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1. a) In the VasiCek short-rate model using the affine term-structure and

(1.7) = = log(P(1.T))

ars 0 9]
= a—TA(t,T)—i-ﬁB(t,T)r(t)

we can obtain an explicit solution to the forward-rate process

b 2
f(t,T) = —(1 — eﬁ(T*t))B _ ;‘_/62(1 _ eﬁ(T*t))2 € eﬁ(Tft)r(t>
If 5 < 0, then this converges to
) b o?

and from L’Hopital’s rule also

. IR :
Reolt) = Jim 7 [ (t.5)ds = Jim f2.7)

b) In the CIR model we similarly have by the affine term structure that

f(t,T) = %A(t’ T) + 8%8<t’ T)r(t),

where setting v = /32 + 202,

2b 2#}/6(7_6) (T_t)/2
A(t,T) = - log — T=1) _ s
o (v = B)(e” 1) +2y

2(e7T= — 1)
(v = B) (T —1) + 2y

and B(t,T) =
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Y(X(T) = (y=B)(eT" 1) + 2y
Z(T) — 76(7*5)(T*t)/2

and
OrX(T) = eV T
Or(Y(X(T))) = (v — B)0rX(T) = (y — B)ye? =Y
0r7Z(T) = Z(T)%
thus
) -2 22(T)
AT = 2 ()
~—2b <Y(X(T))) (25TZ(T) - 2Z2(T)(y - ﬁ)aTX(T))
o2 \ 2Z(T) Y(X(T)) (Y(X(T)))?
—2b 1 y—p 2Z(T)(y — B)orX(T)
= <2Z<T>> (2 y A VR m) )
—b 2(y = B)orX(T)
=2\ ) )
2(y — B)ye? ™Y
( L ooy y 27)
and
9 9 [ 2X(D)
o727 = 57 (v
_200X(T) _ 2X(T)(3 — /)0 X(T)
Y(X(T)) (Y(X(1)))*
2veV(T=1) 27T —1)(y — B)ye T

T -BETI - +2y (1= BT —1)+27)

For limy_, ., the above terms converge to

lim iA(t,T) = lim (;—f ((v - B) - ( 2(y — B)yer T ))
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and applying L"Hopital’s rule we get

lim %B(t T)

. 2yeY(T—t) _ 2X B)or X (T
_Vg&(W—BMJW”—J)+M)_%E;( ()( %P( O
oy (0@ x vaTX

(y=B) T 2(Y/(X (»XV @%X
_ (@TX (T) + X(T)y

(y=B) Toeo Y(X

_ 2 (767( )+( T ))
(v=B) 7= \(y—B) (T —1)+2y
_ 2y _0

(v=08) (-8

Therefore,

b
lim f(17) = —(7+B),

and as above, by L’Hopital’s rule also

Roo(t) = lim —/ f(t,s)ds = hm f(t,T)= Z(’y—i—ﬂ).

T—oo [ —

¢) By assumption, the volatility process of the one-dimensional HIM-model is given
by o(t,T) = (1+T —t)""/?forall 0 <t < T. Then

t T t
f&,T)=f(0,T) +/ (J(S,T)/ a(s,u)du> ds —i—/ o(s, T)dW?*(s)

0 s 0

t T
= £(0,T) + / ((1 +T — 5)1/2/ (1+u-— 5)1/2du) ds

0 s

t
+ / (14+T — )" 2dW™(s).
0
In the limit the last term vanishes in probability

t

lim [ (147 —s)"Y2dW*(s) =0.

T—o0 0
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Also,
T
1/2/ (1+u— s)_1/2du> ds

[ (0
/ (L+T—s)72(204+T —s)"*-2))ds

0

2/ 1—(1+T—s)"%ds

0

_2t—/ (1+T — ) Y2ds.
0

Thus the long rate for this model is

Roo(t) = lim f(t,T) = lim f(0,T) +2t,

T—oo

which is in fact strictly increasing in ¢. Note that the long rate exists, i.e.
limy_,o f(t,T) converges if and only if limy_,, f(0,7) is finite.

2. (Bond Option Pricing in the Ho-Lee Model)

a) The arbitrage-free price at ¢ = 0 of a European call option on an S-bond with
expiry date 7' < S and strike price K is

Eq [ 0P (1.8) — K)*]. (n

where Q denotes the risk-neutral spot measure!. The above formula can be re-
written as

Eq [e— I r@ds(p(T, §) — K)ﬂ
=Eq [B(T)"(P(T,S) - K)*]
=Eg [B(T)‘lP(T, S)]IP(T,S)>K} — KEg [B(T)‘l}lpms»;(} )
Bayes’ rule, with
dQ’ 1
dQ  P(0,T)B(T)

and o {W} -

yields

1
KEg [B(T)™'1I = KPOT)Eq | ————— 1
Q |: ( ) p(T,S)>K:| ( ’ ) Q [P(O,T)B(T) P(T,S)>K‘|

= KP(0,T)Q" [P(T,S) > K],

ICf. p.106. Filipovi¢, T.S.M.
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and similarly for

dQ® 1 dQ’
dQ — P(0,9)B(S) dQ

__P(T,5)
7 P(0,9)B(T)

Therefore,
Eq [B(T) ' P(T, S)lpr,s)>k]
1
= P(0,5)Eq {WP(T, S)]IP(T,S)>K}
= P(0,5)Eqgs [Ip(r,s)>k]
= P(0,5)Q° [P(T, S) > K]
Furthermore,

—? *;; > K] , )
P(T.T) _ 1}
P(T,S) " K|’

and Q°[P(T,S) > K] =Q° [ 3)

and it remains to show that the random variables ig*;g and igg both have a

lognormal distribution and to determine the corresponding mean and variance.
By Lemma 7.1, forany t <T'A S

P(S)  P(0,S) .
== gt os T oV
pt,T)  P(0,T) ( ) (&)
_ P(0,9) efg Us7T(S)dWT(S)7% fot O'S’T(S)st
P(0,T) ‘

We apply (4) with ¢ = T" to obtain (2), and to obtain (3) interchange the role of
T and S. Now we note that og7(s) = —ors(s) for all s > 0 and determine
the function og 1 (s) corresponding to the Ho-Lee Model. Recall from the lecture
that for the Ho-Lee model it holds o(s,u) = o, which yields (cf. Lemma 7.1)
that

T
osr(s) = / o(s,u)du= (T — S)o forall T <S.
S
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Then

> K} =Q" [g(o )ef0 os ()W (s)=3 Jy osr(s)’ds K}
P

_ QT [ng ;IS:))6(T—S)JWT(T)—§(T—S)2T02 > K]

[ log ( 201 ¢
:QT WT(T)< g(( P(0, ; )—l—%(T—S)TU
e -WT(T) log (P’?éon}{) 1

where W7 (T) ~ N(0,+/T), hence \F W_I) o N(0,1) under Q7.
Similarly, since % ~ N (0, 1) under Q°,

S (T T) 1 _nS | OT) f or,s(s)dWS( s)—ff or,s(s)%ds 1

[ 1
:@S Ilzggg (S=T)oWT(T)—L(S—-T)*Tc? < _]

K

sy e (7R L T
B V. R e LA

The price ¢(0, T, .S, K) of a European call option at time ¢ = 0 with strike price
K and exercise date 7" on an underlying S-bond, where 7" < S is of the form

c(0,T,5,K) = P(0,5)®(dy) — P(0,T)K®P(dy),

where ® denotes the cumulative normal distribution, and d; and d5 are the values

- () ot

with 0, = o(S — T)VT.

(&)

b) For a European put option on an S-bond with expiry date 7" < .S and strike price
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K we have the following ¢ = 0 arbitrage-free price

p(0,T, 8, K) = Eg [e* Jo T (j¢ — p(T, S))ﬂ
= KEq [B(T) Ipr,s)<k ] — Eq [B(T) " P(T, S)lp(r,s)<x]
= KP((0,T)Q" [P(T,S) < K] — P(0,5)Q° [P(T, S) < K]

and by analogous arguments to the above we get
p(0, 7,5, K) = KP(0,T)®(—dy) — P(0,S)®(—d)

with d; 5 as in (5).
3. See capvasicekatm.m and fittedsigma.m

4. We first recall the derivation of the caplet price. Let ¢ € [0,7,,,_1] be arbitrary. The
time ¢-caplet price is given by

Cpl(t, Tmfl, Tm) = P(t, Tm)EQTm [5(L(Tm,1, Tmfl) — %>+ ’ft]
Noting that

L(Tmfla Tmfl) =L t, ZZ_;nfl)><

—
3

—1

Tm—1
X exp ( — 5 )\2(8, Tm—l)ds ‘|‘/ )\(SaTml)dem)7
¢ t

we obtain

IOg L(Tmfla Tmfl) = IOg L(t> Tmfl)

1 Tm_1 Tm—l
- 5/ N (s, Tp1)ds —i—/ (s, Tpp1)dAW I,
t t

Hence, the Q™ -distribution of log L(Ty,—1,T,,—1) conditional on F; is Gaussian with
mean

1

Tm—1
p=log L(t,T,,—1) — 5/ N (s, Ty_1)ds
t

and variance

Tm—l
o’ = / (s, Ty_1)ds.
t
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In particular

0.2
Mt ? = 1OgL(taTmfl)7

1 Tm,—l
n+ o = lOgL(t, Tmfl) + 5/ AQ(SaTm*ﬁds'
t

Recall? that if X ~ N(u,0?) is a normally distributed random variable and ¢ € R is
a constant, then we have

P(ch):q><—c_“>,

g

02 - 2
B = v )

o

where ® denotes the standard Gaussian cumulative distribution function. Therefore,

2Here is the proof: We have % ~ N(0,1), and hence

X - — X - — —
]P’(ch):]P( N u>:P( noo_c M)Zq)(_c u). ©)
o o o o o
The density of the normal distribution is given by
1 (z—p)2
fuo2( e 2 reR
() V2mo?

Therefore, we have

Noting that

B 2 — 2ux + p? __x2—2(u+02)a:+,u2

202 202 202 o 202
2 =2u+ o)z 4+ (p+0?)? —2u0* — o
o 202
(= (ptaY))? o’
- 252 tet

we obtain, by using (6) with Y ~ N (u + o2, 02),

_(e=(u=c?)?

2 [ 1 02 [
E[GX]]‘{X>C}] =t / ¢ 202 de = etz fH—o'Z o2 (I)dl‘
2 . /27_(_0_2 . I >

. _ 2
e“*fIP’(YZC)e”Jra;(I)(C (uto ))
o
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setting X = log L(T},,—1, T,,—1), we obtain

Cpl(t; Trn—1, Tin) = P(t, Ton)Eqran [0(L(Trn—1, Tine1) — 20) 7 | Fi]
=0P(t,T,) (EQTm [eX]l{leog%} | Fi] = 5Q™ (X > log x| «7:t>)

— P(L,T;,) {e“"'d;@(— log e~ <“+"2)> - %q>< _ bg%_—ﬂ”

o o

— GP(t, Tpn) (L(t, Ty 1 )®(dy (m; 1)) — 5D(dsy(m; 1))

with

ety OB () & [0 T s
7 (ftT"H Az(s,Tm_l)ds)1/2

5. Matlab File

1 function cap = capvasicekatm(b,beta, sigma,r0,TO, delta ,
Tcap)

2% In this exercise (Ex 6—3) we compute the cap price in
the vasicek model

3% dr(t)= (b+ beta r(t))dt+ sigma dW™x(t)

4

5

6 %% Bond Price at time 0 (using the affine structure of
Vasicek model Ex 4—3)

7 funcA= @(T) sigma”2x(4xexp(betaxT)—exp(2+betaxT)—2xbeta
*T—3)/(4xbeta"3)+bx(exp(betaxT)—1—betaxT)/(beta’2);

8 funcB= @(T) (exp(betaxT)—1)/beta;

9 bondprice= @(T) exp(—funcA (T)—funcB (T)x*r0);

10

11 9% Put price

12% We first use Ex5—-2) to find \sigma_{T,S)}

13 % sigmap=\int_O0"T \sigma™2_{T,S}(s)ds = \int_O*T (\int_T
AS (\sigma exp(beta(u—s))) du)™2 ds

14 Yosigmap = @(T,S) (4xexp(betaxS)xsigma2xsinh(1/2xbetax(S
—T))"2«xsinh(betaxT))/( beta™3);

15 sigmap=@(T,S) sigma”2/(2xbeta”3) x((exp(betax(S-T))—1)
A2x(exp(2xbetaxT)—1));

16 dl = @(T,S,K) (log(bondprice(S)/(K«xbondprice(T)))+1/2x
sigmap (T,S))/sqrt(sigmap(T,S));

17 d2 = @(T,S,K) (log(bondprice(S)/(Kxbondprice(T)))—1/2x%
sigmap (T,S))/sqrt(sigmap(T,S));

18
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19 putprice = @(T,S,K) K«bondprice (T)+*normcdf(—d2(T,S,K))—
bondprice (S)*normcdf(—d1(T,S,K));

20

21 %o ATM cap, cap rate = swap rate

22 tenor = TO:delta:Tcap;

23 kappa = (bondprice(TO)—bondprice(Tcap))/( deltaxsum(
bondprice (tenor (2:end))));

24

25

26 % EX 1—2) relation between CF of the caplet and put
option

27 strikeprice = 1/(1+deltaxkappa);

28 caplet = zeros(1,length(tenor)—1);

29 for j = 1:(length(tenor)—1)

30 caplet(j)= putprice(tenor(j),tenor(j+1),strikeprice)
31 end

32 cap=sum( caplet)/strikeprice;

33 end

6. Matlab File

1 function [sigmastar ,value]=fittedsigma

2% Ex 6-3b) find the optimal sigma_x which minimizes the
L"2 error of

3% observed ATM cap price and calibrated Vasicek bond
price

4

5% lower bound for sigma_x

6 tol=10"(—-3);

7

8% find the minimal value

9 [sigmastar , value]= fminbnd (@(sigma) temp(sigma),tol ,1);

10 end

11

12

13 function [error]=temp(sigma)

14 %oparameters

15 b=0.0774;

16 beta=—0.86;

17 10=0.08;

18
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19 % observed ATM cap prices
20 P =
[0.00215686,0.00567477,0.00907115,0.0121906,0.01503,0.017613,0.019¢

21 % associated maturities

2T =[1,2,3,4,5,6,7,8,10,12,15,20,30];
23

24 CVA= zeros(1,length(P));

25 for i=1:length(P)

26 9% computed ATM cap price

27 CVA(i) = capvasicekatm (b, beta,hsigma,r0,1/4,1/4,T(1));
28 end

29

30 % L™2 norm of the error

31 error = sum((CVA-P) ."2);

32 end

7. Matlab File

1 function [valueblack ,valuemc]= liborcaplet
2% In this exercise we compute the caplet price at time 0
with reset date

3% T_{m—1}=(m—1)xT with cap rate kappa and settlement
date T_-m = mxT in a LIBOR market model

4% with dL(t, T_m) = L(t,T_m) lambdax WN{T_{m+1}}_t

5

6 delta=1/4;

7m=7;

8 lambda=0.1;

9 kappa=0.01;

10

1% L(0, T_{m—1})

12 liborTmm1=0.09;

13% P(0,T_m)

14 pTm= 0.85;

15 % number of Monte—Carlo simulations

16 N=10"7;

17% Time T_{m—1}

18 Tmml=(m—1)*xdelta ;

19

20 %% Black’s formula

Bitte wenden!



21 d1= (log(liborTmml/kappa)+1/2xlambda’”2xTmml) /( sqrt(
lambda”2xTmml) ) ;

22 d2= (log (liborTmml/kappa) —1/2«lambda”2+xTmml) /( sqrt (
lambda”2+«Tmml) ) ;

23

24 valueblack= deltaxpTmx(liborTmml*normcdf(dl)—kappax
normcdf(d2));

25

26

27 9% Monte—Carlo simulation

28 % mean of log(L(T_{m—1},T_{m—1})

29 mu = log (liborTmm1l) —1/2xlambda”2%(Tmml) ;

30% std of log(L(T_{m—1},T_{m—1})

31 sigma = sqrt(lambda’?2*(Tmml) ) ;

32% generate log(L(T_{m—1},T_{m—1})

33 logofLtmml= mu+sigmaxrandn (1 ,N);

34 % evaluation

35 valuemc= pTmxmean(deltaxsubplus ((exp(logofLtmml)—kappa))
)

36 end



