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1. a) First we note that
P [V (t) = X] = 0

for both models. For the Merton Model, inserting the definition of V and using
the independent increment property of Brownian motion yields

P [V (T ) < X|Ft] = P
[
V (t)e(µ−σ

2/2)(T−t)+σW (T )−σW (t) < X|Ft
]

= P
[
σ(W (T )−W (t)) < log(X/V (t))− (µ− σ2/2)(T − t)|Ft

]
= P

[
σ
√
T − tZ < log(X/V (t))− (µ− σ2/2)(T − t)

]
,

where Z denotes a standard normal random variable on R. Hence,

P [V (T ) < X|Ft] = Φ

(
log(X/V (t))− (µ− σ2/2)(T − t)

σ
√
T − t

)
(1)

T↓t→

{
Φ(∞) = 1, if V (t) < X,

Φ(−∞) = 0, if V (t) > X,

where Φ denotes the cumulative distribution function of a standard normal ran-
dom variable.

For the Zhou model we know from the lecture that the conditional default proba-
bility can be written as:

pD(t, T ) = P [V (T ) < X|Ft]

=
∞∑
n=0

Φ

(
log (X/V (t))−mn− (µ− σ2/2)(T − t)√

n%2 + σ2(T − t)

)

×e−λ(T−t) (λ(T − t))n

n!
. (2)

Since the sum uniform convergent on [t, T ] (as 0 ≤ Φ(x) ≤ 1 for all x and the
sum is absolute convergent) we can pull the limit of T ↓ t inside the sum and
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obtain

lim
T↓t

pD(t, T ) = lim
T↓t

Φ

(
log (X/V (t))− (µ− σ2/2)(T − t)√

σ2(T − t)

)

=

{
Φ(∞) = 1, if V (t) < X,

Φ(−∞) = 0, if V (t) > X.

b) Using the formula (1) we get

lim
T↓t

∂+T p
D(t, T ) = lim

T↓t
∂+T Φ

(
log(X/V (t))− (µ− σ2/2)(T − t)

σ
√
T − t

)
= lim

T↓t
ϕ

(
log(X/V (t))− (µ− σ2/2)(T − t)

σ
√
T − t

)
×
−(µ− σ2/2)σ

√
T − t− (log(X/V (t)) + (µ− σ2/2)(T − t)) 1

2σ
√
T−t

σ2(T − t)
= 0,

where ϕ(x) = 1√
2π
e−

x2

2 denotes the probability density of the standard normal
distribution.

c) Similarly, using the formula (2) we have

lim
T↓t

∂+T p
D(t, T ) = lim

T↓t
∂+T

∞∑
n=0

Φ

(
log (X/V (t))−mn− (µ− σ2/2)(T − t)√

n%2 + σ2(T − t)

)

×e−λ(T−t) (λ(T − t))n

n!
.

Again, since the sum is absolute convergent we may interchange the partial deri-
vative with the sum:

lim
T↓t

∂+T p
D(t, T ) = lim

T↓t

∞∑
n=0

∂+T Φ

(
log (X/V (t))−mn− (µ− σ2/2)(T − t)√

n%2 + σ2(T − t)

)
︸ ︷︷ ︸

=:f(T,n)

×e−λ(T−t) (λ(T − t))n

n!

= lim
T↓t

∞∑
n=0

[
ϕ(f(T, n))∂Tf(T, n)e−λ(T−t)

(λ(T − t))n

n!

+Φ(f(T, n))(−λ)e−λ(T−t)
(λ(T − t))n

n!

+Φ(f(T, n))e−λ(T−t)
(λ(T − t))n−1

(n− 1)!
λ

]
.
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Since ϕ decays exponentially fast to zero the first summand can be neglected:

lim
T↓t

∂+T pd(t, T ) = −λΦ(f(t, 0)) + Φ(f(t, 1))λ

= −λI{V (t)<X} + Φ(d)λ

= −λI{V (t)<X} + Φ(d)λI{V (t)<X} + Φ(d)λI{V (t)≥X}

= λΦ(d)I{V (t)≥X} + λΦ(−d)I{V (t)<X}.

2. From the lecture we know that the conditional default probability

Q [τ > T |FT ] = e−
∫ T
0 λ(s)ds. (3)

Hence,

Q [τ > T ] = E [Q [τ > T |FT ]] = E
[
e−

∫ T
0 λ(s)ds

]
.

Therefore, to conclude we have to check that

E
[
e−

∫ T
0 λ(s)ds

]
= e−A(T )−B(T )λ(0).

Since the process λ is assumed to be follow a CIR process we can apply the same
ideas as in the affine short rate chapter to compute E

[
e−

∫ T
0 λ(s)ds

]
. That is, we solve

the corresponding ODEs (cf. Ex 4-3):

∂tB(t, T ) =
σ2

2
B(t, T )2 − βB(t, T )− 1, B(T, T ) = 0,

∂tA(t, T ) = −bB(t, T ), A(T, T ) = 0.

Indeed, the functions A and B given on the exercise sheet satisfy the above ODEs
which can be checked by insertion.

3. a) In the following expectations are taken under the measure Q. Using Tower pro-
perty we have

C0(T ) = E
[
e−

∫ T
0 r(s)dsI{τ>T}

]
= E

[
E
[
e−

∫ T
0 r(s)dsI{τ>T}|FT

]]
= E

[
e−

∫ T
0 r(s)ds E

[
I{τ>T}|FT

]]
= E

[
e−

∫ T
0 (r(s)+λ(s))ds

]
= E

[
e−

∫ T
0 (c0+(1+c1)r(s))ds

]
.
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Following the same lines of reasoning as in the previous exercise (adapt the proof
of Lemma 5.1 and Proposition 5.2 in Filipovic’s book), the following two ODEs
have to be solved:

∂tB(t, T ) =
σ2

2
B(t, T )2 − βB(t, T )− (1 + c1), B(T, T ) = 0,

∂tA(t, T ) = −bB(t, T )− c0, A(T, T ) = 0.

Again, the functions given on the exercise sheet satisfy the above ODEs.

b) To verify the claim we first note that

I{τ>T} + δI{τ≤T} = (1− δ)I{τ>T} + δ.

Therefore, part a) yields

C(T ) = (1− δ)C0(T ) + δP (0, T ).

c) We note that the zero-coupon bond price with partial recovery at default is given
by

CD(T ) = C0(T ) + δΠ(T ),

where
Π(T ) = E

[
e−

∫ τ
0 r(s)dsI{0<τ≤T}

]
is the unit price of the recovery at default given 0 < τ ≤ T . Again with Tower
property and using the exponential distribution of τ we get

Π(T ) = E
[
E
[
e−

∫ τ
0 r(s)dsI{0<τ≤T}|FT

]]
= E

[∫ T

0

(
e−

∫ u
0 r(s)dsλ(u)e−

∫ u
0 λ(s)ds

)
du

]
=

∫ T

0

E
[
λ(u)e−

∫ u
0 (r(s)+λ(s))ds

]
du

=

∫ T

0

E
[
λ(u)e−

∫ u
0 (c0+(1+c1)r(s))ds

]
du.
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With dominated convergence (since r is positive) we have

c1
1 + c1

d

du
E
[
e−

∫ u
0 (r(s)+λ(s))ds

]
=

c1
1 + c1

E
[
d

du
e−

∫ u
0 (r(s)+λ(s))ds

]
=

c1
1 + c1

E
[
−(c0 + (1 + c1)r(u))e−

∫ u
0 (r(s)+λ(s))ds

]
= − c0c1

1 + c1
E
[
e−

∫ u
0 (r(s)+λ(s))ds

]
− E

[
c1r(u)e−

∫ u
0 (r(s)+λ(s))ds

]
=

(
− c0c1

1 + c1
+ c0

)
E
[
e−

∫ u
0 (r(s)+λ(s))ds

]
−E

[
λ(u)e−

∫ u
0 (r(s)+λ(s))ds

]
=

(
c0

1 + c1

)
E
[
e−

∫ u
0 (r(s)+λ(s))ds

]
−E

[
λ(u)e−

∫ u
0 (r(s)+λ(s))ds

]
.

Therefore,

Π(T ) =

(∫ T

0

c0
1 + c1

e−A(u)−B(u)r(0)du− c1
1 + c1

∫ T

0

d

du
e−A(u)−B(u)r(0)du

)
=

(∫ T

0

c0
1 + c1

e−A(u)−B(u)r(0)du− c1
1 + c1

(
e−A(T )−B(T )r(0) − 1

))
.

4. a) With C1 = C2 = Φ−1(p) we have

p(X) = P [Yi = 1|X]

= P [Wi(1) < Ci|X]

= P
[√

%X +
√

1− %Zi < Φ−1(p)
]

= Φ

(
Φ−1(p)−√%X
√

1− %

)
.

Conditionally on X the Yi are independent Bernoulli variables with success pro-
bability p(X), therefore

P [Y1 = y1, Y2 = y2] =

∫
R

p(x)y1+y2(1− p(x))2−y1−y2
e−x

2/2

√
2π

dx.

In the special case y1 = y2 = 1 we have

P [Y1 = 1, Y2 = 1] =

∫
R

p(x)2
e−x

2/2

√
2π

dx =

∫
R

Φ

(
Φ−1(p)−√%x
√

1− %

)2
e−x

2/2

√
2π

dx.
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b) Conditionally on X , the random variable L2 has a Binomial distribution with
parameter vector (2, p(X)). Therefore

P[L2 ≤ k] =
k∑
i=0

(
n

i

)∫
R

p(x)i(1− p(x))2−i
e−x

2/2

√
2π

dx.

c) Matlab File

1 f u n c t i o n e m p i r i c a l d f
2 % In t h i s e x e r c i s e we compute t h e e m i p i r i c a l

d i s t r i b u t i o n f u n c t i o n o f L_2
3 % i n a homogeneous B e r n o u l l i m i x t u r e model
4
5 % s e t o f p a r a m e t e r s
6 mu= 0 . 0 1 ;
7 s igma = 0 . 2 ;
8 rho = 0 . 5 ;
9 V0=100;

10 D=90;
11
12 %% compute t h e o r e t i c a l c d f
13 % s t a n d a r d i z e d f a c e v a l u e o f t h e d e b t
14 C= ( l o g (D/ V0 )−(mu−s igma ^ 2 / 2 ) ) / s igma ;
15
16 % compute p ( X )
17 j o i n t d e f a u l t = @( x ) normcdf ( ( C−s q r t ( rho ) ∗x ) / s q r t (1−

rho ) ) ;
18
19 % compute t h e t h e o r e t i c a l p d f
20 i n t e g r a n d = @( x , i ) j o i n t d e f a u l t ( x ) . ^ i .∗(1−

j o i n t d e f a u l t ( x ) ) .^(2− i ) . ∗ normpdf ( x ) ;
21 temp = @( i ) nchoosek ( 2 , i ) . ∗ i n t e g r a l (@( x ) i n t e g r a n d (

x , i ) ,− Inf , I n f ) ;
22
23
24 % p o s s i b l e v a l u e s f o r i
25 gr id = [ 0 , 1 , 2 ] ;
26 v a l u e s =cumsum ( [ temp ( 0 ) , temp ( 1 ) , temp ( 2 ) ] ) ;
27
28
29
30 %% compute e m p i r i c a l c d f
31 N= 10 ^4 ;
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32 % s i m u l a t e X
33 draw = randn ( 1 ,N) ;
34
35 % s i m u l a t e Y_1 and Y_2
36 y1draw = b i n o r n d ( 1 , j o i n t d e f a u l t ( draw ) ) ;
37 y2draw = b i n o r n d ( 1 , j o i n t d e f a u l t ( draw ) ) ;
38 % compute L= Y_1+Y_2
39 Ldraw = y1draw+y2draw ;
40
41 % compute t h e e m p i r i c i a l d i s t r i b u t i o n f u n c t i o n
42 e m p i r i c a l = e c d f ( Ldraw ) ;
43
44 % p l o t t h e t h e o r e t i c a l c d f and t h e e m p i r i c a l c d f
45 f i g u r e ( 1 ) ;
46 s t a i r s ( grid , v a l u e s , ’ r∗− ’ )
47 hold on ;
48 s t a i r s ( grid , e m p i r i c a l ( 2 : end ) , ’ g∗− ’ )
49 hold o f f ;
50 end


