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Supplementary Exercise

1. (a) Define for α :“ pj, σq where j “ 1, . . . , n` 1, σ P t`,´u the sets

U j,` :“ Sn X
 

xj ą 0
(

, U j,´ :“ Sn X
 

xj ă 0
(

.

Consider the maps

φj,˘ : U j,˘ Ñ Rn
`

x1, . . . , xn`1
˘

ÞÑ
`

x1, . . . , xj´1, xj . . . , xn`1
˘

Let A1 :“ tpφα, Uαqu. Show that it is an atlas on Sn.

(b) Let N` :“ p0, 0, . . . , 0, 1q, N´ :“ p0, 0, . . . , 0,´1q. Note that the two stereograpic
projections

ψ` : V ` :“ Sn{
 

N`
(

Ñ Rn, ψ´ : V ´ :“ Sn{
 

N´
(

Ñ Rn

defined by

ψ˘
`

x1, . . . , xn`1
˘

“

`

x1, . . . , xn`1
˘

1˘ xn`1
,

are bijections. Show that A2 :“ tpψ˘, V ˘qu is an atlas on Sn.

(c) Show that the two atlases are equivalent.

2. Let RPn :“ tlines through the origin in Rn`1u. For p ‰ 0 in Rn`1, let rps be the line
through p and 0. Show that the map π : Sn Ñ RPn, πppq :“ rps is smooth.

3. Let M be a set, A be an atlas on M , and Ā the associated maximal atlas. Show A
and Ā induce the same topology on M , i.e. JA “ JĀ.

4. Let pM,AM q, pN,AN q be smooth manifolds. Recall the definition in class of an atlas
AMˆN for the cartesian product M ˆN by the specification

AMˆN :“ tpU ˆ V, pφ, ψqq|pU, φq P AM , pV, ψq P ANu.

(a) Verify AMˆN is an atlas and pM ˆ N, ĀMˆN q is a smooth manifold. Is AMˆN

maximal?

(b) Prove the canonical projection maps

πM : M ˆN ÑM

πN : M ˆN Ñ N

are smooth.



5. (a) Let M1 be the configuration space of all triangles in the plane with side lengths
3, 4 and 5. What manifold is this?

(b) Let M2 be the configuration space of all equilateral triangles in the plane with
side length 1. What manifold is this?

6. The Möbius band M is the strip S :“ p0, 3q ˆ p0, 1q identified with itself via the
equivalence relation characterized by

px, yq „ px` 2, 1´ yq

whenever the two points lie in S, that is, M :“ S{ „. Give M the structure of a
smooth manifold by specifying an atlas consisting of two charts.

7. Let pMn,Aq, pNm,Bq be smooth manifolds, f : M Ñ N . Show: f is smooth at x in
some chart iff it is smooth in all charts, i.e. TFAE

(a) there exists charts pU, φq P A, pV, ψq P B and a open set W Ď U such that
x PW, fpW q Ď V, and

ψ ˝ f ˝ φ´1|φpW q : φpW q Ď Rn Ñ Rm,

is smooth.

(b) For all charts pU, φq P A, pV, ψq P B with x P U, fpxq P V , there exists an open set
W Ď U such that x PW, fpW q Ď V, and

ψ ˝ f ˝ φ´1|φpW q : φpW q Ď Rn Ñ Rm,

is smooth.

8. Let M be a smooth manifold and ψ : U Ñ Rn a chart for M . Let
ˆ

B

Bxi

˙

p,ψ

P TpM, p P U, i “ 1, . . . , n

be the coordinate vector fields on U induced by the chart ψ. Prove that TpM is a

vector space with basis
`

B
Bx1

˘

p,ψ
, . . . ,

`

B
Bxn

˘

p,ψ
by establishing

(a) prove that
ˆ

B

Bx1

˙

p,ψ

, . . . ,

ˆ

B

Bxn

˙

p,ψ

are linearly independent.

(b) Prove that any X P TpM can be expressed as a linear combination of
ˆ

B

Bx1

˙

p,ψ

, . . . ,

ˆ

B

Bxn

˙

p,ψ

(c) Prove that any linear combination of
ˆ

B

Bx1

˙

p,ψ

, . . . ,

ˆ

B

Bxn

˙

p,ψ

lies in TpM .



This completes the proof that TpM is a vector space with basis
ˆ

B

Bx1

˙

p

, . . . ,

ˆ

B

Bxn

˙

p

.

9. Let M be a smooth manifold with atlas AM “ tpU, φqu.

(a) Construct a corresponding atlas ATM “ tpU ,Φqu for the tangent bundle TM of
M (repeat the definition from class).

(b) Prove ATM is an atlas and pTM,ATM q is a smooth manifold.

10. Let M be a smooth manifold, and let D be the set YpPMDp, where Dp is the set of
orientations of TpM (a two-element set).

(a) Show that D naturally has the structure of a smooth manifold with a covering
map D ÑM of degree 2. D is called the orientation double cover of M .

(b) Show that an orientation of M corresponds to a continuous section of the covering
map D ÑM (that is, a map f : M Ñ D such that fppq P Dp for each p).

(c) In particular, M is orientable if and only if D is diffeomorphic to the product
M ˆ t0, 1u (as covering space of M).

(d) Show that D is oriented in a natural way.

11. Let pM,AM q be a smooth manifold. Let pN,AN q be a submanifold of M . Let JN
be the topology on M induced by AM q. Prove: the topology induced on N by AN

(the atlas topology) coincide with the topology induced on N by JM (the subspace
topology).

12. (Continued form exercise sheet 3, exercise 3) Verify that the Veronese map f : RP2 Ñ

R4, rx, y, zs ÞÑ px2 ´ y2, xy, xz, yzq is an embedding.

13. (a) Show that D naturally has the structure of a smooth manifold with a covering
map D ÑM of degree 2. D is called the orientation double cover of M .

(b) Show that an orientation of M corresponds to a continuous section of the covering
map D ÑM (that is, a map f : M Ñ D such that fppq P Dp for each p).

(c) In particular, M is orientable if and only if D is diffeomorphic to the product
M ˆ t0, 1u (as a covering space of M).

(d) Show that D is naturally oriented.

14. Find a function f : RÑ R such that the set of critical values is Q.

15. (a) Prove: if f : U Ď Rn Ñ fpUq Ď Rn is a diffeomorphism, then

LnpfpAqq “ 0 ô LnpAq “ 0

for all A Ď U .

(b) Use (a) to construct a consistent definition of “sets of measure zero” in a (second-
countable) n-manifold.

16. (a) Describe the group IsompT 2q.



(b) Describe the group IsompR2q.

17. Define exp : Rnˆn Ñ Rnˆn by

exppAq :“
8
ÿ

k“0

Ak

k!

(a) Prove exp is well defined and smooth.

(b) Show dpexpptAqq{dt “ A expptAq.

(c) Show t ÞÑ expptAq is a 1-parameter subgroup.

(d) Show that exp |U is a diffeomorphism onto its image for some open set U Q 0.

(e) Show exp is not in general a local diffeomorphism.

(f) Show exppAq P GL`pn,Rq but exp : Rnˆn Ñ GL`pn,Rq is not surjective in
general.

18. (The classical Lie Groups) Determine the Lie algebras of the following Lie groups (as
a vector space of nˆ n matrices) and compute their (real) dimensions:

(a) GLpn,Rq “ tA PMnˆnpRq : detA ‰ 0u.

(b) SLpn,Rq “ tA P GLpn,Rq : detA “ 1u.

(c) Opn,Rq “ tA P GLpn,Rq : ATA “ idu.

(d) SOpn,Rq “ tA P Opn,Rq : detA “ 1u.

(e) GLpn,Cq.

(f) SLpn,Cq.

(g) Upnq “ tA P GLpn,Cq : A˚A “ idu.

(h) SUpnq “ tA P Upn,Cq : detA “ 1u.

(i) Sppnq “ tA P GLp2n,Qq : A preserves the standard quaternionic hermitian formu.

(j) Which of these Lie groups are compact, connected or have non-trivial center?


