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1. Prove that if X is an ordered set (equipped with the order topology) in which every
closed interval is compact, then X has the least upper bound property.

2. Consider r0, 1sN with the uniform topology. Find an infinite subset of this space that
has no limit point.

3. Show that r0, 1s is not limit point compact in Rl (the lower limit topology).

4. let X be limit point compact.

(a) If f : X Ñ Y is continuous, does it follows that f pXq is limit point compact?

(b) If A is a closed subset of X, does it follows that A is limit point compact?

5. Show that r0, 1sr0,1s is not sequentially compact.

Hint: Recall that an element of r0, 1sr0,1s can be viewed as a function f : r0, 1s Ñ r0, 1s.
Consider the sequence pfnqnPN defined by fn pxq “ an P t0, 1u, where x “

ř8
i“1

ai
2i

is
the (unique) binary representation of x.

6. *(Proof of Tychonoff Theorem) We want to prove that an arbitrary product of compact
spaces is compact.

To do that we need some basic facts of the Chapter 1 of Munkres’s book. Recall
that:

‚ a well-order on a set I is a total order such that every non-empty subset
has a least element.

‚ the well-order Theorem says that it is possible to put a well-order on every
non-empty set I such that I contains a largest element.

‚ (Transfinite induction) Let I be a well-ordered set. Suppose that you have
a list of propositions Pα, α P I such that whenever the Pi are true for i ă β
then Pβ is also true (note that this imply that Pα0 is true where α0 is the
least element of I), then the proposition Pα is true for any α P I.

For more details about transfinite induction and well-ordered set :(see e.g. Munkres,
Chapter 1).

(a) First we prove a generalization of the tube lemma. Let A be a collection of
basis elements for the topology of the product space X ˆ Y , such that no finite
subcollection of A covers X ˆ Y . If X is compact, there is a point x P X such
that no finite subcollection of A covers the slice txu ˆ Y .

(b) Now we are ready to prove the theorem. Let tXαuαPJ be a family of compact
topological spaces. Set X “

ś

αPJ Xα. By well-ordering theorem we can put a



well order on J such that it has a largest element. Let πα : Xα Ñ X be the
projection map.

(i) Let β P J . Suppose points pi P Xi are given, for all i ă β. For any α ă β,
let Yα denote the subspace of X defined by the equation:

Yα :“ tx |πi pxq “ pi for i ď αu.

Note that if α ă α1, then Yα Ą Yα1 . Show that if A is a finite collection of
basis elements of X that covers the space

Zβ :“
č

αăβ

Yα “ tx |πi pxq “ pi for i ă βu

then A actually covers Yα for SOME α ă β.
Hints
We have two case. If β has an immediate predecessor in J , let α be that
immediate predecessor. Otherwise, for each A P A, let JA be the set of
those indices i ă β for which πi pAq ‰ Xi. Let K be the union of the sets
JA for A P A. Show that K is a finite set and let α be the largest element
of K.

(ii) Assume that A is a collection of basis elements such that no finite subcol-
lection of A covers X. Show that one can chose points pi P Xi for all i such
that the space Yα defined in piq cannot be finitely covered by A.
Hints
We use the transfinite induction. If α is the smallest element of J , use the
lemma (a) to chose pα.
Otherwise if pi is defined for all i ă β, note that the space Zβ cannot be
finitely covered by α and use the lemma (a) to chose pβ.

(iii) Let α be the largest element of J . Then find a contradiction to the point
(ii).
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