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1. We want to prove that every k-regular digraph G(V,E) has a consistent labeling
as defined in [RT4].

a) Construct a bipartite graph H(L,R,A) with L = R = V , and for v ∈ V ,
w ∈ V , (v, w) ∈ A if and only if (v, w) ∈ E. Prove that any s vertices in L
connect to at least s vertices in R.

b) Apply Hall’s theorem k-times.

Hall’s Theorem: In a bipartite graph G(L
⋃
R,E) with equally large parts

L and R, there is a perfect matching M (that is, a subset of E that is
vertex-disjoint and of cardinality |L|) if and only if |N(S)| ≥ |S| for every
S ⊆ L.

2. Let p be a prime. The vertices of Gp are the lines of the projective space of
dimension 3 over Fp, i.e., a node a is represented by a triple (a1, a2, a3) 6= (0, 0, 0),
where ai ∈ Fp. Note that each node has p − 1 representatives. Two vertices
a = (a1, a2, a3) and b = (b1, b2, b3) are adjacent iff the corresponding lines are
orthogonal, i.e.,

∑3
i=1 aibi = 0.

Show that:

a) The graph Gp has p2 + p+ 1 vertices.

b) Gp may contain a loop.

c) Every 2 vertices from Gp have exactly one common neighbour.

d) Every row of the adjacency matrix A = A(Gp) has p+ 1 ones.

e) The matrix A2 = pI + J , where J is the everywhere one matrix.

f) The eigenvalues of J are p2 + p+ 1 and 0.

g) The eigenvalues of A2 are p2 + 2p+ 1 and p.

h) λ(Gp) =
√
p.

Please turn over!



3. Show that Margulis-Gaber-Galil expanders give the required auxiliary graphs
Hm on handout [RT14].

For any questions concerning the exercises, you can write an email to Jan Volec,
jan@ucw.cz.


