,2]2‘1) enjoys the Uy (Afll_)l) symmetry

AP(g)S¥(2,...,21271) = 8"(2,...,21z"A(g)  Vge U, (Al) (3.31)

in the tensor product representation 7', (3,...,3) @ my(1,...,1).

The theorem actually holds for each component Sl“;ﬂ (2, VN 2\z*1) in (2.64) as an equality
in End(V; ® V,5,). From the explanation after (3.14) the corresponding restrictions of (3.29) to

Vi = Vi(3,...,3) is the dual of the degree-l symmetric tensor representation. Similarly the re-
striction of (3.30) to V,,, = V_,,,(1,...,1) is the degree-m symmetric tensor representation. Thus
Sltrm (2, cen 2]7:_1) provides an example of R matrix that acts on a pair of dual representations.

3.7 Sketch of proof

Proofs of the U, symmetry similar to Theorems 3.1, 3.2 and 3.3 have been detailed in many
circumstances in the earlier works [17, Section 7], [12, Section 4.2], [13, Section 5] and [14,
Section 4.3]. In fact the method in the last literature is the simplest as far as the building block
of the matrix product is the 3d R only. It is applicable to all the theorems in the previous
subsection. Therefore we shall only illustrate the two typical cases different from e = (3,...,3),
which have not been treated in [14].

Proof of (3.28) fort =1, e, =1 and g = f,,. First we compute the image of the generators
frs kn € Uy by w3 (e) according to (3.9)

s e ep)

fn = bl — " oD (bh) = —uk, ay,,

) (1)

1 pSLEll ® '®puln
—

s,1
b 7 ity P (it 1) = —iky,

where the left arrows and the right equalities are due to (3.7);=1 and (3.4), respectively. It is
easy using the coproduct (3.2) to rewrite the commutativity (3.28) with g = f,, as

(1@ fo+ fa@ k)85 (2) = S () (fu @1+ k@ f), (3.32)

where f, = K~ 'f,K. We have f, = iq_%fn combining the facts f,|m) «x |m — e,) and
lmlc = —my, + -+ in (2.50) due to £, = 1. When (2.33) is substituted into (3.32), f, and ky,
only touch the spaces labeled by «,, §, in (2.33). Therefore it suffices to show

1o (1lek'a — ¢k lam @ k)] RIx1)
=R[1® (k'a- ®1- gkl k™ 'a™)]|x1).

The index n has become unnecessary here and is hence dropped. Instead the extra 1® is attached
remembering that the tensor cube here corresponds to “a® a, ® 5,” in 5223 8, = Raan,Bn (2.34).
Relabeling them naturally as 1, 2, 3, we are to left to verify

1 - 1.1 4= 1 _ - 1l 1y -1 —
(k3'ay —q 2ky tay k) Rx1) — R(ky'ay; — ¢ 2k, 'k 'ag)|x1) =0, (3.33)
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where |x1) lives in the first (label 1) component. Using (2.8), (2.14)—(2.16) and (2.19) one can
rewrite the first two terms as

kg 'ay Rlx1) = ky 'k, ! (ke )Rx1) = Rky'k; ' (kiag + ksag a))|x1)
= Rk 'k; kag [x1) + Rk ey (1 — ¢~ 2ka)|xa),
—q72ky "ag kg ' RIvi) = —q 2 Rk; 'k (a ay — kiksay)|x1)
— —¢ 2Rk, 'k ey (1+ g2k [x1) + ¢ 7kik; ay xa)-

Now all the terms are of the form R(---)|x1) and (3.33) follows.
Proof of (3.31) for g = ep. From (3.6) and (3.4), (3.5) we have

ma(3,...3): eo = aduruytayalk,t, ko e Ky ka,
71';;“(1,...,1): () Hydulunlanal k11’ ko — knkl_l-

In (3.31), the representation (7%, (3,...,3)@7,(1,.. ., 1)) AP)(¢g) acts on (2.32)]c=(2,....2) only
through the part IR(an) an*hWQ&l) 5,» Where fan) 5, has been brought to the left by the cyclicity

of the trace. Let us relabel this as 3%1,2732*}‘2%1/,273/ after applying (2.34). Now the relevant
indices become 1, 1/, 2, 3, 3’ and (2.32) is reduced to

(zayalk;! +afazk; 'kiky' ) Ri232 2Ry
= Riz32 P Rupy (a3 agky! + za7alky kaky ). (3.34)

All the four terms here can be converted into the form Ry g 3(- -+ )2 82Rys 9 3 by means of (2.8)
and (2.13)—(2.16) as follows:

zay al,k le 2,32 Zle/ 2,3 = 2R 2 331/(1{3&1 + k1a2 ag )k 1k 2.{Rl/ 2,3
ag a3,k1 k1/k3, 5{1,273,2 25{1/7273/ le 2 3(k1a3 + kgal a, )k k a3,k1/k3, 2z 2fR1/7273/,
iRngz_h?R1/?273ra§'a§k§,1 = :RLQ’?,Z hQa;{ (k1/a3, + k3/a1,a2 )k k3,lle/,2’3/

= R1,273a§r(k1/a3_, + zk3/af,a2_)k 1k3/ z 23%1/7273/,
:Rl’2’32_h2fR1/’273/Zal—ail—,kl_lkgkg,l = ZfRLg?gz_hQal_kl_lk:g(kg/al, + klfajag,)k;lkg,lﬁll7273/

-1 —\—1,—-1.-h
:R1727gal kl kg(Zkg/aii_,—l—klla;a?),)kQ k3, z 2931/72,3/.

Now (3.34) can directly be checked.
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