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1.1. Young’s Inequality. Let 1 < r p, ¢ < oo such that

11 1
1+-==+-.
r p g

Take f € LP(R") and g € L9(R"). Define the convolution f x g by

(f x9)@) = [ fly

Prove that f* g € L"(R") and that

1 gl < 1Al o gl
Deduce that (L'(R™), %) is a Banach algebra without unit.

Hint: Use the Holder Inequality for three functions with % + % + % =1 for a
point-wise estimate and integrate it.

Solution: We estimate

(Frg)@l < [ 1F@)llgl—y)ldy
= [ UF@Plgt =) I gl = ) dy
<|[AF@)Plgte =)D PP e [l = )10

= (/Rn(|f(y)\”|g(fv—y)| ) ke Vi ||9||1 v

r—gq

L

where the penultimate inequality follows by Holder for three functions.

Thus integrating this estimate we get

17l < [ [ lowlPlite = wldy dz 715" gl

< gllze 11 1" gl
< (1l ze gl o)

where the penultimate inequality follows from Fubini. For L', look at the case
p=q=r=1.

1.2. Harmonic functions on a two dimensional domain. Let Q C C be an
open, simply connected subset of C.
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(a) Let f:Q — C be a holomorphic function. Prove that u := Re f and v := Im f
are harmonic, i.e.

0? 0?
Av = Ay = @H@v:o.

(b) Let u : Q@ — R be a C? harmonic function. Prove that there is a function
v: € — Rsuch that f =u +iv:Q — C is holomorphic.

(c) Prove that if u: Q — R is a C* harmonic function, then u is analytic.

(d) (Mean value property) Prove that if v : Q — R is C* harmonic, then
1 .
u(z) = / u(zo + re*™)dt
0

whenever B,.(z) C €.

(e) (Maximum principle) Prove that if ' C €2 is bounded, then for v : @ — R
C? harmonic, we have

max u = maxu
Qf oY

Hint: Use theorems about holomorphic functions e.g. Cauchy’s theorem. For (b),
consider G := J,u — i0,u and define v(z) := Im [, G, where 2z € Q and 7 : [0,1] — Q
is a smooth path such that v(0) = 2z, and y(1) = z.

Solution: (a) As f = u+iv is holomorphic, the Cauchy-Riemann equations hold.
Au = 0,0,u + 0,0yu = 0,0,v — 0,0,v = 0.

Similarly for v.

(b) Define G := 0,u + —i0,u. Then we have

Oy ReG = 0,0,u = 0,0yu = =0, Im G
0, ReG = 0,0,u = —0,0yu = 0, Im G

Hence, GG is holomorphic. By Cauchy’s theorem and 2 simply connected, we have

LG:O (1)

for every loop v : St — Q. Now fix 2 € Q and define v : Q — R by choosing for
every point z € 2 a path v : [0, 1] —  where v(0) = 2y and y(1) = 2, and

v(z) = ImLG.
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This function is well-defined by (1) and we calculate for ¢t € R\ {0}

o(z+1) —v(2) = Im /Ot Glz+7) dr = /Ot(—ﬁyu(z +7)) dr

t t
v(z+ti) —v(z) = Im/ G(z+Ti)-idr = / Opu(z + 1) dr
0 0
Hence dividing by ¢ and taking the limit for ¢ — 0, we get

0,0 = —0yu
Oyv = Oyu.

Hence v : Q — R is C? harmonic and f = u + iv is holomorphic. u and v are called
harmonic conjugates.

(c) By (b), we can find a holomorphic function f : Q@ — C such that u = Re f. Hence,
u is analytic, as f is analytic.

(d) Let f: ©Q — C be holomorphic, such that u = Re f. As f has the mean value
property by Cauchy’s theorem, so does u. Indeed,

1 27rzt ) 1 '
f(z0) = 7/ f forre 2 ire’™ dt :/ f(zo+re*™™) dt
V(zo,m) 0

27i (z — 2p) " 2mi re2m

Therefore,

1 : 1 ‘
U(ZO) = Re f(ZO) = Re/o f(ZO + 7’627”t) dt = /0 U(ZO + Teth)dt

(e) u is continuous and €’ is compact, so u attains a maximum on . Assume the
maximum of u on ' is attained at any point zp of the interior of €', then there is
a small ball B,(z) C € and on this ball u would violate the mean value property.
Therefore the maximum must be attained at a boundary point.
1.3. Symmetries of PDE
(a) Prove that for O € O(n) and u : Q2 C R" — R C? harmonic, then

vo(z) = u(Ox)

is also harmonic where €2 is open and = € Qp := {x € R" : Oz € Q}.
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(b) Prove that for u: Q C R& R™ — R a C? solution of the heat equation i.e.
ou— Ayzu=0

where (¢,2) € R @® R"™ and 2 open,
vyo(t,z) = u(N\’t, \Ox)

is also a solution of the heat equation for A > 0, O € O(n) and

(t,7) € Qo = {(t,z) e R®R™: (\t,\Ox) € Q}.

(c) ! Prove that for u: Q2 C R@® R" — R a C? solution of the heat equation, then

(t.2) 1 —e||z|? ( t x )
ve(t,x) := ———z ex u :
<‘ T+ 4(—:15) PAT+ et 1+ 4et’ 1+ 4det

is also a solution of the heat equation for € > 0 and

t x

[p— n' — _1
(t2) € Qo= {(t,x) EROR" > (1) (T T

) € Q}.

Use this symmetry starting from the constant solution to get a non-trivial solution v,
of the heat equation. Analyse the behaviour of v, as t — —(4€)™1.

Solution:

(a) We can easily compute that the Hessian transforms as follows
(d*vo)(x) = O (d*u)(Ox)O
and therefore

Avp(z) = tr (dPvo(x)) = tr (0T d*u(02)0) = tr (OO (d*u)(Ox)) = (Au)(Oz) = 0

(b) We compute
duro(t,z) = N(9u)(N\*t, \Oxz)
and

Ayvnolt, r) = N2(Au) (N, \Ox)

!Thank you Yannick Krifka for pointing out a mistake in a previous version of this exercise.
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where we used the calculation from (a). Thus
8tv>\7o(t, .I‘) - Amv)\,o(t, l’) = 0.

(c) Denote by s := \/ﬁ and calculate

Orve(t, x)

= —2nes" 2 exp(—e ||z||? s2) f(ts?, x5%) 4+ s T4 ||z||” exp(—e ||z||” s%) f(ts?, 257)

— 5" eexp(—e ||z %) <x, Ouf(ts?, ZE82)> + 5" exp(—e||z||” s2)0, f (ts%, 25?)
Oy, Ve = §"T2(—2ex;) exp(—e ||z||* s?) f(ts?, 25°) + s" 2 exp(—e||z|” $%) 0y, f(t52, x5%)
Oz, Ve(t, )

= —2es" 2 exp(—e ||z||? s?) f(ts?, 25°) + s" T2 x? exp(—e ||z s%) f(t5°, x5?)

— 5" ey exp(—e ||z||” $%)0,, f(ts?, x5?) + s" T exp(—e ||z]|* 82)On,e, f (57, 257)

for : =1,...,n and where 0, f denotes the gradient of f with respect to x. Now sum
over i to see that v, is solution of the heat equation. Starting from u(z,t) = c € R,
we get

2
ve(t,z) = ;exp —llzl

o V1 +4det 1+4et )
This is a constant times the fundamental solution, so as t — —(4€)™1, we see that v,
goes to zero for x # 0, but that for x = 0 there might remain a 'peak’.

1.4. Let v :  C R®™ — R be a harmonic function and f : R — R a convex
function?, then f o is subharmonic, i.e.
A(fou)>0

Solution: We estimate

A(fou)= z”:amam(f o u)
i=1

-

O, (f/ ou axiu)

=1

=3 (" ou (Buu)’ + f 0w 0y,00,1)

|
3

.
—_

= f"ou |Vul|?
>0

2This means f”(t) > 0 for t € R.
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