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Vv

Solution 1

1. Determine whether each of the following statements are true for all x1,...,2,, y1, ...

a,beR.

(a) Z:l:l(xz +yi) = Z::l:l i+ 2?21 Yi
(z1+y1)+...+@n+yn) =21+ ...+ Zn +y1 + ... + yn = Statement holds.

(b) 2?21 Ty = Zzzl T = Zzzl Tn+1—k

n
in=m1+m2+...+xn
i=1

n
:ka::m—l—a:z—l-...-l-wn
k=1

n
zzxn+1_k=xn+-.-+1’2+l‘1

= Statement holds.

© Yri(az;+b)=a(X!  z;)+0b

(az1 +b)+ ...+ (azn +b) # a(z1 + ... + zn) + b = Statement does not hold.

) X (wiy) = (S @) - (Zi i)
(z1y1) + ...+ (nyn) # (x1 + ...+ zn)(y1 + . .. + yn) = Statement does not hold.

€ >ii(zi— %Z?:l zj) =0

(xl—%c)—&—,..—i—(:cn—%c):(x1+...+xn)—c7c:x1+...+xn:>Statementh01ds.

O i Z?:l wiyy = (i @) - (Z}Ll Y5)
T1y1 + x1y2 + ... + T1Yyn+
r2y1 + x2y2 + ... + T2Yn+

TnYl +Tny2 + ...+ Tnynt
=@1+...+za)1+... +un)

= Statement holds.

(@ (a—1) (Xl a’)=a"—1

HS 2013

,Yn € R and

Bitte wenden!



n n n n n
(a—1) (Zai>—2ai+l—2ai :a""’l—&—Zai—Zai—l:a""'l—l #a" -1
i=0 i=0 i=0 i=1 i=1

= Statement does not hold.

2. (a) Solution 1. Notice that every vector can be paired with a vector pointing in the opposite di-
rection, for example we have v/ = —v!, and in general, vi*6 = —v?, fori = 1,2,...,6.
Therefore the sum is a zero vector, that is

12
E vl =0.
i=1

Solution 2. Vectors v', ..., v!2 all lie on a unit circle, with equidistant angles. Therefore, we
can write the vectors as

. . T . . T
v (eos (T -2 o (T -2\ (os (T 7Y g (T 07
“\ 2 T2 )M e T 12 A\ 2 7% )M 2 T % ’

fori =1,...,12. Since cos(x — ) = — cos(z) and sin(z — 7) = —sin(x), we have

i+6 i _ T (+6r\ (7 (i+6)7
v +v = (cos (2 6 , SIn 5 6
T

y

=(0,0)".

. . . 12
Therefore, we reach the same conclusion as in Solution 1., and we have Zi:l vi=0.

(b) We have

12 ‘ 12 o 7\ T
| Z vt = (sz> —vi=0-vli=—vi=v0= <cos (6) , —sin (6))
i=1,1#4 =1

with v denoting the vector pointing at 4:00. Here we used the used (a) in the 2" equality.
(c) We have

Siehe néchstes Blatt!



12:00

(d) We can observe that w = v? 4 (0,1) T holds for all s = 1,. .., 12. This gives us

12 12 12
Yowi =Y (ViHO,1)T)=120,1)T +) v =(0,12) .
=1 =1 =1

3. (a) We do not need to check conditions 5. and 6. since they are not affected by a different addition
rule.
The first rule does not hold since we have

T

(v1,v2) " @ (w1, ws) " = (v1 +wa, vy +wy)"  and

(7«01,1112)T 2] (11171)2)T = (w1 + v2, w2 + Ul)T .
Thus, we would have to have (v; + wa,v2 + w1) | = (wy + vo, ws +v;) " for all v and w,
and this is not the case. Take for instance (vy,v2) " = (1,0) " and (w1, w2)" = (0,0)".

The second rule does not hold anymore, since

v (wedu) =va (w +ug,ws +ur) = (v1 + wy + ug,vg +wy + us)
while on the other hand

(Vew)Bu=(v1 +ws,ve +wi) ®u= (v1 +wsa + uz,v2 +wy + uy).

Thus, we do not have an equality if u; # uy. For example, take v = (1,0) ", w = (0,1) " and
u = (—1,0)". Plugging these in gives

vo(wou) = (1,00 and (vew)du=(2,-1)".

The third rule holds, with a zero vector being the usual zero vector 0 := (0,0) ", because we
have
(vlaUQ)T D (Oa O)T = (v17v2)T'

The fourth rule holds if for each v we take —v := (—wvy, —v1) ', since
v (—v) = (v1,v2)" @ (—va, —v1)" = (v1 —v1,v2 —v2) " =(0,0)".

The seventh rule holds since on hand we have

a-(v+w) = a~(v1—|—w2,v2+w1)T = (a'(01+w2)T,a'(02+wl)T) = (Ck"l}1+Oé'U)2,Oé'1)2+O["wl)T,

Bitte wenden!



(b)

4. (a)

while on the other hand we have
_ T T _ T
a-vta-w=(a-v,a v2) +(a-w,a wy) =(a-vi+a - wy,a-vy+a-wy) .

which are clearly equal.
The eighth rule does not hold, since

(@+B) - v=(a+p) v, a+p) v)",

while on the other hand

(- V)& (B-v)=(a-vi,a-v)" & (B-v1,B-v2) =(a-vi+B-vg,a-v24+8-v1)",
which need not be equal. Take forinstance « = 1, 3 = —land v = (1,—1) " thus (a+f3)-v =
(0,0)" while (a-v)® (B-v) =(2,2)".

We only need to consider conditions 5., 6., 7. and 8., since the first four conditions hold true
since they are not affected by the new definition of scalar multiplication.

The fifth rule does not hold, since 1 ® v = (v1,0) " is not equal to v = (vy,v2) " if vo # 0.
The sixth rule holds, since

(a-ﬁ)QV:(a~B-vl,0)T
while
a@(/BQV):OZQ(ﬂ'rUlaO)T:(O"ﬂ'vlao)—r'

Therefore, we obtain equality of the expressions above.
The seventh rule also holds. The left hand side gives

T

a®(V+w)=a (v +w,ve+ws) = (a-vy +a-w,0)"

while the right hand side gives

aOv+aow=(a-v,0)" + (@ -w,0)" =(a-v; +a wy,0)"

Hence, the right hand side is equal to the left hand side of the seventh rule.
The eighth rule holds, since

(a+pB)ov=_(a+p): v, )T:(a-vl,O)T—i—(ﬁ-vl,O)T:a®v—|—6®v.

First, let us notice that we only need to check the rules 5. — 8., since those are the only rules
which are affected by the change in definition of scalar multiplication. Rules 5., 6. and 7. are
correct since

1o f(z) = f(z),
(- B)O f(z) = ( Bra)=fla-(B-2)=a0 f(B-2)=a0 (B0 f(z)),
a®(f(z)+g9(@)=a0 ((f+9)()=(f+9)(a z)=fla-z)+ (B z)
:a®f()+/3®g(rc)

Rule number eight is no longer true, since (a + 5) ® f(z) = f((a+ B) - z). On the other
hand, we have a © f(z) + 8O f(z) = f(a-x) + f(B - x). Thus,

fla+p)-z)=fla-z)+f(B-z)

would have to hold for any arbitrary function f € C(IR), which is clearly not the case. To
provide a specific counterexample, we can take for instance the function f(z) = 1. The left
hand side gives f ((a + ) - «) = 1, while the right hand side gives f(a - ) + f(8 - z) = 2.

Siehe nichstes Blatt!



(b) Analogously to part (a), we only need to check rules 1. — 4. and 7. — 8.. The first rule is broken
since f(g(z)) # g(f(x)) in general. For example, if f(z) = 2 and g(z) = x + 3 then
flg(x)) = f(x+3) = (z+3)?, while g(f(z)) = g(2?) = 2 + 3, which are not equal for all
x.

The second rule is correct.

The third rule is correct with the zero vector defined to be e(x) = x. Thatis, f(e(z)) = f(z)

and e(f(x)) = f(z), so we have an equality.

The fourth rule is not correct in general, since not all continuous functions are invertible on

whole R.for example f(x) = 22, though the rule is true for invertible functions by taking the

inverse to be exactly f~!(z).

The seventh rule is not true in general since the « - f(g(x)) is not equal to « - f(a - g(x)), e.g.

take f(z) = g(x) = v and a = 2.

The eight rule is not true since the left hand side is interpreted as (a+ ) - f (), while the right

hand side is interpreted as « - f (8- f(x)), which are not equal in general (take for instance

a=1,=-1and f(z) =1).

5. (a) Yes. Take o, 8 € R and v, w € R? such that v; = vy and w; = w,. Then we have
a-v+pB-w=(a-v —|—ﬂ-wl,oz~vg—&—B~wg,oz-vg—l—ﬁ-wg)—r

and «- vy 4+ - wy = - vy + B - we. Therefore, since v, w were arbitrary elements of the given
subset, and since « and 3 were arbitrary scalars, it is a subspace.

(b) No, since a - (vy,v9,v3) " = a - (1,v2,v3) " i

(c) No, since if vand w € R? are such that v; -vs-v3 = 0 and w -wq -w3 = 0 there is no guarantee
that v + w will have that property, that is, that (v + wy) - (v2 + w2) - (v3 + w3) = 0. Take
v = (1,0,0)" and w = (0,1,1)". Then both v and w are in the set, but v +w = (1,1,1) 7,
hence (v1 + w1) - (v2 + ws) - (v3 +w3) =1

(d) Yes.Same asin (a), take o, 3 € Rand v, w € R? such that v +va+v3 = 0 and wy +we+ws =
0. Then we have

a-v+p-w=(a-vy+ 8 w,a v+ L-wy - v3+ S ws)

is not in the set if o« =

thus,
(a-v146-wr)+ (- va+B-we)+(a-v3+5-ws) = a-(v1+va+v3)+ 8- (w1 +wa+ws) =0

and it is a subspace.

(e) No, since if v = (v, va, 113)T € R? satifies v; < vy < w3, there is no guarantee that o - v does
as well. Consider v = (—3, -2, —1)T and a = —1, so that v; < vy < w3, but the same is not
true for o - vy, - v2 and « - v3.

(f) Yes, a set of all linear combinations of two vectors satisfies the conditions for a subspace by
definition.

(g) Yes. Take arbirtrary o, 3 € R and f,g € C(R) such that fol f(z)dz = 0, fol g(z)dz = 0.
Then for h(z) = « - f(x) + 8 - g(x) we have

1 1 1 1
| n@yie = [ @ s@)+ 8- gands=a- [ f@ydes s [ glaae=o.
0 0 0 0
because of linearity of integration.
(h) No, since if p(0) = 1 and ¢(0) = 1 then for () = p(x) + q(x) € Py we have
r(0) = p(0) +¢q(0) = 2.
(i) Yes. Take p,q € Py such that p(0) = 2 - p’(0) and ¢(0) = 2 - ¢’(0). For arbitrary o, § € R we

hence have
(a-p+B-9)(0) = a-p(0)+3-q(0) = 2-a-p'(0)+2:8-¢'(0) = 2-(cv- f' + B-¢') (0) =2:(cc- p+ B q)" (0).



