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1. (Topology practice) A topological space pX, T q is called compact if every open cover of
X contains a finite subcover, i.e. if for every family tUλuλ Ă T with X “

Ť

λ Uλ there

are finitely many indices λ1, . . . , λn such that X “
Ťi“n
i“1 Uλi .

Prove the following properties, where X, Y are topological spaces:

a) If pX, T q is a topological space and Y Ď X then

T |Y :“ tU X Y | U P T u

is a topology on Y , called the the subspace topology (or the induced topology)
on Y .

b) If X is a subspace of Y , X is compact (with the induced topology), and Y is
Hausdorff, then X is closed in Y .

c) If X is closed in Y and Y is compact, then X (with the subspace topology) is
compact.

d) If f : X Ñ Y is continuous and X is compact, then fpXq is compact .

e) If X, Y are compact, then X ˆ Y is compact (with the product topology).

f) A closed interval ra, bs Ă R is compact.

g) A subset of Rn is compact if and only if it is closed and bounded.

2. A topological sheaf is a triple pf,X, Y q such that

i) X, Y are topological space and f : X Ñ Y is continuous,

ii) f is surjective,

iii) f is a local homeomorphism, i.e. for any x P X there exists an open neighborhood
U of x such that fpUq is open in Y and f |U : U Ñ fpUq is a homeomorphism
with respect to the induced topologies.

Consider the following example. Let R0 :“ Rz t0u. Set Y1 :“ R, X1 :“ R0 Y t0
`, 0´u.

Let f1 : X1 Ñ Y1, defined by

f1pxq :“

#

x, if x P R0,

0 if x P t0`, 0´u .



Let TX1 be the topology given by

TX1 “ tU Ď X1 | f1 pUq is open in Y1u

Observe that

a) f1 is a topological sheaf and the maps φ˘ :“ f1|R0Yt0˘u define a smooth atlas on
X1, but the induced topology is not Hausdorff.

b) More generally, any topological sheaf f : X Ñ Rn automatically acquires a
smooth atlas consisting of its local homeomorphisms onto open subsets of Rn.

c)* The sheaf of germs of holomorphic functions over C is Hausdorff and is a smooth
manifold. The sheaf of germs of smooth real-valued functions over R is an extreme
example of “non-Hausdorff manifold”.

3. Consider R with its usual differentiable structure, induced by the chart ϕ : R Ñ R,
ϕpxq “ x, and consider also the differentiable structure induced by the chart ψ : RÑ R,
ψpxq “ x3.

Show that the two differentiable structures are not equal, but that nevertheless the
two differentiable manifolds thus defined are diffeomorphic.

4. (Review of Quaternions) Let Q denote the vector space R4 with basis t1, i, j, ku and
multiplication subject to the laws i2 “ j2 “ k2 “ ´1, ij “ ´ji “ k, jk “ ´kj “ i,
ki “ ´ik “ j. (These make Q into an algebra.)

a) Show that every non–zero element V P Q is invertible.

b) Show that |VW | “ |V ||W | for V,W P Q.

c) Show that S3 :“ tV P Q : |V | “ 1u has the structure of a group. (Hint: Set
u “ a`bi`cj`dk. It is useful to define ū :“ a´bi´cj´dk and prove ūu “ |u|2.)

5. (Klein bottle) Let Γ be the group of isometries of R2 generated by the maps

px, yq ÞÑ px` 1,´yq

px, yq ÞÑ px, y ` 1q.

a) Describe R2{Γ geometrically.

b) Give R2{Γ a smooth structure in the “obvious way” and check that the projection
π : R2 Ñ R2{Γ is smooth.

b) How many pointwise linearly independent vector fields can you find on R2{Γ?
(Hint: a vector field on R2{Γ can be lifted up to one on R2 that is invariant under
the action of the group Γ.)
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