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Exercise 13-1. Let T > 0 be a fixed time horizon and W = (Wt)t∈[0,T ] a Brownian motion
on some probability space (Ω,F ,P). Let F = (Ft)t∈[0,T ] be the filtration generated by W and
augmented by the P-null sets in σ(Ws; 0 ≤ s ≤ T ). Consider the Black–Scholes model with

stochastic bank account. In this model, the undiscounted bank account price process S̃0 and the
undiscounted stock price process S̃1 are given by

dS̃0
t = S̃0

t (r dt+ γ dWt), S̃0
0 = 1,

dS̃1
t = S̃1

t (µdt+ σ dWt) , S̃1
0 = s > 0,

where r, µ ∈ R, γ ≥ 0 and σ > 0. Note that for γ = 0, this corresponds to the standard Black–
Scholes model. Denote by S1 := S̃1/S̃0 the discounted stock price process.

(a) First, assume that γ 6= σ. Find a measure Q∗ ≈ P on FT such that S1 is a Q∗-martingale
and show that, under Q∗, S1 satisfies the SDE

dS1
t = S1

t (σ − γ) dW ∗t , S1
0 = s,

where W ∗ = (W ∗t )t∈[0,T ] is a Q∗-Brownian motion.

Remark. One can show that Q∗ is the unique equivalent martingale measure for S1.

(b) Next, assume that γ = σ > 0 and µ > r. Show that the market (S̃0, S̃1) admits arbitrage
by explicitly constructing an arbitrage opportunity, i.e., an admissible self-financing strategy
φ = (η, θ) with φ0 = (0, 0) (so that V0(φ) = 0) such that

VT (φ) =

∫ T

0

θu dS1
u ≥ 0 P-a.s. and P[VT (φ) > 0] > 0.

Hint. You can choose a buy-and-hold strategy in the stock, i.e., θ = c1K0,T K, where c ∈ R is
a constant. Moreover, don’t forget to specify η.

(c) Finally, assume that γ = 0, σ > 0 and r, µ ∈ R, i.e., we are in the setting of the standard

Black–Scholes model. A power option with power 4 and strike K̃ ≥ 0 on S̃1 is a contingent
claim whose undiscounted payoff a time T is given by

H̃pow :=
((
S̃1
T

)4 − K̃)+ .
Show that

EQ∗

[
H̃pow

S̃0
T

]
≥
(
s4 exp

(
(6σ2 + 3r)T

)
− K̃ exp(−rT )

)+
,

where Q∗ is the unique equivalent martingale measure for S1.

Hint. In a first step, assume that K̃ = 0.

Exercise 13-2. Let T > 0 denote a fixed time horizon and let W = (Wt)t∈[0,T ] be a Brownian
motion on some probability space (Ω,F ,P). Let F = (Ft)t∈[0,T ] be the filtration generated by W
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and augmented by the P-nullsets in σ(Ws; 0 ≤ s ≤ T ). Consider the Black–Scholes model, where

the (undiscounted) bank account price process S̃0 and the (undiscounted) stock price process S̃1

are given by S̃0
t = ert and S̃1

t = eσWt+(µ−σ22 )t, 0 ≤ t ≤ T , for some fixed r, µ ∈ R and σ > 0.

Denote by Q the unique equivalent martingale measure for S1 := S̃1/S̃0 on FT . Moreover, recall
the discounted Black-Scholes formula, which computes the (discounted) price process V Call,K of a
(discounted) European call option with maturity T > 0 and (discounted) strike K > 0, i.e.,

V Call,K
t = S1

t Φ(d1(K, t))−KΦ(d2(K, t)),

where

d1,2(K, t) =
log (S1

t /K)± 1
2σ

2(T − t)
σ
√
T − t

and Φ denotes the cumulative distribution function of a standard normal random variable.

(a) Consider a European butterfly option with the following payoff structure

x

h̃BF (x)

0
0

5 10 15

2

4

6

h̃BF (x) = { x, 5 ≤ x ≤ 10,

15− x, 10 ≤ x ≤ 15,

0, else.

This means that the graph of h̃BF is depicted, where H̃BF = h̃BF (S̃1
T ) denotes the corre-

sponding payoff of a butterfly option.

(i) Show that the above butterfly option can be represented by a linear combination of

European call options, i.e., find α, β, γ, K̃1, K̃2, K̃3 ∈ R such that

h̃BF (s) = α(s− K̃1)+ + β(s− K̃2)+ + γ(s− K̃3)+.

(ii) Hedge the discounted butterfly option, i.e., find (V BF0 , ϑBF ) such that

HBF :=
H̃BF

S̃0
T

= V BF0 +

∫ T

0

ϑBFt S1
t , a.s.

Remark: If you cannot solve part (i), you may try to solve part (ii) with general

α, β, γ, K̃1, K̃2, K̃3.

(b) Compute the price at time 0 of the discounted option

H log := (logS1
T )4.

Hint: If X ∼ N (0, 1), then E[X4] = 3. (Please turn page)
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(c) Let f : (0,∞)→ (0,∞) be a concave function. Consider the discounted option

H
f

:= S1
T f

(
1

S1
T

)
.

Show that the arbitrage-free price V H
f

of the option satisfies

V H
f

t ≤ S1
t f

(
1

S1
t

)
, ∀t ∈ [0, T ] a.s.

Exercise 13-3. Let T > 0 be a fixed time horizon and W = (Wt)t∈[0,T ] a Brownian motion
on some probability space (Ω,F ,P). Let F = (Ft)t∈[0,T ] be the filtration generated by W and
augmented by the P-null sets in σ(Ws; 0 ≤ s ≤ T ).

First, consider the Black–Scholes model, where the undiscounted bank account price process S̃0

and the undiscounted stock price process S̃1 are given by S̃0
t := ert and S̃1

t := eσWt+(µ−σ22 )t,
0 ≤ t ≤ T , r, µ ∈ R and σ > 0. Denote by Q∗ the unique equivalent martingale measure for
S1 := S̃1/S̃0 on FT .

(a) Consider the discounted payoff

H := max
(
S1
T ,
(
S1
T

)3)
and denote by V Ht its discounted arbitrage-free price at time t ∈ [0, T ]. Prove that

V Ht ≥ max
(
S1
t ,
(
S1
t

)3)
.

(b) Consider the undiscounted payoff

Ỹ :=
√
S̃1
T S̃

1
T/2.

Compute its arbitrage-free price V Ỹ0 at time 0.

Possible hint: If X ∼ N (0, 1), then E
[
etX
]

= e
1
2 t

2

for all t ≥ 0.

For further information please see
www.math.ethz.ch/education/bachelor/lectures/hs2014/math/mff/ and

www.math.ethz.ch/assistant_groups/gr3/praesenz .
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