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1. Take a (7× 4) matrix A = (aij)1≤i≤7
1≤j≤4

. With A we define a system of linear equations

a11x1 + a12x2 + a13x3 + a14x4 = 0 ,
a21x1 + a22x2 + a23x3 + a24x4 = 0 ,
a31x1 + a32x2 + a33x3 + a34x4 = 0 ,
a41x1 + a42x2 + a43x3 + a44x4 = 1 ,
a51x1 + a52x2 + a53x3 + a54x4 = 0 ,
a61x1 + a62x2 + a63x3 + a64x4 = 0 ,
a71x1 + a72x2 + a73x3 + a74x4 = 0 .

For each of the following statements determine whether they are true or false.

(a) The solution space is a (possibly empty) subset of R7.

(b) The solution space is a (possibly empty) subset of R4.

(c) Such a linear system can have infinitely many solutions

(d) Such a linear system can have only one solution.

(e) This system always admits at least the trivial solution x = 0.

(f) The solution space is a (possibly zero-dimensional) subspace.

(g) There is a solution if the right hand side is in the column space of A.

(h) If the augmented matrix has rank 5, a solution exists.

(i) The set of differences between two solutions is a vector space.

(j) The arithmetic mean of two solutions is again a solution.

(k) If we delete the last three equations, the remaining system admits at least one solution.

(l) If we delete the last four equations, the remaining system admits non-trivial solutions.

Bitte wenden!



2. Consider two vectors u and v ∈ Rn such that u, v 6= 0. We define an n× n matrix A via

A := uv> .

Solve the following problems in the case of specific vectors u,v (a) and in the general case (b).

(i) Which vectors span the row space of A?

(ii) Which vectors span the column space of A?

(iii) Determine the row echelon form of A.

(iv) Determine the rank(A) and im(A).

(v) Describe ker(A) through an equation of a hyperplane {x ∈ Rn : 〈a,x〉 = 0} with a suitable
vector a ∈ Rn \ {0}.

(vi) Determine the basis of im(A).

Find the solutions to problems (i)-(vi) for

(a) Vectors u =


1
0
1
2

 und v =


2
1
0
3

 in R4.

(b) Arbitrary vectors u, v ∈ Rn such that u, v 6= 0.

3. Consider the matrix A ∈ Rn,m for n,m ∈ N. Let us add an additional column to A, namely
the vector b ∈ Rn. In other words, we consider the matrix B = [Ab] ∈ Rn,m+1.

(a) Given an example of A ∈ R4,3 and b ∈ R4 for which the image of A is equal to the image
of B.

(b) Given an example of A ∈ R4,3 and b ∈ R4 for which the image of B = [Ab] ∈ R4,4 is
strictly bigger than the image of A.

(c) Specify general conditions under which the image of B is strictly larger than the image of
A. What does this mean for the columns of A and our vector b?

4. We are given an invertible matrix A ∈ Rn,n. Furthermore, take an arbitrary k ∈ N and consider
the set of vectors {v1, · · · ,vk} ⊂ Rn .

(a) Show that the following statements are equivalent

(i) The set of vectors {Av1, · · · ,Avk} is linearly independent.

(ii) The set of vectors {v1, · · · ,vk} is linearly independent.

(b) Show that for an arbitrary matrix B ∈ Rn,m we have:

ker(AB) = ker(B) .

5. Consider two matrices A and B ∈ Rn,n. Show that the following statements hold

(a) im(AB) ⊂ im(A).

(b) rank(AB) ≤ rank(A).

Siehe nächstes Blatt!



(c) rank(B>A>) ≤ rank(A>).

Furthermore, let us assume that

AB = In (=̂n× n identity matrix). (1)

Show that

(d) rank(A) = n.

Hint: You can use previously proven statements when proving later ones!
Comment: In this problem, we show that for two n×n matrices, for which (1) holds, we have
rank(A) = n. This condition (d) implies that A is an invertible matrix. Thus we can infer from
condition (1), not only that B is the right inverse of A, but furthermore that

AB = BA = In .

That is, we conclude that B is a (two-sided) inverse of A.

6. We consider the space M = Rn,n of all n × n matrices with real valued entries. Analogously
to Rn, in this vector space M we define componentwise addition

C = A + B ∈ Rn,n mit cij := aij + bij , i, j ∈ {1, . . . , n} ,

and componentwise scalar multiplication

C = αA mit cij := αaij , i, j ∈ {1, . . . , n} .

Let us now conisder the following subsets of M:

(a) The set of all diagonal matrices

D :=
{
A = {aij}1≤i,j≤n ∈ Rn,n : aij = 0 für alle i 6= j

}
,

(b) The set of all upper-triangular matrices

R :=
{
A = {aij}1≤i,j≤n ∈ Rn,n : aij = 0 für alle i > j

}
,

(c) The set of all symmetric matrices

S :=
{
A = {aij}1≤i,j≤n ∈ Rn,n : aij = aji für alle 1 ≤ i, j ≤ n

}
.

Show that the sets D,R and S are subspaces of the governing vector space M, and determine
a basis for each one of those subspaces. Determine the dimensions of spaces D,R and S.
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