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Problem Set 2

Universal coefficient theorems, Tor

1. Let X be a topological space. Show that H1(X,Z) has no torsion.

Solution: By the universal coefficient theorem H1(X,Z) fits into an exact sequence

0→ Ext(H0(X),Z)→ H1(X,Z)→ Hom(H1(X),Z)→ 0.

Since H0 is free, the first group vanishes. We conclude by noticing that for any abelian group G the
group Hom(G,Z) has no torsion.

2. Compute the singular cohomology groups with Z and Z/2Z coefficients of the following spaces via
simplicial or cellular cohomology and check the universal coefficient theorem in this case.

(a) The two-dimensional torus T = S1 × S1

Solution: T has the structure of a CW-complex with one 0-cell e0, two 1-cells e11, e12 and one 2-cell
e2. The boundary of e2 moves through each e1i twice but in opposite directions so that in each case
the degree is zero. The cellular chain complex therefore takes the form

0→ Ze2 0−→ Ze11 ⊕ Ze12
0−→ Ze0 → 0.

Dualising gives a complex of the form

0← G
0←− G⊕G

0←− G← 0,

where G ∈ {Z,Z/2Z}. Therefore H0
∼= H2

∼= Z, H0 ∼= H2 ∼= G, H1
∼= Z2, H1 ∼= G2.

We see that the cohomology groups are exactly the duals of the homology groups and therefore
checking the universal coefficient theorem means here to check that all the groups Ext(Hi, G) are
zero. That follows from the fact that all Hi are free.

(b) The Klein bottle

Solution: The Klein bottle has a CW-complex structure of the same shape as for the torus, however
this time the boundary of e2 moves through, say e11, twice. Therefore the cellular chain and cochain
complexes are

0→ Z
(2
0)−−→ Z⊕ Z 0−→ Z→ 0,

0← G
(2,0)←−−− G⊕G

0←− G← 0.

Therefore we have H0
∼= Z, H1

∼= Z/2Z⊕ Z, H2
∼= 0, H0 ∼= G, H2 ∼= G/2G and

H1 =

{
Z/2Z⊕ Z/2Z , if G = Z/2Z,
Z , if G = Z.

The difference between the dual of homology and cohomology is explained by the non-trivial Ext-
group Ext(H1(X), G) ∼= Ext(Z/2Z, G) ∼= G/2G.

(c) The real projective plane RP 2
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Solution: The space RP 2 has a CW-complex structure of a 0-cell e0, a 1-cell e1 and a 2-cell e2,
which is attached to e1 by a degree 2 map. The cellular chain and cochain complexes are

0→ Z 2−→ Z 0−→ Z→ 0,

0← G
2←− G

0←− G← 0.

Therefore the homology groups are H0
∼= Z, H1

∼= Z/2Z, H2
∼= 0 and the (isomorphism classes of

the) cohomology groups are in the following table.

H0(RP 2, G) H1(RP 2, G) H2(RP 2, G)
G = Z Z 0 Z/2Z
G = Z/2Z Z/2Z Z/2Z Z/2Z

As in Part b, the only non-trivial Ext-group is Ext(H1(X), G) ∼= G/2G and we easily check the
universal coefficient theorem.

3. Show that if f : Sn → Sn (n ≥ 1) has degree d then f∗ : Hn(Sn;G) → Hn(Sn;G) is given by
multiplication by d.

Solution: We view X = Sn as a CW-complex X• with one 0-cell and one n-cell. Then the result-
ing cellular chain complex can only have trivial differentials. By assumption, the endomorphism of
Hn(Xn, Xn−1) ∼= Z induced from f is given by multiplication by d. The dual complex has still only
trivial differentials and the endomorphism of Hn(Xn, Xn−1;G) ∼= G induced from f is the corresponding
dual endomorphism, which is also multiplication by d. We conclude that the induced endomorphism of
Hn(Sn;G) is also given by multiplication by d.

4. (a) Consider the Moore space M(Z/mZ, n), which is obtained from the sphere Sn by attaching a
single (n + 1)-cell using a degree m map fm : Sn → Sn. For an abelian group G, calculate
H∗(M(Z/mZ, n);G) and H∗(M(Z/mZ, n);G).

Solution: Let X = M(Z/mZ, n). We are given a CW-complex structure with one 0-cell e0,
one n-cell en and one (n + 1)-cell en+1. By assumption the boundary of en+1 maps to en with

degree m. In degree n and (n + 1) the chain and cochain complexes are given by G
·m−−→ G and

G
·m←−− G, respectively. We calculate that all homology and cohomology groups are trivial except for

H0(X;G) ∼= H0(X;G) ∼= G, Hn(X;G) ∼= Hn+1(X;G) ∼= G/mG and Hn+1(X;G) ∼= Hn(X;G) =

ker(G
·m−−→ G).

(b) Show that the projection map M(Z/mZ, n)→ Sn+1, which contracts the Sn we have started with to
a point, induces trivial maps on Hi(M(Z/mZ, n);Z) exactly when i 6= 0 and on Hi(M(Z/mZ, n);Z)
exactly when i /∈ {0, n + 1}.
Solution: The map is given by a cellular map if we view Sn+1 as a CW-complex with one 0-cell
and one (n + 1)-cell. We see that the projection map induces an isomorphism between 0 and
(n+1)-dimensional cellular chains and induces the zero map in all other degrees. The result follows
immediately.

(c) Conclude that there does not exist an isomorphism

iX : Hn(X;Z)→ Ext(Hn−1(X),Z)⊕Hom(Hn(X),Z)

for every space X such that for every map f : X → Y between spaces there is a commutative
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diagram

Hn(X;Z) Ext(Hn−1(X),Z)⊕Hom(Hn(X),Z)

Hn(Y ;Z) Ext(Hn−1(Y ),Z)⊕Hom(Hn(Y ),Z)

iX

(Ext(Hn−1(f),Z),Hom(Hn(f),Z))

iY

Hn(f)

. (1)

Solution: Take X = M(Z/mZ, n−1), Y = Sn and the projection map from Part b. We have shown
that the map Hn(f) is not zero, but that all Hi(f) are zero and therefore also Ext(Hn−1(f),Z) and
Hom(Hn(f),Z). Therefore the existence of isomorphisms iX , iY and the commutative diagram (1)
would lead to a contradiction.

5. Show that Tor(A,Q/Z) is isomorphic to the torsion subgroup of A. Deduce that A is torsionfree iff
Tor(A,B) = 0 for all B.

Solution: In general it is true that Tor(A,Q/Z) ∼= Tor(T (A),Q/Z), where T (A) is the torsion group
of A, as one can see by using the long exact sequence for 0 → T (A) → A → A/T (A) → 0 and
noticing that A/T (A) is torsionfree. So we can now assume that A is torsion and we want to show that
Tor(A,Q/Z) ∼= A.

We now use the long exact sequence for 0→ Z→ Q→ Q/Z→ 0:

0→ Tor(Z, A)→ Tor(Q, A)→ Tor(Q/Z, A)→ Z⊗A→ Q⊗A→ Q/Z⊗A→ 0

The first two Tor groups vanish because Z and Q are torsionfree. Also notice that Z ⊗ A ∼= A. So to
conclude we need to show that the map A ∼= Z ⊗ A → Q ⊗ A is the zero map. Recall that this map
maps some a ∈ A to a ⊗ 1. But there is a nonzero n ∈ Z such that na = 0 since A is torsion. So
a⊗ 1 = na⊗ 1

n = 0.

6. Show that Tor(A,B) is always a torsion group.

Solution: As in the previous exercise we can assume that A and B are torsion groups. We then form
an exact sequence

0→ ker→
⊕

06=b∈B

Z/ ord(b)Z→ B → 0,

where ord(b) is the order of b ∈ B and the map to B is given by sending a generator of the factor
corresponding to b to b. If we write C for the group in the middle, we obtain from the exact sequence
for Tor the short exact sequence

0→ coker(Tor(A, ker)→ Tor(A,C))→ Tor(A,B)→ ker(A⊗ ker→ A⊗ C)→ 0. (2)

We have that

Tor(A,C) =
⊕

0 6=b∈B

Tor(A,Z/ ord(b)Z) =
⊕

06=b∈B

ker(A
· ord(b)−−−−→ A)

and A ⊗ ker are torsion groups because A is a torsion group. Hence the first and third term of (2) are
torsion. The result follows from the general result that if in an exact sequence 0→ G′ → G→ G′′ → 0
the groups G′ and G′′ are torsion, then so is G.

7. In the example of RP 2 and the coefficient ring Z/2Z check the statement of the universal coefficient
theorem in homology.
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Solution: Let X = RP 2. From the result of Exercise 3c we see that H0(X)⊗ Z/2Z ∼= Z/2Z, H1(X)⊗
Z/2Z ∼= Z/2Z and that all other Hi(X)⊗Z/2Z vanish. On the other hand, in the cellular chain complex
with Z/2Z-coefficients

0→ Z/2Z→ Z/2Z→ Z/2Z→ 0

all maps are trivial and therefore Hi(X) ⊗ Z/2Z agrees with Hi(X;Z/2Z) except for i = 2, where
H2(X) ⊗ Z/2Z ∼= 0, but H2(X;Z/2Z) ∼= Z/2Z. Because Hi(X) has no torsion except in degree 1, the
only nonvanishing Tor group in the universal coefficient theorem is Tor(H1(X);Z/2Z) ∼= Z/2Z. Exactly
this nontrivial Tor group explains the difference between H2(X)⊗ Z/2Z and H2(X;Z/2Z).
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