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1. a) Pick a normalized basis {vi} of the finite dimensional subspace V and let {v∗i } be the correspon-
ding dual basis, so that we have v∗i (vj) = δij . These are continuous functionals of norm one and
we may extend them to functionals ṽ∗i on all of X by Hahn-Bahnach. Then Px =

∑dimV
i=1 ṽ∗i (x)vi

defines a projection and we may apply Serie 7 exercise 4.

b) Let λ1, λ2 ∈ X∗ be two extension of λ. By normalizing we may assume that ‖λ‖ = 1 such that
‖λ1‖ = ‖λ2‖ = 1. Note that by linearity, λ1+λ2

2 also defines an extension of λ. But strict convexity
gives ∥∥∥∥λ1 + λ2

2

∥∥∥∥ < ‖λ1‖2
+
‖λ2‖

2
= 1

if we would have λ1 6= λ2. But this contradicts that λ = 1 hence we must have λ1 = λ2.

c) One example would be the evaluation map at the point x ∈ [0, 1] on C([0, 1], ‖ · ‖∞) restricted to
the space of constant functions. Note that they all have norm one. This restriction is independent
of x hence any evaluation would extend it.

d) Let {x∗n} be countable dense subset of X∗. For each x∗ ∈ X∗ we may choose a sequence of unit
vectors x(k) such that x∗(x(k))→ ‖x∗‖ by definition of the (operator-)norm on X∗. In particular,
we find for any n some xn ∈ X such that x∗n(xn) ≥ ‖x

∗‖
2 . The set of all finite linear combinations

with rational coefficients spanQ{xn} is countable. We need to prove that it is in fact dense. Denote
Y the closure of this set (this surely is also the closure of the R-span). Assume by contradiction
that Y 6= X then by the Hahn-Banach-Theorem there exists a nontrivial linear functional x∗ ∈ X∗
such that x∗ vanishes on Y . By density of the x∗n’s we may choose n0 such that

‖x∗ − x∗n0
‖ < ε.

This would also imply that x∗n0
(xn0

) = |x∗(xn0
)−x∗n0

(xn0
)| < ε since xn0

is inside the unit ball.
This contradicts the definition of xn0

.

2. a) Define Φ : `q → (`p)∗ by
Φ(f)(g) = ϕf (g) =

∑
f(n)g(n)

for any f ∈ `q and g ∈ `p. We claim that Φ is an isometric isomorphism. Let f ∈ `q . By Hölder’s
inequality

|ϕf (g)| ≤ |
∑

f(n)g(n)| ≤ ‖f‖q‖g‖p.

Thus ‖ϕf‖ ≤ ‖f‖q showing ϕf ∈ (`p)∗. To show equality (and that Φ is an isometry), define the
finite sequence gm = fχ[1,m], and consider

g̃m =
gq−1m sgn(gm)

‖gm‖q−1q

where we are using pointwise multiplication of functions. Then

‖g̃m‖pp =

∑m
i=1 |f(i)|(q−1)p

(
∑m
i=1 |f(i)|q)

q−1
q p

= 1
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because (q − 1)p = q. Moreover

|ϕf (g̃m)| =

∣∣∣∣∣ 1

‖gm‖q−1q

m∑
i=1

|f(i)|q
∣∣∣∣∣ =

∣∣∣∣∣∣
(

m∑
i=1

|f(i)|q
)1− 1

p

∣∣∣∣∣∣ = ‖fχ[1,m]‖q ↗ ‖f‖q.

Thus, Φ is an isometry as claimed.

It remains to show that Φ is surjective. Let ϕ ∈ (`p)∗, and define f(n) = ϕ(χ{n}). We wish that
f ∈ `q . Define gm and g̃m for this f as before. Then

‖fχ[1,m]‖q = |ϕ(g̃m)| ≤ ‖ϕ‖‖f‖q.

Since this estimate is independent of m, ‖f‖q <∞, giving the desired result.

b) First assume that (fn) converges weakly to a point f in `p. By replacing (fn) with (fn − f), we
may assume that fn converges weakly to 0. Then consider (fn) as a collection of functionals on `q

where q is the conjugate to p. Fix g ∈ `q . Then duality implies

|ϕfn(g)| = |ϕg(fn)| → 0 as n→∞.

In particular, supn |ϕfn(g)| <∞. Thus, we may apply Banach-Steinhaus to conclude that supn ‖fn‖p =
supn ‖ϕfn‖ <∞. Thus, the sequence is bounded in norm. To see pointwise convergence to 0, ap-
ply the continuous linear functional associated to the sequence χ{i} for each i.

Now assume that (fn) ⊂ `p such that there exists B with ‖fn‖p ≤ B and there exists f ∈ `p with
fn(i)→ f(i) for each i. Replacing fn by fn− f , we may assume pointwise convergence to 0. Let
ϕ be a continuous linear functional on `p, that is ϕ = ϕg for some g ∈ `q where q is conjugate to
p. Then for m ∈ N,

|ϕg(fn)− ϕgχ[1,m]
(fn)| = |ϕgχ(m,∞)

(fn)| ≤ ‖gχ(m,∞)‖q‖fn‖p ≤ ‖gχ(m,∞)‖qB → 0

as m → ∞. Thus independently of n there exists M such that |ϕg(fn) − ϕgχ[1,M]
(fn)| is small.

By pointwise convergence to 0, there exists N so that for all n > N , |ϕgχ[1,M]
(fn)| is small. Thus,

for large n, |ϕg(fn)| is small, giving weak convergence to 0.

c) Consider the sequence n−
1
pχ[1,n]. Then this sequence converges to zero pointwise and ‖n−

1
pχ[1,n]‖p =

1 for all n. Then by part (a), this sequence converges weakly to 0. However since the norm is con-
stantly 1, the sequence does not converge in norm to 0.


