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1. Let z ∈ H and consider the Θ-function defined by

Θz(t) =
∑
m,n∈Z

e
−πt |mz+n|2

y

for all t > 0.

a) Show that Θz satisfies the functional equation Θz(t) = 1
tΘz

(
1
t

)
.

For all s ∈ 〈1,∞〉, let

E(z, s) =
∑

γ∈Γ∞\Γ

Im(γz)s =
∑
c,d∈Z

(c,d)=1

ys

|cz + d|2s

and
E∗(z, s) = π−sΓ(s)2ζ(2s)E(z, s) = π−sΓ(s)

∑
m,n∈Z

(m,n)6=(0,0)

ys

|mz + n|2s
.

b) Check that E(γz, s) = E(z, s) for all γ ∈ Γ and show that

E∗(z, s) =

∫ ∞
0

(Θz(t)− 1) ts
dt

t
.

c) Show that E∗(z, s) has a meromorphic continuation to the whole complex s-plane with
single poles at s = 0 and s = 1 with residues -1 and 1 respectively. Finally, prove the
functional equation E∗(z, 1− s) = E∗(z, s).

2. Let ϕ : H → C be an analytic function such that ϕ(γz) = ϕ(z) for all γ ∈ Γ and ϕ(z) =
O
(
y−C

)
as y → ∞ for all C > 0. Such a function has a Fourier expansion of the form

ϕ(z) =
∑

n∈Z ϕn(y)e2πinx where ϕn(y) =
∫ 1

0 ϕ(x+ iy)e−2πinxdx. Set

Λϕ(s) = π−sΓ(s)2ζ(2s)M(ϕ0)(s− 1)

for all s ∈ 〈1,∞〉.

a) Show thatM(ϕ0)(s) is indeed well-defined on the fundamental strip 〈0,∞〉 and that it
is bounded in every vertical strip strictly contained in 〈0,∞〉.
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b) Check that Λϕ has the following integral representation

Λϕ(s) = 〈ϕ,E∗(·, s)〉 =

∫
F
ϕ(z)E∗(z, s)dµ(z)

where F denotes a fundamental domain for Γ.

c) Prove that Λϕ has a meromorphic continuation to the whole complex plane with simple
poles at s = 0 and s = 1 with residues ∓

∫
F ϕ(z)dµ(z). It is bounded in any vertical

strip (that does not contain a pole) and satisfies the functional equation

Λϕ(s) = Λϕ(1− s).

N.B. This is the simplest case of the Rankin–Selberg method.

Let f =
∑
anq

n ∈ Sk(Γ) and g =
∑
bnq

n ∈Mk(Γ) and set φ = fgyk. We define

L(f × g, s) = 2ζ(2s− 2k + 2)
∑
n≥1

anbnn
−s,

Λ(f × g, s) = πk−1(2π)−2sΓ(s)Γ(s− k + 1)L(f × g, s).

For simplicity, we will assume that bn = bn for all n.

The L-series L(f × g, s) is called the Rankin–Selberg convolution of f and g.

d) Check that φ satisfies the same properties as the function ϕ at the beginning of the exer-
cise. Show that for all s ∈ 〈0,∞〉

M(φ0)(s) = (4π)−(s+k)Γ(s+ k)
∑
n≥1

anbnn
−(s+k).

e) Prove that Λ(f × g, s) has a meromorphic continuation to the whole complex plane with
simple poles at s = k and s = k − 1 with residues ±〈f, g〉. It is bounded in any vertical
strip (that does not contain a pole) and satisfies the functional equation

Λ(f × g, s) = Λ(f × g, 2k − 1− s).

Hint: Show first that Λφ(s) = Λ(f × g, s+ k − 1).

3. The MacDonald–Bessel function is given by

Ks(y) =
1

2

∫ ∞
0

e−
y
2 (t+ 1

t )ts
dt

t

for all y > 0, s ∈ C. It is entire as a function in s and decays rapidly as y → ∞. Moreover,
one can show by a change of variable that Ks(y) = K−s(y).
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a) Set

Is(a) =

∫
R

eiau

(u2 + 1)s
du

for all a ∈ R, s ∈ 〈1/2,∞〉. Prove that

Γ(s)Is(a) =

{√
π Γ(s− 1/2) a = 0

2
√
π
∣∣a

2

∣∣s−1/2
Ks−1/2(|a|) a 6= 0.

Let s ∈ 〈1,∞〉 and consider the Fourier expansion E∗(z, s) =
∑

n∈Z an(y, s)e2πinx with
coefficients

a0(y, s) = 2Λ(2s)ys + 2Λ(2s− 1)y1−s

an(y, s) = 4
√
y |n|s−1/2σ1−2s(|n|)Ks−1/2(2π|n|y)

where Λ(s) = π−s/2Γ(s/2)ζ(s).

b) Prove that each coefficient an(y, s), n 6= 0, has an analytical continuation to an entire
function and satisfies the functional equation

an(y, s) = an(y, 1− s).

c) Show that Λ(s) has a meromorphic continuation to the whole complex plane with simple
poles at s = 0, 1 with residues ∓1, and that it satisfies the functional equation

Λ(s) = Λ(1− s).

4. a) Show that

M(Ks)(w) = 2w−2Γ

(
w + s

2

)
Γ

(
w − s

2

)
.

b) Show that
M ((E∗(iy, s)− a0(y, s)) (w) = 2Λ(w + s)Λ(s− w).

Hint: Show first that
∑

n≥1 σw(n)n−s = ζ(s)ζ(s− w).

3


