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1. a) Since the price process of asset S1 is increasing, we can simply borrow 100$ to
buy the asset S1 and resell it at time 1. This creates an obvious arbitrage opportu-
nity. However, since the sigma algebra is trivial, every contingent claim must be
deterministic. That is, let X denote the payoff of the contingent claim at time T ,
then X = a a.s., where a ∈ R. This claim is attainable because we can borrow
a/T ∗ 100 $ at time 0 to buy a/T amount of S1 and sell it at time T such that the
payoff of the strategy at time T is a/T (100 + T − 100) = a.

b) Yes. For instance, let’s consider the one period Cox-Ross-Rubinstein Model with
u > d > r, where u (resp. d) denotes the up (resp. down) move for the risky
asset, i.e.,

S1 =

{
S0(1 + u), with prob. p
S0(1 + d), with prob. 1-p

and r denotes the riskfree interest rate. Since d > r, i.e., the risky asset is always
outperforming the riskfree asset, the market is not arbitrage free, however it re-
mains complete (cf. MFF lecture notes p. 59).

2. a) First we note that the process

Z(t) := Et
(∫ ·

0

γ(s)dWs

)
is a positive true martingale for γ(t) ≡ −µ

σ
, t ∈ [0, T ], which follows from the

Novikov Condition (Theorem 4.7)

EP

[
e1/2

∫ T
0 γ2sds

]
<∞.

Therefore, we can define a probability measure Q ∼ P with density process given
by Z(t)

dQ
dP

∣∣∣∣
Ft

= Z(t), for all 0 ≤ t ≤ T.
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Then Girsanov’s theorem (Theorem 4.6) yields that

W ∗(t) = W (t) +
µ

σ
t

is a Brownian motion under the measure Q, and

S1(t) = S1(0) (1 + σW ∗(t)) (1)

for the Q-Brownian motion W ∗. Thus Q is an equivalent martingale measure.
Uniqueness of the martingale measure Q: The filtration (Ft)t∈[0,T ] was the one
generated by the Brownian motionW . Therefore, we are in the situation of Theo-
rem 4.8 (Representation Theorem), thus every probability measure Q̂, which is
equivalent to P has the representation

dQ̂
dP

= E∞ (γ •W ) ,

for some γ ∈ L. However, for the process S1 to be a martingale under Q̂ the drift
of S1 must vanish, i.e.,

S1(t) = S1(0)(1 + (µ+ γσ)︸ ︷︷ ︸
=0

t+ σ (W (t)− γt)︸ ︷︷ ︸
is a Q̂ BM

).

Hence, γ = −µ
σ

and the equivalent martingale measure is unique.

b) Note that

EQ
[
(S1(T )−K)+|Ft

]
= EQ

[(
(S1(T )− S1(t)− (K − S1(t))

)+∣∣∣Ft] .
where

K − S1(t)

is Ft-measurable and

S1(T )− S1(t) = S1(0)σ (W ∗(T )−W ∗(t))
d
= S1(0)σW ∗(T − t)

is independent from Ft by independence of the increments of the Q-Brownian
motion W ∗. Furthermore,

S1(0)σ (W ∗(T − t)) ∼ N
(
0, (S1(0)σ)2(T − t)

)
(2)

under Q. Thus

EQ[(S1(T )−K)+|Ft] = EQ[(S1(T )−K)I{S1(T )>K}|Ft]
= EQ

[
(S1(T )− S1(t))I{S1(T )>K}|Ft

]
− EQ

[
(K − S1(t))I{S1(T )>K}|Ft

]
= EQ

[
S1(0)σ (W ∗(T )−W ∗(t)) I{S1(T )>K}|Ft

]
− (K − S1(t))EQ

[
I{S1(T )>K}|Ft

]
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where

EQ[I{S1(T )>K}|Ft] = EQ[I{S1(T )−S1(t)>K−S1(t)}|Ft]
= Q[{S1(0)σW ∗(T − t) > K − x}]|x=S1(t)

which by (2) is∫ ∞
K−S1(t)

1

S1(0)σ
√
T − t

√
2π
e
− 1

2

(
x

S1(0)σ
√
T−t

)2
dx

(∗)
=

∫ ∞
K−S1(t)

S1(0)σ
√
T−t

1√
2π
e−

1
2
y2dy

(∗∗)
=

∫ S1(t)−K
S1(0)σ

√
T−t

−∞

1√
2π
e−

1
2
y2dy

= Φ

(
S1(t)−K

S1(0)σ
√
T − t

)
with the substitution y = x

S1(0)σ
√
T−t in (∗), and using the symmetry∫∞

x
ϕ(z)dz = Φ(−x) of the standard Gaussian cumulative distribution Φ in (∗∗).

Furthermore, by a similar argument as above,

EQ
[
S1(0)σW ∗(T − t)I{S1(T )>K}|Ft

]
= EQ

[
S1(0)σW ∗(T − t)I{S1(0)σW ∗(T−t)>K−x}

]
|x=S1(t)

(2)
=

∫ ∞
K−S1(t)

x

S1(0)σ
√
T − t

√
2π
e
− 1

2

(
x

S1(0)σ
√
T−t

)2
dx

(∗)
= S1(0)σ

√
T − t

∫ ∞
K−S1(t)

S1(0)σ
√
T−t

y√
2π
e−

1
2
y2dy

(∗∗∗)
= S1(0)σ

√
T − t

∫ ∞
K−S1(t)

S1(0)σ
√
T−t

−φ′(y)dy

=
(
S1(0)σ

√
T − t

)
φ

(
K − S1(t)

S1(0)σ
√
T − t

)
Where we used in (∗∗∗), that for the standard Gaussian density φ(y) = 1√

2π
e−

1
2
y2 ,

we have φ′(y) = −yφ(y). Thus we arrived at

EQ[(S1(T )−K)+|Ft] =

= EQ
[
S1(0)σ (W ∗(T )−W ∗(t)) I{S1(T )>K}|Ft

]
− (K − S1(t))EQ

[
I{S1(T )>K}|Ft

]
=
(
S1(0)σ

√
T − t

)
φ

(
K − S1(t)

S1(0)σ
√
T − t

)
+ (S1(t)−K)Φ

(
S1(t)−K

S1(0)σ
√
T − t

)
,

as claimed.
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3. a) Applying Itô’s formula to f(x) = ‖x‖2Rd and using the Ornstein-Uhlenbeck dy-
namics we get

dY (t) =

(
−λ‖X(t)‖2 +

σ2

4
d

)
dt+ σ

d∑
i=1

Xi(t)dBi(t)

= λ (ν − Y (t)) dt+ σ
√
Y (t)

d∑
i=1

Xi(t)

‖X(t)‖
dBi(t).

To conclude the claim it remains to check that
∑d

i=1

∫ t
0
Xi(s)
‖Xs‖dBi(s) is a standard

Brownian motion. Note that ‖X(s)‖ never hits the origin P.a.s. and hence the
integrands Xi(t)‖X(t)‖, i ∈ {1, · · · , d} are well-defined, measurable adapted,
continuous and bounded. Therefore each stochastic integral is a continuous local
martingale. Moreover,

〈
d∑
i=1

∫ t

0

Xi(s)

‖X(s)‖
dBi(s),

d∑
i=1

∫ t

0

Xi(s)

‖X(s)‖
dBi(s)〉t =

∫ t

0

d∑
i=1

Xi(s)
2

‖X(s)‖2
ds

=

∫ t

0

ds = t.

Lévy’s characterization of Brownian motion now shows that the process Y satis-
fies

Y (t) = λ(ν − Y (t))dt+ σ
√
Y (t)dWt,

where W is standard Brownian motion.

b) See also CIR2.m

4. a) Let t ∈ [0, T ] be arbitrary and let Y be the Ft-measurable random variable

Y = E
[
DT

Dt

X | Ft
]
.

Then, for any nonnegative Ft-measurable random variable Z we have

EQ[XZ] = E[DTXZ] = E
[
Dt
DT

Dt

XZ

]
= E

[
DtE

[
DT

Dt

X | Ft
]
Z

]
= EQ[Y Z],

showing that

EQ[X | Ft] = Y.
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b) Suppose that M is a Q-martingale. Then, for all s ≤ t we have

E[DtMt | Fs] = DsE
[
Dt

Ds

Mt | Fs
]

= DsEQ[Mt | Fs] = DsMs.

Conversely, suppose that DM is a P-martingale. Then, for all s ≤ t we have

EQ[Mt | Fs] =
1

Ds

E[DtMt | Fs] =
1

Ds

DsMs = Ms.

5. See impvol.m

6. Matlab File

1 f u n c t i o n s igma= impvol (C , K, T )
2 % EX 3−4) im pv o l compute t h e i m p l i e d v o l a t i l i t y s igma

f o r a g i v e n s t r i k e K ,
3 % m a t u r i t y T and v a l u e C o f an ATM c a l l o p t i o n a t t i m e 0

i n a B a c h e l i e r
4 % model
5
6 % a t t h e money
7 s0=K;
8
9 s igma= s q r t (2∗ pi ) ∗C . / ( s q r t ( T ) ∗ s0 ) ;

10
11 % More c o m p l i c a t e d . . .
12 % E x p l i c i t f o r m u l a f o r t h e c a l l o p t i o n
13 %e x p c a l l = @( sigma , Ttemp ) s0 .∗ s igma . ∗ s q r t ( Ttemp ) ∗ normpdf

( ( s0−K) / ( s0 ∗ s igma ∗ s q r t ( Ttemp ) ) )+ ( s0−K) ∗ normcdf ( ( s0−K)
/ ( s0 ∗ s igma ∗ s q r t ( Ttemp ) ) ) ;

14 % e q u a t i o n s a t i s f i e d by im pv o l : C− e x p c a l l ( s igma ) =0
15 %sigma= z e r o s ( 1 , l e n g t h (C) ) ;
16 % i n i t i a l v a l u e
17 %sigma0 =0 .16;
18 %f o r i = 1: l e n g t h (C)
19 %sigma ( i ) = f z e r o (@( sigma ) C( i )−e x p c a l l ( sigma , T ( i ) ) ,

s igma0 ) ;
20 %end
21
22 end
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7. Matlab File

1 f u n c t i o n e x 5 t e s t
2 % Ex 3−4: p l o t t h e i m p l i e d v o l a t i l i t y
3 T = [ 1 / 1 2 , 2 / 1 2 , 5 / 1 2 , 8 / 1 2 , 1 1 / 1 2 , 1 4 / 1 2 ] ;
4 K= 1125 ;
5 C= [ 2 0 . 2 0 , 3 0 . 7 0 , 5 1 . 0 0 , 6 6 . 9 0 , 8 1 . 7 0 , 9 7 . 0 0 ] ;
6
7 s igma = impvol (C , K, T ) ;
8
9 f i g u r e ( 2 )

10 p l o t ( T , sigma , ’ b ’ )
11 x l a b e l ( ’ t ime t o m a t u r i t y ’ ) ;
12 y l a b e l ( ’ i m p l i e d v o l a t i l i t y ’ ) ;
13 t i t l e ( ’Ex 3−4 ’ ) ;
14 end

8. Matlab File

1 f u n c t i o n CIR2
2 % In t h i s e x e r c i s e we s i m u l a t e d N p a t h s o f a CIR p r o c e s s
3 % dX_t = \ lambda ( \ nu−X_t ) d t + \ s igma \ s q r t ( X_t ) dW_t ,

X_0 =x and s i m u l a t e t h e
4 % e x p e c a t i o n o f X_1 , X_1 ^ 2 , X_1^+ by g e n e r a t i n g non−

c e n t r a l c h i ^2 random
5 % v a r i a b l e s .
6 t i c
7 %% parame te r i n p u t
8 % h o r i z o n
9 T=1;

10 % sample s i z e
11 Nsimu =10^4;
12 Nplo t =Nsimu ;
13 % g r i d p o i n t s
14 M=10^3;
15 % v o l a t i l i t y
16 lambda =1;
17 nu = 1 . 2 ;
18 s igma = 0 . 3 ;
19 x =1;
20 % t i m e s t e p
21 d t = T /M;
22
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23 % Check t h e F e l l e r c o n d i t i o n
24 check = 2∗ lambda∗nu >= sigma ^ 2 ;
25 i f check == 1
26 di sp ( ’ F e l l e r c o n d i t i o n i s assumed ’ )
27 e l s e i f check ==0
28 di sp ( ’ F e l l e r c o n d i t i o n i s n o t s a t i s f i e d ’ )
29 end
30
31
32 % t h e o r e t i c a l v a l u e f o r t h e e x p e c t a t i o n , second moment

and pos p a r t
33 c o n s t c = 4∗ lambda / ( s igma ^2∗(1− exp(− lambda∗T ) ) ) ;
34 c o n s t v = 4∗ lambda∗nu / ( s igma ^2 ) ;
35 c o n s t l a m b d a = c o n s t c ∗x∗exp(− lambda∗T ) ;
36 % c o n s t c _ T ∗X_T i s non c e n t r a l c h i s qu are d i s t r i b u t e d (

c o n s t v , cons t l ambda )
37 % E ( non−c e n t r a l c h i s q u a r e d i s t r i b u t i o n ) = c o n s t v+

cons t l ambda ;
38 %t h e o r e t i c a l v a l u e e x p = ( c o n s t v+cons t l ambda ) / c o n s t c ;
39 t h e o r e t i c a l v a l u e e x p = x∗exp(− lambda∗T ) +nu∗(1−exp(− lambda∗

T ) ) ;
40 % Var ( non−c e n t r a l c h i s q u a r e d i s t r i b u t i o n ) = 2( c o n s t v +2∗

cons t l ambda )
41 %t h e o r e t i c a l v a l u e s e c = ( 2∗ ( c o n s t v +2∗ cons t l ambda ) +( c o n s t v+

cons t l ambda ) ^ 2 ) / ( c o n s t c ^ 2 ) ;
42 t h e o r e t i c a l v a l u e s e c = x∗ s igma ^ 2 / lambda ∗ ( exp(− lambda∗T )−

exp (−2∗ lambda∗T ) ) +nu∗ s igma ^ 2 / ( 2∗ lambda ) ∗(1−exp(− lambda
∗T ) ) ^2+ t h e o r e t i c a l v a l u e e x p ^ 2 ;

43 % Use n u m e r i c a l i n t e g r a t i o n t o o b t a i n a t h e o r e t i c a l
v a l u e

44 % S i n c e t h e F e l l e r c o n d i t i o n i s assumed , E[X^+_1 ] must
be e q u a l t o E[ X_1 ]

45 t h e o r e t i c a l v a l u e p o s = i n t e g r a l (@( x ) x .∗ ncx2pdf ( x , cons tv ,
c o n s t l a m b d a ) , 0 , I n f ) / c o n s t c ;

46 %% S i m u l a t i o n
47 % p a r a m e t e r s
48 % c o n d i t i o n on X_s , c _ t ∗X_t i s n o n c e n t r a l c h i s q

d i s t r i b u t e d w i t h d o f=
49 % c o n s t v and s c a l e parame te r = 4
50 % lambda / ( s igma ^2∗(1− exp (− lambda∗ d t ) ) ∗X_s∗ exp (1− lambda∗

d t )
51 dof = c o n s t v ;
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52 CIR = [ x∗ ones ( 1 , Np lo t ) ; z e r o s (M, Nplo t ) ] ;
53 f o r i =1 :M
54 CIR ( i + 1 , : ) = ncx2rnd ( dof ∗ ones ( 1 , Np lo t ) ,4∗ lambda / ( s igma

^2∗(1− exp(− lambda∗T /M) ) ) ∗CIR ( i , : ) ∗exp(− lambda∗T /M)
, [ 1 , Np lo t ] ) / ( 4 ∗ lambda / ( s igma ^2∗(1− exp(− lambda∗T /M)
) ) ) ;

55 end
56
57 %p l o t t h e f i r s t 10 sample p a t h s
58 t i m e g r i d = 0 : d t : T ;
59 p l o t ( t i m e g r i d , CIR ( : , 1 : 1 0 ) )
60
61 %compute s i m u l a t e d v a l u e
62 s i m u l a t e d v a l u e e x p = mean ( CIR ( end , : ) ) ;
63 s i m u l a t e d v a l u e s e c = mean ( CIR ( end , : ) . ^ 2 ) ;
64 s i m u l a t e d v a l u e p o s = mean ( s u b p l u s ( CIR ( end , : ) ) ) ;
65
66 di sp ( ’ Exac t v a l u e s : E x p e c t a t i o n / 2 . Moment / pos . p a r t ’ )
67 di sp ( [ t h e o r e t i c a l v a l u e e x p ; t h e o r e t i c a l v a l u e s e c ;

t h e o r e t i c a l v a l u e p o s ] )
68 di sp ( ’ E s t i m a t e d v a l u e : E x p e c t a t i o n / 2 . Moment / pos . p a r t ’ )
69 di sp ( [ s i m u l a t e d v a l u e e x p ; s i m u l a t e d v a l u e s e c ;

s i m u l a t e d v a l u e p o s ] )
70
71 %e s t i m a t e d v a r i a n c e
72 %e s t v a r e x p= var ( CIR ( end , : ) ) ;
73 %e s t v a r s e c = var ( CIR ( end , : ) . ^ 2 ) ;
74 %e s t v a r p o s= var ( s u b p l u s ( CIR ( end , : ) ) ) ;
75 % c o n f i d e n c e i n t e r v a l u s i n g CLT
76 %c f p l u s e x p=s i m u l a t e d v a l u e e x p +1.96∗ s q r t ( e s t v a r e x p / Nsimu ) ;
77 %c f m i n u s e x p=s i m u l a t e d v a l u e e x p −1.96∗ s q r t ( e s t v a r e x p / Nsimu )

;
78 %c f p l u s s e c =s i m u l a t e d v a l u e s e c +1.96∗ s q r t ( e s t v a r s e c / Nsimu ) ;
79 %c f m i n u s s e c=s i m u l a t e d v a l u e s e c −1.96∗ s q r t ( e s t v a r s e c / Nsimu )

;
80 %c f p l u s p o s=s i m u l a t e d v a l u e p o s +1.96∗ s q r t ( e s t v a r p o s / Nsimu ) ;
81 %c f m i n u s p o s=s i m u l a t e d v a l u e p o s −1.96∗ s q r t ( e s t v a r p o s / Nsimu )

;
82
83 %d i s p ( ’ C o n f i d e n c e i n t e r v a l : ’ )
84 %d i s p ( [ c fm inusexp , c f p l u s e x p ; c f m i n u s s e c , c f p l u s s e c ;

c fm inuspos , c f p l u s p o s ] )
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Abbildung 1: 10 sample paths of the CIR process

85
86 t o c


