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Problem Set 4

Cap products, Orientations, Künneth formula

1. Show that M ×N is orientable if and only if M and N are both orientable.

Solution: We can assume without loss of generality that M and N are connected. Let m and n be
their dimensions and let M̃ and Ñ be the orientable two-sheeted covers of M and N respectively. We
then want to show that the two-sheeted orientable cover C of M ×N is obtained from the four-sheeted
M̃ × Ñ by gluing the pairs of sheets which are related by changing the sheet on both factors.

We construct first a map M̃ × Ñ → C. For (x, y) ∈ X × Y and small ball shaped neighborhoods U and
V of x and y respectively there are maps

Hm(M |x)×Hn(N |y)→ Hm+n(M ×N, (M \ {x})×N \ {y}))→ Hm+n(M ×N |(x, y))

defined using the cross product and the universal coefficient theorem. By naturality of cup product and
the universal coefficient theorem this induces the desired continuous map M̃ × Ñ → C. We can now
easily check that is locally 2:1 and acts on the sheets as described before.

Using the description of the orientation two-sheeted cover the result easily follows: If both M̃ and Ñ
are disconnected, then M̃ × Ñ has four connected components and so C is still disconnected. Otherwise
M̃ × Ñ has at most two connected components and these are glued together by the map to C.

2. Show that every covering space of an orientable manifold is an orientable manifold.

Solution: Let M be an n-dimensional orientable manifold and π : N →M be a covering map. We can
assume without loss of generality that M and N are connected. Then we have two-sheeted orientable
covers πM : M̃ → M and Ñ → N . We know that M̃ is disconnected and want to show that also Ñ is
disconnected.

For any x and a small neighborhood U the projection π induces isomorphisms Hn(N |U)→ Hn(M |π(U)),
Hn(N |x)→ Hn(M |π(x)) making the diagram

Hn(N |V ) Hn(N |U) Hn(N |x)

Hn(M |π(V )) Hn(M |π(U)) Hn(M |π(x))

commute for any open V ⊆ U . This shows that Ñ is homeomorphic to the push-out

N ×M M̃ := {(n,m) ∈ N ×M |π(n) = πM (m)}.

So because M̃ isomorphic to two copies of M , also Ñ is isomorphic to two copies of N and therefore
disconnected.

3. Show that for any connected closed orientable n-manifold M there is a map f : M → Sn of degree 1,
i.e. it sends the fundamental class of M to the fundamental class of Sn.

Solution: We want to show that for any open ball B ⊂M that the map which contracts the complement
of B sends a fundamental class of M to a fundamental class of Sn.
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Take any x ∈ B and look at the commutative diagram

Hn(M) Hn(M |x) Hn(B|x)

Hn(Sn) Hn(M |f(x))) Hn(f(B)|f(x))

where the vertical maps are induced from f . The right vertical arrow is an isomorphisms because
f |B : B → f(B) is a homeomorphism. The two left horizontal arrows are isomorphisms by orientability
and the two right horizontal arrows are isomorphisms by excision. Therefore the left vertical map is also
an isomorphism and f sends a fundamental class of M to a fundamental class of Sn.

4. Find an orientable two-sheeted covering space of the Klein bottle. Which well-known space do you get?

Solution: We obtain a 2-torus T to be from the rectangle R = [0, 2]× [0, 1]

0 1 2

1

by gluing the border according to the arrows. We can also obtain a Klein bottle K by gluing the left
square S. The map R → S which is the identity on the left square and (x1, x2) 7→ (x1 − 1, 1 − x2) on
the right square induces a double covering T → K. We want to identify this cover with the orientation
double cover K̃.

For this we start by choosing an orientation on R. Then we define the map K̃ → R first on the image
of the interior of the left square, by mapping a point x ∈ K with a local orientation to{

(x1, x2) , if the local orientation agrees with the orientation of R,

(x1 + 1, 1− x2) , else,

where (x1, x2) are the coordinates of the preimage of x in S. The map is clearly continuous and extends
continuously to the image of the horizontal boundary in T . The map also extends continuously to the
image of the vertical boundary since the two vertical boundaries are mapped to each other orientation
reversingly and by the definition of the double cover R→ K.

5. (a) Show that (α ∩ ϕ) ∩ ψ = α ∩ (ϕ ∪ ψ) for all α ∈ C∗(X;R), ϕ,ψ ∈ C∗(X;R). Deduce that the cap
product makes H∗(X;R) a right H∗(X;R)-module.

Solution: By linearity we can assume that α ∈ Ck(X;R), ϕ ∈ Cl1(X;R), ψ ∈ Cl2(X;R). Let us
also assume that k ≥ l1 + l2 because both sides are zero. Then we can compute

(α ∩ ϕ) ∩ ψ = ϕ(α|[v0...vl1 ])α[vl1 ...vk]
∩ ψ = ϕ(α|[v0...vl1 ]

)ψ(α|[vl1 ...vl1+l2
])α[vl1+l2

...vk]

= (ϕ ∪ ψ)(α|[v0...vl1+l2
])α[vl1+l2

...vk] = α ∩ (ϕ ∪ ψ).

So (ϕ, α) 7→ α ∩ ϕ defines a right H∗(X;R)-module structure on H∗(X;R).

(b) Compute the module structure explicitely for X being an orientable surface of genus g and R = Z.
Do the same for X being the Klein bottle.
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Solution: For the genus g surface, see Hatcher Example 3.31.

For the Klein bottle, there is no homology in dimension 2, so only the cap product between H1 and
H1 is interesting. We use the explicit simplicial complex as in the solution of Problem 1a on Sheet
3. H1 is generated by a+ c and b and H1 is generated by a∗ + c∗. Obviously b∩ (a∗ + c∗) = 0. On
the other hand

(a+ c) ∩ (a∗ + c∗) = a ∩ a∗ + c ∩ c∗ = 2[pt].

6. Show that any map f : Sk+l → Sk × Sl induces the zero homomorphism Hk+l(Sk+l;Z) → Hk+l(Sk ×
Sl;Z) for k, l > 0

Solution: Since the singular homology of any sphere is torsion-free, by the Künneth formula Hk+l(Sk×
Sl) ∼= Hk(Sk)⊗H l(Sl). So any class in Hk+l(Sk × Sl) is a linear combination of classes of the form

π∗
1a ∪ π∗

2b,

where π1 : Sk × Sl → Sk and π2 : Sk × Sl → Sl are the projections, a ∈ Hk(Sk) and b ∈ H l(Sl). By
functoriality of the cup product the image of f∗ is generated by elements of the form

f∗(π∗
1a ∪ π∗

2b) = (π1 ◦ f)∗a ∪ (π2 ◦ f)∗b.

However in the case that k, l > 0 these (π1 ◦ f)∗a and (π2 ◦ f)∗b are zero for dimension reasons.

7. Show that the Künneth formula H∗(X;R)⊗R H
∗(Y ;R) ∼= H∗(X × Y ;R) does not hold for general X,

Y and R in the following examples.

(a) R = Z and X = Y = RP 2

Solution: Straight-forward calculation using e.g. cellular cohomology gives.

0 1 2 3 4
H∗(RP 2;Z)⊗H∗(RP 2;Z) Z 0 (Z/2Z)2 0 Z/2Z
H∗(RP 2 × RP 2;Z) Z 0 (Z/2Z)2 Z/2Z Z/2Z

(For RP 2×RP 2 we can take a product CW-complex structure.) We see that the Künneth formula
fails here already on the level of abelian groups.

(b) X and Y are infinite disjoint unions of points.

Solution: For X, Y and X × Y only H0 does not vanish and corresponds to the set of R-valued
functions. The map of the Künneth formula is induced from the bilinear map which maps f : X → R
and g : Y → R to (x, y) 7→ f(x)g(y). The induced map on the tensor product is however not a
surjection since the image of any linear combination

k∑
i=1

fi ⊗ gi

lies in the subspace of functions h : X × Y → R such that {h(−, y) : y ∈ Y } is finite. However for
0 6= r ∈ R and two injections i : Z→ X, j : Z→ Y the function

(x, y) 7→

{
r , if ∃a ∈ Z : (x, y) = (i(a), j(a)),

0 , else

does not satisfy this condition.

8. Let A be an n× n matrix with integer entries. Then A induces a map ϕ : Tn → Tn where Tn = Rn/Zn

is the n-dimensional torus.

Page 3



Prof. Rahul Pandharipande
ETH Zürich
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(a) Show that under the obvious identification H1(Tn;Z) ∼= Zn, the pullback ϕ∗ : H1(Tn;Z) →
H1(Tn;Z) is equal to the transpose of A.

Solution: The identification H1(Tn;Z) ∼= Zn is made via

H1(Tn;Z) ∼= Hom(H1(Tn),Z) ∼= Hom(Zn,Z) ∼= Zn,

where the map f : Zn → H1(Tn) sends (a1, . . . , an) to the sum of ai times the generating cycle in
coordinate direction i. So the map induced from ϕ on H1(Tn) is given by the matrix A and the
dual map on H1(Tn;Z) is given by the transpose of A.

(b) Show that the degree of ϕ equals the determinant of A.

Solution: Let e1, . . . , en by the canonical basis of H1(Tn;Z) induced from the identification in Part
a. Then by the Künneth formula Hn(Tn;Z) is generated by e1∪· · ·∪en. The image ϕ(e1)∪· · ·∪ϕ(en)
can be written as a multiple of e1 ∪ · · · ∪ en using the anticommutativity of the cup-product. From
linear algebra it follows that the factor is det(A).
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