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1. Charts and an atlas
Let m be a positive integer. Construct an atlas for the m-dimensional sphere

Sm := {x ∈ Rm+1 | ‖x‖2 = 1}.

2. Quotient spaces
In the lecture we have seen the submersion theorem which enables us to ’reco-
gnize’ manifolds. Several other manifolds can be defined as quotients of another
manifold under an equivalence relation ∼. The new Manifold is then the set of
all equivalence classes. A classical example is the projective space

RPn := (Rn\{0})/ ∼,

where ∼ is given by x ∼ y :⇔ ∃ λ ∈ R s.t. x = λy. In this problem we will
investigate how to put a manifold structure on such quotient manifolds.

Definition Let (M,A) be a manifold with an equivalence relation ∼ and let B be
a manifold structure on the setM/ ∼. The manifold (M/ ∼,B) is called a quotient
manifold of (M,A) if the natural projection π : M→M/ ∼ is a submersion.

It can be shown thatM/ ∼ admits at most one manifold structure that makes
it a quotient manifold ofM. IfM/ ∼ admits a manifold structure that makes
it a quotient manifold the equivalence relation ∼ is called regular. Having an
equivalence relation ∼ on M we can consider the graph

graph(∼) := {(x, y) ∈M×M | x ∼ y}.

The following result gives conditions forM and ∼ such that ∼ is regular.

Theorem An equivalence relation ∼ on a manifoldM is regular if and only if the
following conditions hold:
(i) The graph graph(∼) is an embedded submanifold ofM×M.
(ii) The projection π1 : graph(∼)→M, π1(x, y) = x is a submersion.
(iii) The graph graph(∼) is a closed subset ofM×M.

Bitte wenden!



We will omit the proof. The dimension ofM/ ∼ is given by

dim(M/ ∼) = 2 dim(M)− dim(graph(∼)). (1)

Let n and p be positive integers with p ≤ n. The noncompact Stiefel manifold
(not to be confused with the Stiefel manifold St(p, n)) is defined by

R
n×p
∗ := {X ∈ Rn×p | rank(X) = p}.

Let ∼ denote the equivalence relation on Rn×p
∗ defined by

X ∼ Y :⇔ span(X) = span(Y ). (2)

We will use the notation Rn×p
∗ /GLp for Rn×p

∗ / ∼.

a) Find a natural bijection between Rn×p
∗ /GLp and the set of all p-dimensional

subspaces of Rn.

b) Show that condition (ii) and (iii) of the theorem are satisfied for ∼ on Rn×p
∗

defined by (2).

c) Show that for any X0 ∈ Rn×p
∗ there exist an open neighborhood Ω̃ ⊂ Rn×p

∗
of X0 and a smooth function Ω̃ ⊂ R

n×p
∗ → R

n×(n−p), X 7→ X⊥ with
XTX⊥ = 0.

d) Show that condition (i) of the theorem is satisfied and conclude that ∼ on
R

n×p
∗ defined by (2) is regular.

e) What is the dimension of Rn×p
∗ /GLp?

Endowed with its quotient manifold structure the set Rn×p
∗ /GLp is called the

Grassmann manifold of p-planes in Rn and denoted by Grass(p, n).

To be submitted on October 6.


