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14.1. L9 — [P spaces. Let1l < p,q< 0.
(a) Define

n

. 1
Ayp i ={u:RxR" = R : u is measurable, (/ (/ lu(t, )" dx)p dt) < 00}/ n.
R

where ~ is equivalence almost everywhere. Prove that A,, = LI(R, LP(R")).

Hint: Use strong measurability to get a sequence of step functions u; € LI(R, LP(R™))
and establish the correspondance. Use v, = S5 |u;y1 — u;| with

1
i1 — uiHLq(R,LP(R")) =< 9i

and the norm on L'([-T,T], L'(K)) for T > 0 and K C R" compact to prove that
the limiting function is measurable.

(b) Prove that C§°(R x R") C LR, LP(R™)) is dense.

Hint: Reduce it to step functions and then smoothen every single value, and then
smoothen in the t-variable.

(c) Let ps be a family of mollifiers on R™ and a5 a family of mollifiers on R. We
introduce Ty : LP(R™) — LP(R") : f — ps = f and define for u € LI(R, LP(R™)),
Ssu : R — LP(R™) : t — Ts(u(t)). Prove that Ssu € LI(R,LP(R™)) and that
ag * (Ssu) — win LY(R, LP(R™)).

Hint: Banach-Steinhaus (2.1.5).
(d) Prove that Cg°(R x R™) is dense in Wh4(R, LP(R™)) N LY(R, W2P(R™)).
Solution: Let p be the Lebesgue measure.

(a) Let s € LY(R, LP(R™)) for 1 < p,q < 0o be a step function. Then

N
s=>_ Li[fil
i=1

where I; C R are measurable and form a partition a subset of R and [f;],, are finitely
many equivalence classes of LP(R™) functions. We can choose representatives f; for
these finitely many LP(R™) functions, and define §: R x R” — R by

S(t,x) = ; Ly, () fi),
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which is measurable and any such choice of representatives agrees with § on a set of
measure zero. The norm is also equal as

p/q 1/q N la
(L (Lt aa)™ at) = (St ilsan) = Iollmsaen
=1

Now by strong measurability, we have that step function u; which converge u in
LY(R, LP(R™)) for i € N. Put ug = 0 and take a subsequence (still denoted u;) such
that ¢ € N,

i1 — UiHLq(RLp(Rn)) <27
Now define
n o
Un:zmiﬂ_aﬂv U:Z’ﬂi+1_ai|;
i=0 i=0

and take K C R™ compact and [-7,7] C R for 7" > 0. Then we have
n T N B
ol <3 [ [ Jena(ta) = t,2)] doat
i=0/ ~T /K
n T .
<> [ )
=071

< M(K)l/p* (QT)l/q* Z [ uiHLfI(R,LP(R"))

=0

< p(E) @DV (| oz oy + 1)

where 1 + -L =1 for r = p,¢. Hence the L'([-T,T] x K) norm of v is finite. So, v
is measurable and v is finite almost everywhere on R x R"™ by o-compactness. But
this means that @; converges pointwise almost everywhere to a measurable function .
This function has also the same norm, i.e.

. 1
[ull o, Lony) = </R </}Rn |a(t, x)[” dx)" dt>

Hence u +— [u]~ is an isomorphism which preserves the norm.

i (t, ) — @it )| oy At

(b) Let us start with u € LY(R, LP(R™)), we want to prove that this can be ap-
proximated by functions of the subspace Cj°(R x R™). We can approximate u by a
step function s. We can approximate now every f; € LP(R") by g; € C3°(R™) with

Hfz - gz’HLp(Rn) < W Then

N
§— Z 1y, [gi}#
=1

La(R,Lp(R™))
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So we may assume that we choose smooth values for our step function.

We may choose sets for i = 1,..., N, with

€

K, cI, CcU, wU\ K;) < ———

Nl gill 7o)

for K; compact and U; open. Next we may by Urysohn’s lemma choose
wi R— [O) 1]a wz =1on Ki7 Supp(¢z) C Uiu ¢Z € CO

Furthermore, take 7" > 0 such that

N
DL\ =T, 7)) gill Lo gny < €
i=1

and choose

Yr R — 10,1, ¢Yr=1on|[-T,T], supp(yr) C[-T—1,T+1], € C".

Then we may define § := ¢ Zﬁ\;l ¥;g; and see that |1, — ;| < Lk, + Li\-11)-

[ lstt mWﬂw<Z/ HmmdeZ/ 1 oty e < 26

So we can approximate s by § € C.(R x R™) such that § is smooth in the n last
variables.

Now the standard mollifier a5 argument will work, i.e. we approximate § by

ss(t,x) == /Ra(;(t — 5)8(s,x) ds

and the usual argument shows that s; converges uniformly to § as § — 0, so in
particular, it will converge to § in LY(R, LP(R")) norm and s5 € C°(R x R™).

(c) First off, we observe that

IS5l inany = [ ITou @y 4t < [ 0@l ey A =l oo, zogeny

where we used Young’s inequality to prove that |15/ z(ppgny < 1. We already know
that the convergence works on C§°(R x R™) which sits dense in L(R, LP(R")).

Furthermore, we have for any Banach space X that on LY(R, X), we have

[[cvs * u”Lq(R,X) < Ha5“L1(R) ||U||Lq(R,X) < ”u”Lq(R,X)
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which is established in the same way as Young’s inequality with X = R and using

e u(t) dtflx < Jgllu(®)]] dt by (5.1.9).

In our case, X = LP(R™) and so we get

s * (SéU)HLq(R,Lp(Rn)) < HSéu“Lq(R,Lp(Rn)) < HuHLQ(R,LP(R"))'

So by Banach—Steinhaus, we have immediately that the wanted convergence holds
true for every element of L(R, LP(R")).

(d) This is now the same argument as to prove that C5°(R") lies dense W?2?(R™) or
C5°(R) lies dense in WH4(R™) i.e first truncate and then use mollifiers as in (c) which
converge together with their derivatives in L(R, LP(R™)). So we have indeed that
Cs°(R x R™) is dense in WH(R, LP(R™)) N LY(R, W*P(R™)).

14.2. Hardy’s inequality ! Fix 1 < p < oo and a > 0.

(a) Let f:(0,00) = R be a Lebesgue measurable and suppose that the function
(0,00) = R:x — 2P~ 17| f(x)|” is integrable. Show that the restriction of f to each
interval (0, z] is integrable and prove Hardy’s inequality

(/Oooa:_l_a ’ dm)égz(/oooxp_l_ﬂf(mﬂp dx);

Show that equality in Hardy’s inequality holds if and only if f = 0 almost everywhere.

/gﬁ F(t)dt

0

Hint: Assume first that f is nonnegative with compact support and define

F(z) :zl/omf(t)dt for x > 0.

xz

Use integration by parts to obtain

/OOO PR (2)P do = z/ooo P I R ()P f(2) da.

Use Holder inequality.
(b) Show that the constant £ in Hardy’s inequality is sharp.
Hint: Choose A < 1 — ¢ and take f(z) = v~ for # <1 and f(z) := 0 for z > 1.

(c) Let f: (0,00) = R be Lebesgue measurable and |f|” be Lebesgue integrable.

Prove that
’ d ’ P qd
< _p .
z < ( 1) /o |f(x)]" dx

r

!This is part of exercise 4.52 p:171 in Dietmar’s Measure and Integration book.

1/0xf(t) dt

X
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(d) Let f:(0,00) — R be a Lebesgue measurable and suppose that the function
(0,00) = R : z — 2P~ | f(2)|" is integrable. Show that the restriction to each
interval [x,00) is integrable and prove the inequality

(/OOO:cal ' dx);§p</oooxp1+“\f(x)|p dx)é

a
Hint: Apply the inequality in (a) to the function g(z) := 272 f(z71).

/m Y r)ae

Solution:

(a) Take 117 + % =1lie ¢q= p%l. We start by proving that the restriction of f to
cach interval (0, x] is integrable. Indeed,

T T l1+a—p p—1l—a
[irlar= [ o) ar
0 0
x 1/P x a l/q
< (/ e f ()P dt> (/ tpl1> < Cz? < 0.
0 0

Now we follow the hint and assume f positive (>) , continuous and compactly
supported, and calculate

/0 TP R () d = /0 T /0 ") dty da
(o

a

+2 /OO pP R ()P f () da.
0 a Jo

We want the boundary terms to be zero. For x = 0, we have that

([ roays-

as x — 0 due to the integrability assumption. As f is assumed to have compact
support, we have that supp f C (0, L] and so f is integrable, by the previous argument.
This gives us for z = oo, that for z > L,

([ 0wy

as x — 0o. Hence the equality in the hint is proven.

< [ erepr at o
0

< A2 o0y 2 = 0

We now can readily derive Hardy’s inequality from this inequality, by recognising as
in the calculation above that

/Ooo PR (2)P do = /OOO rie </0x f(t) dt)p dz
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which is the right hand side of Hardy’s inequality to the power p. By the equality, we
estimate

/0 PR (p )de_p/ plaF< Y f () da
o
= S (/0 0 f () dx>; </oOo aP IR ()P dx);

where we used Holder inequality, f > 0 and (p — 1)g = p.

p 1 p—1l—a
x ¢ f(r)de

The right hand side of Hardy’s inequality is finite due to f having compact support,
so we may divide in the last inequality, to get

(/OOO ey dx>; = g (/ooo T f ()P dx>’1’ .

This establishes the result for f positive, continuous and compactly supported.

Assume that f is only positive. Then approximate f by positive compactly supported
functions f; € Cp((0,00)) in LP((0,00), 717 dt) for k € N, i.e. such that

Jim [0 - ol =o.

1_a

Now we have that by defining G(x) := 2z~ » 7 [ f(t) dt and Gg(x) := TPy Iy f(t) dt.

1l_a

@) = Galw)| <2375 [C17(0) = fl®)] @t

1 a 1/p 1/q
<z (/ (1) — fult |”1“dt) ([ )

1 a l/p —1 a
S pp(/ |f |Pp1adt> p $;

a

Sx%

a

for k sufficiently big. So we have pointwise convergence for G. By Fatou’s Lemma
this means that

/0 G(z) dx :/0 kh_)rgon(x) dz < kh—>Holo ; Gr(x) dz

1
<P im P~ (2)P da = P (/ P f ()P dx)p :
0

a k—oo Jo a

The result is easily extended to general functions f by using the established inequality
for the positive function |f].
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For the equality case, we already need by the last step that | [y f(¢) dt| =[5 |f(¢)| dt
which means f is positive or negative. Next, for positive functions, we have that
the Holder step is an equality (The equality of the hint has to hold in the equality
cases) only if there is a constant ¢ > 0 such that tP~17¢F(x)? = ct?~17 f(x)? almost
everywhere, i.e.

x
Hence, f is continuous and differentiable almost everywhere and

() =~ [ 1) A+ ) = (1 ch) f(a)

x2 Jo

11
Hence, f(z) = f(1)z'=¢")/¢” which has only the prescribed properties for f(1) = 0.
The same is true for negative functions.
(b) We use for A < 1 — 2 that
p

A for O<z<l1
0, for x>1

oy =1

Then, we have that

1

—— < X0
p—a— pA

00 1
/ e )P dt = / TP qt =
0 0

On the other hand, we have

/OOO e (/O:c f(t) dt)p der = (1_1)\)10 </01 gP~1m0 P g 4 /100 g dx)
- <1i)\) (p—al—p)\+clz>

Now by comparing, we see that

[Pa e (E ) P de 1P 1
: foootp—l—?z‘f(mp dt - (1_)\> <1+(p—a—p)\)a)

This last expression is an increasing function which converges as A\ — (1 — %) to

(%)p. Hence this is the best constant in Hardy’s inequality.

(c) Take a =p—11in (a).
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(d) We may start with f > 0 as before. We set ¢(t) :== ¢ 2f(t~!) and compute

/Oo g(t)yPtr~*t dt = /Oo f P Peml qt = /Oo f(z)zPtet iz ™2 dz < oo
0 0 0

Hence, we can use (a), to get

bt dt’ dr= [ a0 (/ o(t) dt)" do
< ) / 1 ()P dt = ( ) /Ooof(x)prral da

where in the first equality we used the simultaneous change of variables ¢t — ¢t~1 and
r— !

Again as before, the general case can be gotten from the same inequality for its
absolute value.
14.3. Uniform maximal regularity of S and its dual.

Prove that for 1 < ¢, ¢* < oo and X a reflexive complex Banach space with %—l— q% =1,
the following are equivalent.

e S is uniformly maximal g-regular.
e S* is uniformly maximal ¢*-regular.
where S* is the dual strongly continuous semigroup (7.3.9).

Hint: Prove by passing to the limit that for g : [0,T] — X*, f:[0,T] — X C!, we

have
(o4 f[ste= 050y as) o
/0T< / S*(s = t)g(T — 1) dt,f(T—s)> ds.

where (-, -) is the usual pairing between X and its dual.

Solution: Let h >0, f:[0,7] — X be a continuously differentiable function and
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g:10,T] — X* be a continuously differentiable function. Then we calculate

T

g(t), S(h) /Ot S(t = s)f(s) ds — /Ot S(t— ) f(s) ds> dt
T t
_ /0 <g(t),/0 (S(t— s+ h) — S(t — ))f(s) ds> i
(g(t), (S(t —s+h) — S(t —s))f(s)) dsdt
(S*(— s+ h) — §*(t — 5))g(t), f(s)) dt ds
' / (S*(s —t+h) — 8*(s — ))g(T — 1), f(T — s)) dt ds
T s s

-/ <s (h)/o S*(s — 1)g(T — 1) dt—/o S*(s — 1)g(T — 1) dt,f(T—s)>ds
where the first two and the last equality follow by (5.1.9), in the third equality we use
Fubini, in the fourth equality we use the change of variables s* =T — s,t* =T —t.

Now dividing this equality by h and passing to the limit as A — 0, we get the wanted
equality

/OT <g(t),A/0t S(t— s)f(s) ds> a
_ /OT <A* /08 S*(s — t)g(T —t) dt, f(T — 5)> ds.

Now assume that first that S* is is uniformly maximal ¢*-regular. Then we can

estimate
[ (o [ s0- a7 o
/0 <A / S*(s = t)g(T' —t) dt,f(T—s)> ds

< /S*s—t —t)dt,f(T—s)>‘ds

/S*s—t —t)dtH AT - 9)llx ds

1/(q") T 1/q
L) ([Tl as)

where the third line follows from (5.1.9), the penultimate inequality came from Holder
inequality and the last one from S* is is uniformly maximal ¢*-regular.

“J!
<l
<

‘A*/ S*(s — t)g )dtl

> HQHLq*([O,T],X*) |f||Lq([0,T},X)
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As CH([0,T], X*) € LY ([0,T], X*) is dense, we have for all g € L7 ([0, T], X*) that

) 11 Loy, (1)

< A/ (t—s)f d5> dti < gl o o7y, 5)

It can be shown (we leave it as a longer exercise) that (L4([0,T], X))* = L4 ([0, T], X*)
and the identification works via the natural pairing

L7 (0,7, X%) = (B0 T, X)) g (F o [ o(0), (0} ).

In the same way, (L9 ([0, 7], X*))* = L4([0,T], X**) = L4([0,T], X). Hence, by (1)

and the definition of the dual norm, we have

HA/Ot S(t— ) f(s) ds

< .
Lq([O,T],X) — ||f”Lq([0,T],X)

This exactly means that S is uniformly maximal g-regular as f was arbitrary. The
converse comes from S** = S, as we have a reflexive space X.

14.4. Sobolev—Slobodeckij space Let n € N and fix real numbers p > 1 and
0 < s < 1. The completion of C§°(R", C) with respect to the norm

/P
e )P '
wer (//| _ n+sp| dy dz

is called the homogeneous Sobolev—Slobodeckij space and is denoted by w*?(R™, C).
On the other hand, the completion of C5°(R™, C) with respect to the norm

/]

1/p
1Flles = (/0 T Fla+h)— f@)P da dh dr)

is called the homogeneous Besov space and denoted by b5?(R", C).

Prove that w*?(R",C) = b,?(R", C).

Hint:
coordinates.

wep Dy using Fubini and spherical

_ 1 1/p
wr = () | If]
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Solution: For x € R™ and r > 0 define S,(z) :={y € R" : |y — x| = r}. Then
o 1

f;,g’i :/ rsPH ( /T/ (x+h)— f(z)]" dz dh dr

/ @) = )P dy dr da

rn+sp+1 / |f(ZL') - f(y)|p dU(y)pn_ldpdrdx

I/

[ it [ @ = F@) Aol drdpda

- n+s; (By) /n/ n+sp/ |f(x) = f(y)I” do(y)p" " dp da

‘P
B n+sp (By) /n/n "+s” dy dz
1
_(7’L+Sp)( )||f|wsp

14.5. Besov for 1 < s < 2. Fix p,q > 1. Prove that for f € C3°(R™) non constant
and 1 < s < 2, that

00 ¢ g\ M9
= / wir, [y dry ™ _
a,1 0 s T

where wy (1, ), = supjy<, (fin |f (@ + 1) — f(2)[ dz)'.

So one has to replace wy(r, f), with ws(r, p), in the case s > 1.
Hint: Use (12.13) in Lemma 12.9.

Solution: We have by (12.13) of Lemma 12.9, that

VI oo
o;éc::”fuﬂﬁimmfw:z.

- r=0 r

I/

By definition, there is & > 0 such that ‘1nfr<5 “1 Tf) — 1| < £. Meaning that for
0 <r <9, we have

r -2
Or in other words for 0 < r < 4,

wi(r, f)p s 1 c\? 1
( r ) ra(s—1)+1 = <2) ra(s—1)+1
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Hence the positive integral

Ceys

diverges around 0 as g(s — 1) +1 > 1.
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