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1. Let H be a normal subgroup of a discrete group G. Show that G is amenable if and only if H and G/H
are amenable.

Hint: For example the ⇐ direction can be shown by checking that the naive composition of Banach
limits on `∞(H) and `∞(G/H) of Banach limits is well defined, and also a Banach limit on G.

2. ∗ Show that every discrete abelian group G is amenable.

Hint: We already know that Zd is amenable for all d ≥ 1. Hence all finitely generated (fg) abelian
groups are amenable by exercise 1. Now consider for a subgroup H of G the set

SH = {Λ ∈ l∞(G)∗ : Λ ≥ 0,Λ(1G) = 1 and Λ is left-invariant under H}.

Use Tychonoff-Alaoglu to show that ⋂
H<G
H fg

SH 6= ∅.

3. Let {Aτ}τ∈X be a sequence of trace class operators on a separable Hilbert H space indexed by a
probability space (X,µ) such that

τ 7→ 〈Aτv, w〉 and τ 7→ ‖Aτv‖

are measurable for all v, w ∈ H and ‖Aτ‖TR ≤ C is uniformly bounded. Show that
∫
Aτdµ is a trace

class operator and find a formula for tr
(∫
Aτdµ

)
.

4. Assume that 〈·, ·〉1 and 〈·, ·〉2 are two inner forms on V and V is complete with respect to 〈·, ·〉1. In fact,
we may only assume that 〈·, ·〉2 is a semi-inner form and we write Si(v) =

√
〈v, v〉i.

a) Show that if
S2(v) ≤ S1(v)

for all v ∈ V then there exists a bounded self-adjoint operator A such that 〈v, w〉2 = 〈Av,w〉1.

We may define the relative trace tr(S2|S1) = tr(A), which is finite if A is trace class.

b) Let V = H1(T) with S1 = ‖·‖H1 and define Sτ (f) = |f(τ)| for τ ∈ T which clearly comes from
a semi-inner form. Show that tr(Sτ |S1) is uniformly bounded for all τ ∈ T (e.g. by considering
an orthonormal basis of ker (f 7→ f(τ)) and complementing it to one on V ).

c) Apply exercise 3 to deduce that S2 = ‖ · ‖L2 has finite relative trace with respect to S1. How did
we previously write the operator A associated to S2 ≤ S1?


