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Some exercises are taken from chapter 5 of Introduction to Commutative Algebra by
Atiyah and MacDonald and some from chapter 4 of Commutative Algebra by Eisen-
bud.

1. Let ϕ : A → B be an integral homomorphism of rings. Show that the induced
map ϕ∗ : Spec(B) → Spec(A) is a closed map, that is the image of a closed set
is closed.

2. Let A ⊂ B be two rings such that B is integral over A. Let f : A → Ω be a
homomorphism of A into an algebraically closed field Ω. Show that f can be
extended to a homomorphism of B into Ω.

3. Let G be a finite group of automorphisms of a ring A, and let AG denote the
subring of G-invariants, that is all of a ∈ A with σ(a) = a for all σ ∈ G. Show
that A is integral over AG.
Suppose moreover that A is an integrally closed domain, K its fraction field
and L a Galois extension of K with Galois group G. Let B denote the integral
closure of A in L. Show that σ(B) = B for all σ ∈ G and BG = A.

4. Let A be an integrally closed domain and denote by K its quotient field. Let L
be an algebraic extension of K and b ∈ L. Show that b is integral over A if and
only if its minimal polynomial over K lies in A[x].

5. (i) Let A be a subring of a ring B and let C be its integral closure. Let
f, g ∈ B[x] be monic polynomials and suppose fg ∈ C[x]. Show that then
f, g ∈ C[X ]. (Hint: Consider first the case where B is a domain).

(ii) Let A,B,C as in (i). Show that C[x] is the integral closure of A[x] in B[x].

(iii) Suppose that A is an integrally closed domain. Show that then also A[x]
is an integrally closed domain.

6. Let n be an integer. Determine the integral closure of Z[
√
n] explicitly.

(Hints: First reduce to the case where n is square-free. The integral closure of
Z[
√
n] is the integral closure of Z in Q(

√
n). Take any element of Q(

√
n) and

write it in the basis {1,√n}. Use this to derive an expression for its minimal
polynomial.)
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