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Exercise 4.1

Waiting queue paradox. Let (Nt)t>0 be a homogenous Poisson process with intensity λ. We de�ne
the following random variables (with S0 = 0):

γt = SNt+1 − t (Waiting time for the next jump)

δt = t− SNt (Passed time since the last jump or the point in time 0)

βt = γt + δt

(a) Determine the distribution of the random variables γt and δt .

(b) Determine the joint distribution of γt and δt and explain the result.

(c) Compute the distribution of the random variable βt.

(d) Compute E[βt] and limt→∞E[βt]. Compare the expectation of βt with the interarrival
times Ti. Give an interpretation of your results.

Exercise 4.2

Let (Nt)t>0 be an inhomogeneous Poisson process with N0 = 0 and rate ρ(t) = αt, where α is a
positive constant. Let

Wn := inf{t > 0 : Nt = n}, n = 1, 2, . . .

Determine the distribution of Wn and the joint distribution of W1,W2 −W1.

Exercise 4.3

Largest gap in a Poisson process. Let (Nt)t≥0 be a homogeneous Poisson process with parameter
λ > 0. The largest gap up to time t is de�ned as

Lt = max
k≥1

(Sk ∧ t− Sk−1 ∧ t).

In this exercise we are going to show that P-almost surely

lim sup
t→∞

Lt

log t
≤ λ−1.

(a) Let ε > 0. Use Borel-Cantelli's lemma to show that P-almost surely

max
1≤k≤n

Tk ≤
1 + ε

λ
log(n/λ)

for n large enough, where the Tk denote the inter-arrival times of the process.



(b) Show that P-almost surely
Nt + 1 ≤ (1 + ε)tλ

for large t enough.

(c) Conclude that P-almost surely lim supt→∞
Lt
log t ≤ λ

−1.


