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1. (a) Let aptq “ aXptq be the integral curve of X starting at the identity. Show that
aptq is a 1-parameter subgroup, i.e. aps` tq “ apsqaptq.

(b) Show that a is defined for all t. It follows that the flow of a left-invariant vector
field is complete.

(c) Verify asXptq “ aXpstq.

(d) The exponential map (in the sense of Lie groups)

exp: TeGÑ G

is defined by

exppXq :“ aXp1q.

Show that exp is defined everywhere on TeG and that

exppsXq expptXq “ exppps` tqXq.

Warning: this does not always coincide with the exponential map of a Riemannian
metric!

(e) Verify that for matrix groups, the above definition of exppXq coincides with
ř8

k“0X
k{k! (see supplementary problem #16).

2. (a) Verify that for any real (or complex) square matrix A, det pexp pAqq “ exp ptr pAqq.

(b) Verify that slpn,Rq :“ tA P Rnˆn | trpAq “ 0u is the Lie algebra TISL pn,Rq of
SL pn,Rq.

(c) Check that SLp2,Rq is diffeomorphic to the solid torus S1 ˆB2, where B2 is the
open 2-dimensional disk.

(d) Show that the exponential map exp : slp2,Rq Ñ SL p2,Rq is not surjective.

Sketch: First observe that the (complex) eigenvalues µ, µ´1 of a matrix B P

SLp2,Rq satisfy µ P R or |µ| “ 1. If they are real, then they are either both
positive or both negative.

Claim: if the eigenvalues of A are both negative, then B cannot be written as
exppAq for any A P slp2,Rq.

To prove this, calculate the form of exppAq when trpAq “ 0. By the Cayley-
Hamilton theore, A2 “ ´detpAqI. Now split into cases according to the sign of



detpAq. If detpAq “ 0, then A2 “ 0 and A is similar to the matrix

ˆ

0 λ
0 0

˙

. If

detpAq ă 0, then the (complex) eigenvalues λ, ´λ of A satisfy ´λ2 ă 0, so λ is
real. If detpAq ą 0, then λ, ´λ satisfy ´λ2 ą 0, so λ “ iθ is pure imaginary. In
all three cases, we may compute the form of exppAq explicitly, and we find that
the case where both eigenvalues of exppAq are negative is impossible.

(e) For comparison, recall that the exponential map of SOpnq is surjective. (See
Exercise Sheet 5 problem 2)

Happy Christmas!!!


