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Let Y be a random variable. We say that Y is in�nitely divisible if for all n ∈ N there exists
(ξ

(n)
i )ni=1 i.i.d. so that

n∑
i=1

ξ
(n)
i

Dist
= Y.

Q1. We say that a random variable Y is bounded if there exists MY ∈ R such that P(|Y | ≤
MY ) = 1. We want to understand bounded in�nitely divisible random variables.

(a) Prove that if Y is a constant (i.e. there exists a ∈ R so that P(X = a) = 1) then Y is
a bounded in�nitely divisible random variable.

(b) Suppose that Y is bounded and in�nitely divisible. Take ξ
(n)
i i.i.d. such that

∑n
i=1 ξ

(n)
i =

Y , show that P(|ξ(n)| ≤ MY

n
) = 1.

(c) Prove that Y is constant.
Hint: Prove that V ar(Y ) = 0.

.

Q2. De�ne φY (λ) := E
(
eiλY

)
the characteristic function of Y . We want to understand the

characteristic function of in�nitely divisible random variables.

(a) Prove that if Y ∼ N (µ, σ2) the Y is in�nitely divisible.

(b) Prove that Y is in�nitely divisible i� for all n there exists φn,Y , a characteristic function
of a random variable, such that (φn,Y (λ))n = φY (λ).

(c) Prove that if Y is in�nitely divisible and Ỹ is an independent copy of Y , thenX := Y −Ỹ
is in�nitely divisible. Additionally, show that 0 ≤ φX(λ) ∈ R for all λ ∈ R.

(d) Prove that φX(λ)
1
n = φn,X(λ).

Hint: It may be useful to prove that 0 ≤ φn,X(λ) ∈ R.
(e) Prove that for all λ ∈ R, φn,X(λ)→ ψ(λ) a function that is continuous in a neighborhood

of 0.

(f) Prove that for all λ ∈ R, ΦX(λ) 6= 0. Conclude that ΦY (λ) 6= 0.

Q3. In this question we want to use the criteria of the question one and two to see whether a
random variable is in�nitely divisible or not.

(a) Let Y ∼ U(0, 1) is it an in�nitely divisible random variable?

(b) Let (ηi)i∈N a sequence of i.i.d random variables. Take N ∼ P (ς) independent of (ηi)i∈N.
Compute, in terms of φη1 , the characteristic function of Y :=

∑N
i=1 ηi. Is it an in�nitely

divisible random variable?
Remember that if N ∼ P (ς)

P(N = k) = e−ς
ςk

k!
k ∈ N.
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