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Problem 1. Structured matrix-vector product [16=2+6+2+2+4 pts]

(1a) Matrix–vector multiplication: quadratic dependenceO(n2).

(1b) For everyj we haveyj =
∑j

k=1 kxk + j
∑n

k=j+1 xk, so we precompute the two terms for everyj only once.

1 f u n c t i on y = multAmin ( x )
2 % O( n ) , s low v e r s i o n
3 n = l en g th ( x ) ;
4 y = ze ros( n , 1 ) ;
5 v = ze ros( n , 1 ) ;
6 w = ze ros( n , 1 ) ;
7

8 v ( 1 ) = x ( n ) ;
9 w( 1 ) = x ( 1 ) ;

10 f o r j = 2 : n
11 v ( j ) = v ( j −1)+x ( n+1− j ) ;
12 w( j ) = w( j −1)+ j ∗x ( j ) ;
13 end
14 f o r j = 1 : n−1
15 y ( j ) = w( j ) + v ( n− j ) ∗ j ;
16 end
17 y ( n ) = w( n ) ;
18

19 % To check t h e code , run :
20 % n =500; x=randn ( n , 1 ) ; y = mul tAmin ( x ) ;
21 % norm ( y − min ( ones ( n , 1 ) ∗ ( 1 : n ) , ( 1 : n ) ’∗ ones ( 1 , n ) ) ∗ x )

Better version, usingcumsum to avoid the for loops:

1 f u n c t i on y = multAmin2 ( x )
2 % O( n ) , no−f o r v e r s i o n
3 n = l en g th ( x ) ;
4 v = cumsum( x ( end: −1:1) ) ;
5 w = cumsum( x . ∗ ( 1 : n ) ’ ) ;
6 y = w + ( 1 : n ) ’ .∗ [ v ( n−1:−1:1) ; 0 ] ;

(1c) Linear dependence:O(n).

(1d)
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Notice the value 1 in the entry(n, n).

(1e) It is easy to verify with Matlab (or to prove) thatB = A−1. The last line ofmultAB.m prints the value of
‖ABx− x‖ = ‖x− x‖ = 0. The returned values are not exactly zero due to roundoff errors.

Problem 2. Modified Newton method [25=3+3+9+7+3 pts]

(2a) If F(x(k)) = 0 theny(k) = x(k) + 0 = x(k) andx(k+1) = y(k) − 0 = x(k).
So, by induction, ifF(x(0)) = 0 thenx(k+1) = x(k) = x(0) for everyk.

(2b) Code:

1 f u n c t i on x1 = ModNewtStep ( x0 , F , DF)
2 y0 = x0 + F ( x0 ) / DF( x0 ) ; % v e r s i o n f o r s c a l a r eqs o n l y
3 x1 = y0 − F ( y0 ) / DF( x0 ) ;
4

5 % y0 = x0 + DF( x0 ) \ F ( x0 ) ; % v e r s i o n f o r s c a l a r and v e c t o r eqs
6 % x1 = y0 − DF( x0 ) \ F ( y0 ) ;

(2c) The order of convergence is approximately 3.

1 f u n c t i on ModNewtOrder
2 a = 0.123 ;
3 F = @( x ) atan ( x ) − a ;
4 DF = @( x ) 1 . / ( 1 + x . ˆ 2 ) ;
5 x e x a c t = tan ( a ) ;
6 % x e x a c t = f z e r o ( F , x0 ) ;
7 x0 = 5 ;
8

9 x = x0 ;
10 e r r = abs( x0 − x e x a c t ) ;
11 i t = 0 ;
12 whi le ( e r r (end) > eps && i t < 100)
13 x new = ModNewtStep ( x (end) , F , DF) ;
14 x = [ x , x new ] ;
15 e r r = [ e r r , abs( x new − x e x a c t ) ] ;
16 i t = i t +1;
17 end
18 % l o g a r i t h m o f t h e e r r o r and r a t i o s t o e s t i m a t e o r d e r o f conv . :
19 l o g e r r = l og ( e r r ) ;
20 emp orde rs = ( l o g e r r ( 3 :end) − l o g e r r ( 2 :end−1) ) . / . . .
21 ( l o g e r r ( 2 :end−1) − l o g e r r ( 1 :end−2) ) ;
22

23 c l o s e a l l ; f i g u r e ;
24 semi logy( 1 : l en g th ( e r r ) , e r r , ’o− ’ ) ;
25 t i t l e ( ’ Convergence of mod i f i ed Newton method ’ ) ;
26 x l a b e l ( ’ I t e r a t i o n number ’ ) ; y l a b e l ( ’ E r r o r ’ ) ;
27 p r i n t −depsc2 ’ ModNewtOrder . eps ’ ;
28 p r i n t −djpeg95 ’ ModNewtOrder . j pg ’ ;
29

30 d isp ( ’ E r r o r s and e m p i r i c a l o r d e r s of conv . : ’ )
31 [ e r r ’ , [ emp orders ’ ; 0 ; 0 ] ]
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(2d) Code:

1 f u n c t i on x = ModNewtSys ( A, c , t o l )
2 c = c ( : ) ; % make s u r e i t i s column
3 F = @( x ) A∗x + c .∗ exp( x ) ;
4 DF = @( x ) A + diag ( c .∗ exp( x ) ) ;
5 x0 = ze ros( s i z e( c ) ) ;
6

7 x = x0 ;
8 i t = 0 ;
9 R e l I n c r = 1 ;

10 r e s = norm ( F ( x ) ) ;
11 whi le ( R e l I n c r > t o l && i t < 100 )
12 y = x ( : , end) + DF( x ( : , end) ) \ F ( x ( : , end) ) ;
13 x new = y − DF( x ( : , end) ) \ F ( y ) ;
14 R e l I n c r = norm ( x ( : , end) − x new ) / norm ( x new ) ;
15 x = [ x , x new ] ;
16 i t = i t + 1 ;
17 r e s = [ res , norm ( F ( x ( : , end) ) ) ] ;
18 end
19 d isp ( ’ Sequence of r e s i d u a l s : ’ )
20 r e s
21

22 % r e t u r n o n l y f i n a l v a l u e s and f o r g e t h i s t o r y
23 x = x ( : , end) ;
24

25 % t e s t :
26 %c l o s e a l l ; p l o t ( ModNewtSys ( g a l l e r y ( ’ po i s son ’ , 2 0 ) , ( 1 : 4 0 0 ) ,1 e−10) ) ;

Even better with only one LU decomposition for the solution of the 2 linear systems.

(2e) The two systems share the same matrixDF(x(k)). The LU decomposition of the matrixDF(x(k)) can be
computed once and used twice in order to solve both linear systems. The computation of the LU decomposition is
more expensive (O(n3)) than the solution of the two triangular systems (O(n2)).

This method is taken from:
S. Amat, C. Bermudez, S. Busquier, S. Plaza,On a third-order Newton-type method free of bilinear operators,
Numerical Lin. Alg. Appl. 17, (2010), no. 4, 639–653. DOI: 10.1002/nla.654.
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Problem 3. Quadrature plots [16=8+8 pts]

(3a) Plot #1 — Quadrature rule C, Composite 2-point Gauss:
algebraic convergence for every function, about4th order for two functions.

Plot #2 — Quadrature rule B, Composite trapezoidal:
algebraic convergence for every function, about2nd order.

Plot #3 — Quadrature rule A, Global Gauss:
algebraic convergence for one function, exponential for another one, exact integration with 8 evaluations for the third
one.

(3b) Curve 1 red line and small circles —fC polynomial of degree 12:
integrated exactly with 8 evaluations with global Gauss quadrature.

Curve 2 blue continuous line only —fA smooth function:
exponential convergence with global Gauss quadrature.

Curve 3 black dashed line —fB non smooth function:
algebraic convergence with global Gauss quadrature.

Problem 4. System of ODEs [13=9+4 pts]

(4a) The second order IVP can be rewritten as a first order one by introducingv:

u̇i = vi i = 1, . . . , n ,

2v̇1 − v̇2 = u1(u2 + u1) ,

−v̇i−1 + 2v̇i − v̇i+1 = ui(ui−1 + ui+1) i = 2, . . . , n− 1 ,

2v̇n − v̇n−1 = un(un + un−1) ,

ui(0) = u0,i i = 1, . . . , n ,

vi(0) = v0,i i = 1, . . . , n .

The ODE system can be written in vector form

u̇ = v , Av̇ = g(u) :=





u1(u2 + u1)
ui(ui−1 + ui+1)
un(un + un−1)



 ,

whereA ∈ R
n,n is

A =



















2 −1 0 · · · 0

−1 2 −1
. . .

...

0
. . .

. . .
. . . 0

...
. . . −1 2 −1

0 · · · 0 −1 2



















.

In order to useode45, collectu andv in a (2n)-dimensional vectory = (u;v) and the system reads

ẏ = f(t,y) :=











yn+1

...
y2n

A−1g(y1, . . . , yl)











.

1 f u n c t i on [ Tout , Uout ] = MyOde ( T , u0 , v0 )
2

3 n = l en g th ( u0 ) ;
4 y0 = [ u0 ( : ) ; v0 ( : ) ] ;
5

6 % c r e a t e ODE f u n c t i o n
7 A = sp d iags( [−ones ( n , 1 ) ,2∗ ones ( n , 1 ) ,−ones ( n , 1 ) ] , [−1:1 ] , n , n ) ;
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8 f = @( t , y ) [ y ( n +1:2∗n ) ; A\ ( y ( 1 : n ) .∗ ( [ y ( 1 ) ; y ( 1 : n−1) ] + [ y ( 2 : n ) ; y ( n ) ] ) ) ] ;
9

10 [ Tout , Yout ] = ode45( f , [ 0 ,T ] , y0 ) ;
11 Uout = Yout ( : , 1 : n ) ;

(4b) Function, see Figure 2 in the question sheet.

1 f u n c t i on PlotOde
2 n = 5 ;
3 T = 1 ;
4 u0 = ( 1 : n ) ’ / n ;
5 v0 = −ones ( n , 1 ) ;
6

7 [ Tout , Uout ] = MyOde ( T , u0 , v0 ) ;
8

9 c l o s e a l l ; f i g u r e ;
10 p l o t ( Tout , Uout , ’ l i n e w i d t h ’ , 2 ) ;
11 t i t l e ( ’ T r a j e c t o r i e s u 1 , . . . , u n of second o r d e r ODE system ’ ) ;
12 l egend( ’ u1 ’ , ’ u2 ’ , ’ u3 ’ , ’ u4 ’ , ’ u5 ’ , ’ l o c a t i o n ’ , ’ eo ’ ) ;
13

14 p r i n t −depsc2 ’ P lo tOde . eps ’ ;
15 p r i n t −djpeg95 ’ P lo tOde . j pg ’ ;

Problem 5. Least squares fitting of a quadratic functional [20=4+4+4+8 pts]

(5a) If we denote the cartesian entries of the vectorszi aszi = (z1,i, z2,i)
T , we can choose:

A =

















z21,1 2z1,1z2,1 z22,1
...

...
...

z21,i 2z1,iz2,i z22,i
...

...
...

z21,N 2z1,Nz2,N z22,N

















∈ R
N,3 , b = y ∈ R

N , x =





M1,1

M1,2

M2,2



 ∈ R
3 .

Indeed,

N
∑

i=1

(

ΦP(zi)− yi
)2

=

N
∑

i=1

(

zTi Mzi − yi)
2

=

N
∑

i=1

( 2
∑

j,k=1

zj,iMj,kzk,i − yi

)2

=
∥

∥

∥Ax− b

∥

∥

∥

2

2
.

(5b) Function:

1 f u n c t i on M = QuadF i t ( Z , y )
2

3 A = [ Z ( 1 , : ) . ˆ 2 ; 2∗Z ( 1 , : ) .∗Z ( 2 , : ) ; Z ( 2 , : ) . ˆ 2 ] ’ ;
4 x = A \ y ( : ) ;
5 M = [ x ( 1 ) , x ( 2 ) ; x ( 2 ) , x ( 3 ) ] ;
6

7 % TEST :
8 % c l e a r a l l ; n =200; M=rand ( 2 ) ; M=M+M’ ; Z=randn ( 2 , n ) ;
9 % norm ( QuadFi t ( Z , d iag ( Z ’∗M∗Z ) .∗ (1+1 e−5∗randn ( n , 1 ) ) )−M) / norm (M)

(5c) We represent a general upper triangular matrix as

R =

(

R1,1 R1,2

0 R2,2

)

, thus RTR =

(

R2
1,1 R1,1R1,2

R1,1R1,2 R2
1,2 +R2

2,2

)

.
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Then, thei-th component of the functionF can be written as
(

F(R)
)

i
= zTi R

TRzi − yi = z21,iR
2
1,1 + 2z1,iz2,iR1,1R1,2 + z22,i(R

2
1,2 +R2

2,2)− yi .

(5d) If R is represented with the vectorr = (R1,1, R1,2, R2,2)
T , the gradient ofFi is

gradFi =
(

2z21,iR1,1 + 2z1,iz2,iR1,2 , 2z1,iz2,iR1,1 + 2z22,iR1,2 , 2z22,iR
2
2,2

)

.

1 f u n c t i on R = NlQuadFi t ( Z , y , R0 )
2

3 r = [R0 ( 1 , 1 ) ; R0 ( 1 , 2 ) ; R0 ( 2 , 2 ) ] ;
4 F = @( r ) (Z ( 1 , : ) . ˆ 2∗ r ( 1 ) ˆ2+2∗Z ( 1 , : ) .∗Z ( 2 , : )∗ r ( 1 )∗ r ( 2 ) . . .
5 +Z ( 2 , : ) . ˆ 2∗ ( r ( 2 ) ˆ2+ r ( 3 ) ˆ 2 ) ) ’ − y ;
6 DF = @( r ) [ 2∗Z ( 1 , : ) . ˆ 2∗ r ( 1 ) + 2∗Z ( 1 , : ) .∗Z ( 2 , : )∗ r ( 2 ) ;
7 2∗Z ( 1 , : ) .∗Z ( 2 , : )∗ r ( 1 ) + 2∗Z ( 2 , : ) . ˆ 2∗ r ( 2 ) ;
8 2∗Z ( 2 , : ) . ˆ 2∗ r ( 3 ) ] ’ ;
9

10 i t = 0 ;
11 N inc r = 1 ;
12 whi le ( N inc r > 1e−10 && i t < 20)
13 i n c r = DF( r )\F ( r ) ;
14 N inc r = norm ( i n c r ) ;
15 r = r − i n c r ;
16 i t = i t +1;
17 d isp ( ’ I t e r a t i o n and norm of GN inc remen t : ’ )
18 [ i t , N inc r ]
19 end
20 R = [ r ( 1 ) , r ( 2 ) ; 0 , r ( 3 ) ] ;
21

22 % TEST :
23 % c l e a r a l l ; n =200; Z=randn ( 2 , n ) ; M = [ 3 , 1 ; 1 , 4 ] ;
24 % R=NlQuadFi t ( Z , d iag ( Z ’∗M∗Z ) .∗ (1+1 e−5∗randn ( n , 1 ) ) , [ 1 0;0 1 ] ) ; norm ( R’∗R−M)
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