
D-BAUG Analysis I HS 2014
Dr. Meike Akveld

Exercisesheet 7

1. Determine a parametrisation

I = [0, 1]→ R2, t 7→
(

x(t)
y(t)

)
for the following motions:

a) A straight linear motion from point P1 = (x1, y1) to P2 = (x2, y2), where P1 6=
P2.

b) Once around the unit square (see picture), starting at the origin and going in a
counterclockwise fashion.
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c) Three times around the circle with center (5, 0) and radius 4, starting at the point
(5, 4) and going in a clockwise fashion.

2. Consider a rolling wheel. As a model we consider a circle with radius R rolling along
the x-axis in an (x, y)-coordinate system. At the time t = 0 the center is located at the
point (0, R).

a) At the beginning (t = 0) we mark the point P = (0, R− r) on the wheel, where
0 < r < R. Give a formula for the curve Pt : [0,∞) → R2 which describes the
motion of this marked point while the wheel is rolling in positive direction?

b) Draw this curve Pt for r = R
2

.

c) What does the curve Pt look like in the (theoretical) case r = 3
2
R?

Bitte wenden!



3. Evolute - locus of the centers of curvature:

a) Determine a parametrisation of the form

r : R→ R2, r(t) =

(
x(t)
y(t)

)
.

for the parabola y = 1− x2

b) Calculate the unit normal n(t) for the curve found in (a).

Hint: You get the normal vector by turning the tangent vector (ẋ(t), ẏ(t))T coun-
terclockwise by 90◦ and normalizing it.

c) Calculate the curvature as a function depending on t using the formula

k(t) =
ẋ(t)ÿ(t)− ẏ(t)ẍ(t)

(ẋ(t)2 + ẏ(t)2)3/2
.

d) Calculate the geometric location of the centers of curvature

M(t) = r(t) +
1

k(t)
· n(t).

This curve is called the evolute of the parabola.

e) Make a sketch of the parabola and its evolute.

f) Let y = f(x) be a curve in explicit form, where f : R → R is a twice dif-
ferentiable function. Prove the following formula for the curvature at the point
x

k(x) =
f

′′
(x)

(1 + f ′2(x))
3
2

.

Use this formula to calculate the curvature of the parabola in part (a) and compare
this with your result from part (c).

Siehe nächstes Blatt!



4. Exercise 3, Summer Exam 2009. A cannonball is shot from the point (0, 0) with
velocity v and angle ϕ ∈ [0, π

2
], where ϕ is the angle with the positive x-axis. Consider

the cannonball as a pointmass and assume that the gravitational force points in the
direction of the negative y-axis. In this case the motion can be described by:

x(t) = v cos(ϕ)t

y(t) = v sin(ϕ)t− 5t2.

a) Given a certain fixed velocity v, determine how the angle ϕ should be chosen
such that the ball travels the maximal horizontal distance. Argue why what you
found is a maximum!

b) Where does the cannonball land given this angle and velocity v = 100?

5. Exercise 3, Summer Exam 2011. Let a > b > 0 be real numbers. The point P (t) is
defined in dependence of the angle t (see picture). The y-coordinate of P (t) is equal to
the y-coordinate of the point C on the smaller circle. The x-coordinate is obtained by
intersecting the tangent at the point A to the bigger circle with the x-axis. Determine a
parametrisation of P (t), eliminate the parameter t and find an equation for the curve.
Make a sketch of this curve.


