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Problem set 3

Fundamental groups-covering spaces

1. Use Van Kampen theorem to show that the fundamental group π1(X,x0)

of a CW-complex X with a single zero cell x0 admits a presentation

< S|R > where S is the set of one cells of X and R is parametrized

by the set of two cells of X.

2. Let K be the Klein bottle and X the subspace of R3 consisting of a

Klein bottle that self intersects in a circle (exercise 4, problem set 1).

(a) Determine the fundamental group of K and of X.

(b) What is the homomorphism f∗ : π1(K, p)→ π1(X, f(p)) induced

by the natural projection f : K → X?

(c) Is it injective? Is it surjective?

3. Let X,Y be n-dimensional topological manifolds1. Let us fix two open

balls BX , BY in X and Y 2 and denote by X, and Y the complement

of BX (resp. BY ) in X (resp. Y ). The connected sum of X and Y is

the topological space

X#Y = X t Y /{y ∼ f(x)|x ∈ ∂BX , y ∈ ∂BY }

where f : Sn−1 = ∂BX → Sn−1 = ∂BY is the map f(x1, . . . , xn) =

(−x1, x2, . . . , xn).

(a) If we denote by T 2 the torus S1 × S1 determine what is T 2#T 2.

(b) If n ≥ 3, and X,Y are connected, determine π1(X#Y, x0) know-

ing π1(X,x) and π1(Y, y).

1this means that there exists an open covering {Ui} of the manifold consisting of open

sets Ui homeomorphic to open sets of Rn

2the balls BX (resp. BY ) is contained in an open subset UX (resp. UY ), of the open

covering and is the preimage under the given homeomorphism of a small ball contained

in the open subset of Rn that is image of X and Y
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4. Let us denote by Σ0,3 the complement in the sphere S2 of three discs,

and by Σ1,1 the complement in the torus T 2 = S1 × S1 of a disc.

(a) Determine the fundamental groups π1(Σ0,3, x) and π1(Σ1,1, x).

(b) Consider the map f : Σ0,3 → Σ1,1 obtained by identifying two

boundary circles of Σ0,3. Determine the map f∗ : π1(Σ0,3, x0) →
π1(Σ1,1, f(x0)).

(c) Is f∗ injective? Is it surjective? You can use that any subgroup

of a free group is free.

5. Let p : X → X be a covering space, and let A be a subspace of X.

Denote by A the subset of X given by A = p−1(A).

(a) Show that the restriction p : A→ A is a covering space.

(b) Assume that X is the universal covering of X. Is A the universal

covering of A?

6. Find all connected two sheeted and three sheeted covering spaces of

S1 ∨ S1 up to isomorphism of covering spaces without basepoints.

7. Consider the spaces X,Y of exercise 3,

problem set 1, and the space Z = S1∨
S2. Draw a picture of the universal

coverings of X, Y and Z.
X Y Z

8. LetX,Y be connected semilocally simply connected topological spaces,

and let X̃, Ỹ be the universal coverings.

(a) Show that for every continuous map

f : X → Y there exists a map f̃ :

X̃ → Ỹ making the following diagram

commutative.

X̃
f̃ //

��

Ỹ

��
X

f // Y

(b) Is such a map f̃ unique?

(c) Assume that f is injective, show that f̃ is injective if and only if

f∗ : π1(X,x)→ π1(Y, f(x)) is injective.
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