D-MATH Algebra IT FS 15
Prof. Emmanuel Kowalski

Exercise sheet 11

1. Let
0:G— GL(V)
be a K-representation of a group G. Let E = End(V') be the vector space of linear
maps from V to V.

1. Show that defining
T(9)A = gAg™!

defines a representation 7 of G on E.

2. Show that E, the space of fixed points of E for this representation, is equal to
Homg(V, V).

2. Let
0: G— GL(V)

be a K-representation of a group G, and let
x:G— K*

be a one-dimensional representation.

1. Show that defining
ox(9) = x(9)e(g)

gives a representation g, of G on V.
2. Show that a subspace W of V' is stable under o if and only if it is stable under o, .

3. Show that o is irreducible (resp. semisimple) if and only if g, is irreducible (resp.
semisimple).

3. Let G = C, V = C? and define p by

o(z) = (é j) € GL(V).

1. Show that g is a representation of G on V.

2. Show that the line L C V spanned by the first basis vector is a subrepresentation
of G.
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3. Show that there does not exist a subspace W C V such that L& W =V and W
is a subrepresentation.

4. Show that ¢ is not semisimple.

4. Let
0: G— GL(V)

be a K-representation of a group G. Let V' be the dual vector space to V.
1. Define 7(g) € End(V’) by the relation

(m(9) (M) (v) = Melg™)(v)

for A € V' and v € V. Show that this is a representation of G on V' (it is called
the contragredient of p).

2. If dim(V') is finite, find a natural bijection between subrepresentations of ¢ and
subrepresentations of 7.

3. Deduce that if dim (V') is finite, then p is irreducible if and only if 7 is irreducible.

4. If dim(V) is finite, show that the bidual V", with the contragredient of the con-
tragredient representation, is isomorphic to V' as a representation of G.



