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Some examples
1. Let S be a topological space and R be an equivalence relation on S. en let f
be a continuous funion from S/R to {0, 1}. is induces a continuous funion
f̃ : S → {0, 1}, which has to be constant by conneedness of S. So f is constant
too and S/R is conneed.
2. Let ϕ : R → R2 be a homeomorphism. en by ϕ, R∗ is homeomorphic to
R2−{ϕ(0)}. ButR∗ is not path-conneedwhereasR2−{ϕ(0)} is path conneed,
contradiion.

Produ of conneed spaces.
1. e topological space SK is homeomorphic to

∏
i∈K Si which is a finite produ

of conneed spaces, hence conneed.
2. e interseion SK ∩ SK′ is never empty and all the SK are conneed, so Y is
conneed.
3. Let y be any element of S and U an open neighbourhood of y. en U contains
a element of the basis of the produ topology i.e

∏
i∈I Ui with K a finite subset

of I and Ui = Si for all i ̸∈ K. e interseion SK ∩
∏

i Ui is not empty. So the
closure of Y is equal to S. e closure of a conneed space is conneed, so S is
conneed.

Conneed or not conneed ?
e spaces 1, 4, 5 are locally path-conneed. For them, being conneed is

equivalent to being path-conneed.
1. R∗ is not conneed because (−∞, 0) and (0,+∞) are two non-empty disjoint
open sets covering R∗. Now those two open sets are conneed because they are
convex, hence they are the two conneed components.
2. We will show that the conneed component of any rationnal x, is {x} and
so, Q is not conneed (in fa, it is totally disconneed). Suppose that Cx is the
conneed component of x. en if Cx has at least two points a < b, choose any
irrational a < r < b ; then (−∞, r) ∩ Cx and (r,+∞) ∩ Cx are open non-empty
and separates Cx. So the conneed components are the points.
3. e topological space S = {(x, sin( 1x))|x > 0} ∪ {(0, y)|y ∈ [−1, 1]} is the
closure of the graph of the funion x 7→ sin( 1x) on (0, 1]. e graph of a continu-
ous funion on a conneed space is conneed ; so S is the closure of a conneed
space, hence it is conneed. But it is not path-conneed. For example, if it were
possible to conne (0, 0)with (1, sin 1) by a path, it would coincide on (0, 1]with
the funion x 7→ sin( 1x) and so, it would mean that this funion has a limit when
x → 0, which is not the case.
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4. e determinant funion is a continuous funion on On(R) with values in
{−1, 1} which is not constant. Hence On(R) is not conneed. e two con-
need components of On(R) are SOn and O−

n . Indeed, by the decomposition

theorem of orthogonal matrices in blocks of the form
(

cos θ sin θ
− sin θ cos θ

)
, SOn is

homeomorphic to (SO2)
⌊n
2
⌋. e space SOn is known to be homeomorphic to the

circle which is conneed, hence SOn is conneed because it is homeomorphic to
a produ of conneed spaces. Finally, by multiplication by diag(−1, 1, 1, ..., 1)
we see that O−

n is homeomorphic to SOn and thus, is conneed.

5. e morphism ϕ : (a, b) 7→
(

a b

−b a

)
is a bijeion from S3 to SU2 whose

inverse is ϕ−1 : U 7→ (pr
11
(U), pr

12
(U)). Both are continuous so it is a homeo-

morphism. Hence SL2 is conneed.

Application to Analysis
1. e set A is defined by an equality, so it is closed. Now let x be an element of
A, by the mean property, for r > 0 sufficiently small,

f(x) =
1

2π

∫ 2π

0
f(x+ reiθ)dθ ≤ sup

Ω
f = f(x)

this implies that f(y) = f(x) for y sufficiently near x, so A is open.
2. As A is non empty by assumption, open and closed in Ω conneed, we have
A = Ω and f is constant.

A riddle
Let f be such a funion, then because Q is countable, f(R) is a countable

subset of R. Because R is conneed, f(R) is a conneed countable subset of R,
hence a point. Conclusion : such a funion cannot exist.

Pathology : the ordered square
1. Suppose c ∈ B, then c ̸= a, so either c = b or a < c < b. In either cases, it
follows that an interval (d, b] is contained in B. If c = bwe have a contradiion at
once, for d is a smaller upper bound on A than c. If c < b, we note that (c, d] does
not interse A (because c is an upper bound on A). en (d, b] = (d, c] ∪ (c, b]
does not interse A. Again d is a smaller upper bound on A than c, contrary to
construion. So c ̸∈ B.

Suppose now c ∈ A, then c ̸= b, so either c = a or a < c < b. Because
A is open in [a, b], there must be some interval of the form [c, e) contained in A.
Because of order topology of the linear continuum L, we can choose a point z of
L such that c < z < e. en z ∈ A, contrary to the fa that c is an upper bound
for A. So c ̸∈ A.
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conclusion : [a, b] is conneed.
3. Conneed sets are convex in the order topology. Now suppose that C is convex
and that A and B are two non empty disjoint open sets covering C. Choose a ∈ A
and b ∈ B, then [a, b] ∩ A and [a, b] ∩ B are disjoint open sets covering [a, b]
which is conneed, so one of the two has to be empty, for example A. is is a
contradiion because a ∈ A. So C is conneed. Hence the conneed subsets of
L are exaly the convex ones.
4. e square S is a linear continuum. Indeed, for the order topology, for every
x < y in S it is possible to find x < z < y. Let's check it has the least-upper-bound
property. Let π be the projeion map to the first faor. It is continuous (w.r.t the
produ topology on S) and surjeive. Let A be a subset of S which is bounded
above. Consider π(A). Since A is bounded above, π(A) is bounded above and as
it is a subset of I it has the least-upper-bound property. Let b be the least upper
bound, if b belongs to π(A), then b× I will interse A at say b× c for some c ∈ I.
Notice that since b× I has the same order type of I, the set (b× I)∩A will indeed
have a least upper bound b× c′, which is the least upper bound for A.

If b doesn't belong to π(A), then b × 0 is the least upper bound of A, for if
d < b, and d× e is an upper bound of A, then d would be a smaller upper bound
of π(A) than b, contradiing the unique property of b.
5. Suppose the ordered square is locally path-conneed, then because it is con-
need, it will be path-conneed. So let f : [0, 1] → S be a path from (0, 0) to
(1, 1). e image set f([a, b]) must contain every point of S by the intermediate
value theorem. erefore, for each x ∈ I, the set Ux = f−1(x × (0, 1)) is a non
empty subset of [0, 1] ; by continuity, it is open in [0, 1]. en [0, 1] contains an
uncountable disjoint union of non-empty open sets, which is not possible.

In short : the space [0, 1] has a countable basis of neighbourhoods, which is
not the case of S.
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