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1. Consider the action of SL2(R) on the set Mat2(R) of 2 × 2-matrices with coefficients in R
defined by γ ◦M := M [γ−1] := (γ−1)tMγ−1, where M ∈ Mat2(R) and γ ∈ SL2(R).

a) Show that this action restricts to the subset SP2(R) ⊂ Mat2(R) of positive definite
symmetric quadratic matrices with determinant 1.

Let us moreover associate to any element z = x+ iy in the upper half plane H the matrix

Mz :=

(
y−1 0
0 y

)[(
1 −x
0 1

)]
=

1

y

(
1 −x
−x x2 + y2

)
∈ Mat2(R).

b) Show that the association z 7→Mz defines an SL2(R)-equivariant bijection

φ : H→ SP2(R).

2. Let D be any negative integer that is 0 or 1 modulo 4. Let QD be the set of quadratic forms
[A,B,C] := Ax2 +Bxy+Cy2 ∈ Z[x, y] such that A > 0 and B2−4AC = D and such that
the greatest common divisor of A,B,C is 1. This is called the set of positive definite primitive
quadratic forms of discriminant D.

For any γ ∈ SL2(Z) and any Q ∈ QD we set (γQ)[x, y] := Q[ax + by, cx + dy] ∈ Z[x, y],

where
(
a b
c d

)
= γ−1.

a) Show that this defines an action of SL2(Z) on QD and show that the association

[A,B,C] 7→ ψ([A,B,C]) :=
2√
|D|

(
A B

2
B
2 C

)
defines an SL2(Z)-equivariant map ψ : QD → SP2(R).

The orbits of this action are called equivalence classes of QD.

b) Show that φ−1◦ψ sends any quadratic form [A,B,C] ∈ QD to its unique root −B+i
√
|D|

2A
in H.

c) Show that any equivalence class of QD has a unique representative in the set

Qred
D := {[A,B,C] ∈ QD| −A < B ≤ A < C or 0 ≤ B ≤ A = C}

of reduced quadratic forms of QD.
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d) Conclude that the set of equivalence classes ofQD is finite. Its order h(D) := | SL2(Z)\QD|
is called the class number of D.

3. Let τ = x+ iy ∈ H, q := e2πiτ , σ1(n) :=
∑

d|n d. We define Eisenstein series of weight 2:

G2(τ) :=
1

2

∑
06=n∈Z

1

n2
+

∑
06=m∈Z

∑
n∈Z

1

(mτ + n)2

G∗2(τ) := G2(τ)− π

2y

G2,ε(τ) :=
1

2

∑ ′

m,n∈Z

1

(mτ + n)2
1

|mτ + n|2ε
, for ε > 0

a) Let γ =

(
a b
c d

)
∈ SL2(Z). Check that G2,ε converges absolutely and locally unifor-

mely and satisfies: G2,ε(γτ) = (cτ + d)2|cτ + d|2εG2,ε(τ).

b) For ε > −1
2 , τ ∈ H let:

Iε(τ) :=

∫ ∞
−∞

dt

(τ + t)2|τ + t|2ε
and I(ε) :=

∫ ∞
−∞

(t+ i)−2(t2 + 1)−εdt

ConsiderG2,ε(τ)−
∑∞

m=1 Ie(mτ). Use the mean-value theorem to show that it converges
absolutely and locally uniformly for ε > −1

2 and that its limit as ε→ 0 is G2(τ).

c) Show that: Iε(x+ iy) = I(ε)
y1+2ε and I ′(0) = −π.

Use this to show that: limε→∞G2,ε(τ) = G∗2(τ).
Hence G∗2 transforms like a modular form of weight 2.

d) Conclude that:

G2

(
az + b

cz + d

)
= (cz + d)2G2(z)− πic(cz + d).

4. Recall that Möbius transformations form the group of automorphisms of the Riemann sphere,
and that Aut(Ĉ) ∼= PSL(2,C).

a) Show that any non-trivial automorphism A ∈ Aut(Ĉ), A 6= 1, has at least one and at
most two fixed points.

b) If A ∈ Aut(Ĉ) has two distinct fixed points z−, z+ ∈ Ĉ, then show that A is conjugate
to the LFT z 7→ µ · z, for some µ ∈ C× (called the multiplier).

c) Show that : If A ∈ Aut(Ĉ) has exactly one fixed point, then it is conjugate to the transla-
tion z 7→ z + 1.

A non-trivial A ∈ Aut(Ĉ) is called
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• parabolic iff A has exactly one fixed point,

• elliptic iff |µ| = 1

• hyperbolic iff µ ∈ R>0,

• loxodromic otherwise.

d) Let z ∈ Ĉ. Describe (or sketch) the orbits {Anz : n ∈ Z} on the sphere for each type of
motion .

e) One can also classify the motions algebraically. Check that the trace is not well-defined
on PSL(2,C) but that its square is. Then give a characterization of parabolic, elliptic,
hyperbolic and loxodromic motions using the square of the trace. (Note that the trace is
conjugation-invariant.)

Remark : The loxodromic case does not appear for PSL(2,R).

5. Let S =

(
0 −1
1 0

)
and T =

(
1 1
0 1

)
be the generators of the full modular group SL2(Z) and

let p be a prime. For 0 ≤ l < p we set αl := ST l and αp := 1.

a) Show that: SL2(Z) =
⋃p
l=0 α

−1
l Γ0(p) =

⋃p
l=0 Γ0(p)αl.

b) Let F = SL2(Z)\H denote the usual fundamental domain of SL2(Z) and set
Fp :=

⋃p
l=0 αlF . Show that Fp is a fundamental domain of Γ0(p).

c) Draw a picture of F2. What are the cusps of Γ0(2)?
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