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1. Let X1 and X2 be abelian varieties and L an ample line bundle on X1 ×X2. We wish
to establish the inequality

dimH0(X1 ×X2,L) ≤ dimH0(X1,L|X1) dimH0(X2,L|X2),

with equality if and only if L is isomorphic to L|X1 � L|X2 .

a) For j = 1, 2 write Xj = Vj/Λj and Lj := L|Xj . Let Bj be a basis for the lattice
Λj and Cj a complex basis for Vj , orthonormal with respect to the Hermitian form
associated to c1(Lj). Let Pj be the change of basis matrix from the R-basis Bj to
the R-basis Cj t iCj of Vj . Prove that dimH0(Xj ,Lj) = (det(Pj))

−1.

b) Let A be an arbitrary square matrix, and let

H =

(
I A
tA I

)
be a positive definite Hermitian matrix. Show that det(H) ≤ 1, and that equality
holds if and only if A = 0.

c) Deduce the desired result.

2. Let X = V/Λ be a complex torus and u : X −→ X∨ a group homomorphism. Show
that the following two conditions are equivalent:

i) there exists a line bundle L on X such that u = φL;

ii) u = u∨.

Do the positive and negative eigenspaces of the involution u 7→ u∨ of Hom(X,X∨)
have the same rank?

3. We say that a number field K is totally real if the image of each embedding of K into
C lies inside R. We say that a number field L is a CM field if there is no embedding
of L into R and there exists a totally real field K ⊆ L such that [L : K] = 2.

a) Give interesting examples of totally real number fields and CM fields.
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b) Let K be a totally real number field of degree g and OK be its ring of integers.
Let σ1, . . . , σg be the embeddings of K into R. Let τ1, . . . , τg be complex numbers
with positive imaginary part. Show that

Λ := {(σ1(p)τ1 + σ1(q), . . . , σg(p)τg + σg(q)) | p, q ∈ OK} ⊆ Cg

is a lattice and that X = Cg/Λ is an abelian variety.

c) Show that the algebra EndQ(X) contains K.

d) Let L be a CM-field. We call a CM-type a tuple (ξ1, . . . , ξg) of pairwise non-
conjugate complex embeddings. Find an analog of b) and c) in this situation.


