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Q1. Let X and Y two independent standard normal random variables (N(0, 1)). De�ne the
random variable

Z :=

{
X if Y ≥ 0,
−X if Y < 0.

(a) Compute the distribution of Z.

(b) Compute the correlation between X and Z.

(c) Compute P(X + Z = 0).

(d) Does (X,Z) follow a multivariate normal distribution?.

Solution:

(a) We just have to compute:

P(Z ≥ t) = P((X ≥ t, Y > 0) ∨ (X ≤ −t, Y ≤ 0)

=
1

2
P(X ≥ t) +

1

2
P(X ≤ −t)

= P(X ≥ t).

So Z has the same law as X, thus Z ∼ N(0, 1).

(b) Using the de�nition of covariance

Covar(X,Z) = E (XZ)

= E
(
X21{y≥0}

)
+ E

(
−X21{y<0}

)
= 0.

(c) We have that

P(X + Z = 0) = P(Y < 0) + P(Y ≥ 0, 2X = 0) =
1

2
.

(d) It's not a multivariate normal, because the sum of them is not a normal.

Q2. (a) Take X a random variable. Prove that for all λ ≥ 0

P(X ≥ t) ≤ exp(e−λt)E
(
eλX
)
.

(b) De�ne φX(λ) := ln
(
E
(
eλX
))
. Prove that φ(λ) ≥ λE (X).

(c) Prove that

P(X ≥ t) ≤ E
(
e− supλ≥0{λt−φX(λ)}) .
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(d) If X ∼ N(0, σ), calculate φX(λ).

(e) Prove that if X is a positive random variable

E (X) =

∫ ∞
0

P(X ≥ t)dt

(f) Show that if X ∼ N(0, σ) and Y is a random variable such that ψY (λ) ≤ ψX(λ), then

E(Y 2) ≤ 2σ2.

Solution:

(a) For λ = 0 the property is trivial. If λ > 0, using Markov (chebyshev) inequality we
have that

P(X ≥ t) = P(exp(λX) ≥ exp(λt))

≤ 1

exp(λt)
E (exp(λX)) .

(b) Given that exp(λ·) is a convex function, thanks to Jensen inequality (Thm 3.6) we have
that:

E(exp(λX)) ≥ exp(E(λX))

⇒φ(λ) = ln (E(exp(λX))) ≥ λE (X) .

(c) Using part a) we have that for all λ > 0

P(X ≥ λ) ≤ exp(−λt)E
(
eλX
)
= exp(−(φX(λ)− λt))

⇒P(X ≥ λ) ≤ exp(e− supλ≥0{λt−φX(λ)}),

where we have just taken In�mum over λ ≥ 0.

(d) Let's compute

E
(
eλX
)
=

1√
2πσ

∫ ∞
−∞

eλxe
−x2
2σ2 dx

=
1√
2πσ

∫ ∞
−∞

e−
x2−2λσ2

2σ2 dx

=
1√
2πσ

∫ ∞
−∞

eλxe−
(x−λσ2)2

2σ2 e
λ2σ2

2 dx

= e
λ2σ2

2 ,

then φ(λ) = 1
2
λ2σ2.

(e) We just have to use Fubini's Theorem to compute

E (X) = E
(∫ ∞

0

1{t≤X}dt

)
=

∫ ∞
0

E
(
1{X≥t}

)
dt

=

∫ ∞
0

P(X ≥ t)dt.
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(f) First let's compute:

sup
λ>0

{
λt− 1

2
λ2σ2

}
,

this is just a quadratic function on λ, so it attains it maximum in λmax =
t
σ2 > 0. Then

its supremum is just t
2σ2 . So thanks to problem c) we have that

P(Y ≥ t) ≤ exp(e− supλ≥0{λt−φY (λ)})

≤ exp(e− supλ≥0{λt−φX(λ)})

= exp

(
− t2

2σ2

)
.

Thus, thanks to part e) we have that

E
(
Y 2
)
=

∫ ∞
0

P (Y 2 ≥ t)dt

≤
∫ ∞
0

exp

(
− t

2σ2

)
dt

= 2σ2.

Q3. Let X and Y be random variables with joint density distribution given by

fX,Y (x, y) = e−x
2y1{x≥1}1{y≥0}

(a) Why is this a probability measure?

(b) What is the density function of X.

(c) Compute P(Y ≤ 1
X2 ).

Solution:

(a) We just have to prove that
∫
R2 fX,Y (x, y)dxdy = 1.∫ ∞

1

∫ ∞
0

e−x
2ydydx =

∫ ∞
1

(
−e
−x2y

x2

)∣∣∣∣∣
∞

0

dx

=

∫ ∞
1

1

x2
dx = 1.

(b) We now that fX(x) =
∫
R fX,Y (x, y)dy, then

fX(x) =

∫ ∞
0

e−x
2ydy1{x≥1} =

1

x2
1{x≥1}.

(c) Let's compute:

P
(
Y ≤ 1

X2

)
=

∫ ∞
1

∫ 1
x2

0

e−x
2ydxdy

=

∫ ∞
1

1

x2
− e−1 1

x2
= 1− e−1.
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Q4. (a) Let µn and νn two sequence of probability measure on R. and εn ∈ (0, 1) with εn → 0.
Prove that if µn → µ in distribution, then (1− εn)µn + εnνn → µ in distribution.

(b) Construct with the help of a) a sequence µn so that µn → µ in distribution but
limn→∞

∫
|x|dµn(x) 6=

∫
|x|dµ(x).

(c) Prove that if µn → µ and supn
∫
x2dµn(x) = K <∞ then∫
|x|dµn(x)→

∫
|x|dµ(x).

Hint: For all M prove that∫
min{|x|,M}dµn(x)→

∫
min{|x|,M} ≤ x2

M
dµ(x).

Solution:

(a) Take f : R→ R a continuous and bounded function∣∣∣∣∫ fd((1− εn)µn + εnνn)−
∫
fdµ

∣∣∣∣ ≤ ∣∣∣∣∫ fdµn −
∫
fdµ

∣∣∣∣+ εn

∣∣∣∣∫ fdνn −
∫
fdµn

∣∣∣∣
≤
∣∣∣∣∫ fdµn −

∫
fdµ

∣∣∣∣+ 2εn‖f‖∞ → 0.

(b) Take µn = δ0, i.e. µ(A) = 1{0∈A} and νn = δn. It's clear that µn → δ0 (it's a constant
sequence), so

(
1− 1

n

)
µn +

1
n
νn → δ0, but:∫

|x|d
((

1− 1

n

)
µn +

1

n
νn

)
(x) =

1

n
n = 1 6= 0 =

∫
|x|dδ0(x).

(c) We know that min{| · |,M} is a bounded continuous function. So it's clear that∫
min{|x|,M}dµn(x)→

∫
min{|x|,M}dµ(x),

and thanks to the monotone convergence theorem∫
min{|x|,M}dµ(x)

M→∞
↗

∫
|x|dµ(x)

Note that thanks to Cauchy-Schwarz inequality:∫
|x|1{|x|≥M}dµn(x) ≤

√∫
x2dµn

√∫
1{|x|≥M}dµn(x)

=
√
K

√∫
|x| 1
|x|

1{|x|≥M}dµn(x)

≤ K
3
4

(∫ ∫
1

|x|
1{|x|≥M}dµn(x)

) 1
4

≤ K
3
4M− 1

4 ,
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and using the same method∫
M1{|x|≥M}dµn(x) =

∫
M

x
x1{|x|≥M}dµn(x)

≤

√∫
x2dµn

√∫
1{|x|≥M}dµn(x)

≤ K
3
4M− 1

4 .

To �nish, take ε > 0, and M so that K
3
4M− 1

4 < ε
4
and∣∣∣∣∫ min{|x|,M}dµ(x)−

∫
|x|dµ(x)

∣∣∣∣ ≤ ε

4
.

Then, take n0 so that for all n ≥ n0∣∣∣∣∫ min{|x|,M}dµn(x)−
∫

min{|x|,M}dµ(x)
∣∣∣∣ ≤ ε

4
.

Then∣∣∣∣∫ |x|dµn(x)− ∫ |x|dµ(x)∣∣∣∣
≤
∣∣∣∣∫ |x|dµn(x)− ∫ min{|x|,M}dµn(x)

∣∣∣∣+ ∣∣∣∣∫ min{|x|,M}dµn(x)−
∫

min{|x|,M}dµ(x)
∣∣∣∣

+

∣∣∣∣∫ min{|x|,M}dµ(x)−
∫
|x|dµ(x)

∣∣∣∣
=

∣∣∣∣∫ |x| −M1{x≥M}dµn(x)

∣∣∣∣+ ε

2
= ε.
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