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Problem 1. Advantages of conjugate gradient method [8 pts]
• In case the system matrix is large and sparse;

• in case a matrix-vector product routine is available;

• in case a good initial guess is available;

• in case only an approximated solution requested;

• . . .

Problem 2. Cholesky and QR [14 pts]

(2a) ATA has to be s.p.d.:
(ATA)T = AT (AT )T = ATA ⇒ symmetric
rank(A) = n ⇒ A injective⇒ ∀v ∈ R

n s.t.v 6= 0 it holdsAv 6= 0 ⇒ vTATAv = ‖Av‖2
2
>

0 ⇒ positive definite.

(2b) 3 things have to be verified:

• R ∈ R
n,n upper triangular, from definition of Cholesky decomposition;

• Q = (R−TAT )T = AR−1 ∈ R
m,n; RTR = ATA ⇒ R−TATAR−1 = Id ⇒

QTQ = R−TATAR−1 = Id, Q has orthogonal columns;

• QR = (R−TAT )TR = AR−1R = A.

(2c) A has rank2 but

ATA =

(
1 + 1

4
ǫ 1

1 1 + 1

4
ǫ

)

≈

(
1 1
1 1

)

has rank one in machine arithmetics. So, the matrix is symmetric but non positive definite, the
hypothesis needed for the Cholesky decomposition are not satisfied.
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Problem 3. Quadrature [16 pts]

(3a) Routine :

1 f u n c t i o n GaussConv ( fhd )
2 i f nargin <1; f hd = @( t ) s in h ( t ) ; end ;
3 I e x a c t = quad (@( t ) a s i n ( t ) .∗ f hd ( t ) ,−1 ,1 ,eps )
4

5 n max = 50 ; nn = 1 : nmax ;
6 e r r = z e r o s ( s i z e ( nn ) ) ;
7 f o r j = 1 : n max
8 [ x ,w] = gaussquad ( nn ( j ) ) ;
9 I = dot (w, a s i n ( x ) .∗ f hd ( x ) ) ;

10 % I = GaussArcSin ( fhd , nn ( j ) ) ; % us i ng pcode
11 e r r ( j ) = abs ( I − I e x a c t ) ;
12 end
13

14 c l o s e a l l ; f i g u r e ;
15 l o g l o g ( nn , e r r , [ 1 , nmax ] , [ 1 , n max ] . ˆ (−3 ) , ’−− ’ , ’ l i n e w i d t h ’ , 2 ) ;
16 t i t l e ( ’ Convergence of Gauss q u a d r a t u r e ’ ) ;
17 x l a b e l ( ’ n = # of e v a l u a t i o n p o i n t s ’ ) ; y l a b e l ( ’ e r r o r ’ ) ;
18 l egen d ( ’ Gauss quad . ’ , ’O( n {̂ −3}) ’ ) ;
19 p r i n t −depsc2 ’ GaussConv . eps ’ ;
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(3b) Algebraic convergence. (Not requested: approxim.O(n−3), expectedO(n−2.7))

(3c) With the change of variablet = sin(x), dt = cos xdx

I =

∫
1

−1

arcsin(t) f(t) dt =

∫ π/2

−π/2

x f(sin(x)) cos(x) dx.

(the change of variable has to provide a smooth integrand on the integration interval)

(3d) Routine:

1 f u n c t i o n GaussConvCV ( fhd )
2 i f nargin <1; f hd = @( t ) s in h ( t ) ; end ;
3 g = @( t ) t .∗ f hd ( s i n ( t ) ) .∗ cos ( t ) ;
4 I e x a c t = quad (@( t ) a s i n ( t ) .∗ f hd ( t ) ,−1 ,1 ,eps )
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5 %I e x a c t = quad (@( t ) g ( t ) ,− p i / 2 , p i / 2 , eps )
6

7 n max = 50 ; nn = 1 : nmax ;
8 e r r = z e r o s ( s i z e ( nn ) ) ;
9 f o r j = 1 : n max

10 [ x ,w] = gaussquad ( nn ( j ) ) ;
11 I = p i / 2∗ dot (w, g ( x∗ p i / 2 ) ) ;
12 % I = GaussArcSinCV ( fhd , nn ( j ) ) ; % us i ng pcode
13 e r r ( j ) = abs ( I − I e x a c t ) ;
14 end
15

16 c l o s e a l l ; f i g u r e ;
17 semi logy ( nn , e r r , [ 1 , nmax ] , [ eps , eps ] , ’−− ’ , ’ l i n e w i d t h ’ , 2 ) ;
18 t i t l e ( ’ Convergence of Gauss q u a d r a t u r e f o r r e p h r a s e d problem ’ ) ;
19 x l a b e l ( ’ n = # of e v a l u a t i o n p o i n t s ’ ) ; y l a b e l ( ’ e r r o r ’ ) ;
20 l egen d ( ’ Gauss quad . ’ , ’ eps ’ ) ;
21 p r i n t −depsc2 ’ GaussConvCV . eps ’ ;
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(3e) The convergence is now exponential. The integrand of the original integrand belongs to
C0([−1, 1]) but not toC1([−1, 1]) because the derivative of thearcsin function blows up in±1.
The change of variable provides a smooth integrand:x cos(x) sinh(sin x) ∈ C∞(R). Gauss
quadrature ensures exponential convergence only if the integrand is smooth (C∞). This explains
the algebraic and the exponential convergence.

Problem 4. Exponential integrator [16 pts]

(4a) Giveny(0), a step of sizet of the method gives

y1 = y(0) + t ϕ
(
t Df(y(0))

)
f(y(0)) = y(0) + t ϕ

(
t A

)
A y(0)

= y(0) + t
(
exp(At)− Id

)
(tA)−1 A y(0) = y(0) + exp(At) y(0)− y(0)

= exp(At) y(0) = y(t).

(4b) Function:

1 f u n c t i o n y1 = ExpEulStep ( y0 , f , df , h )
2 y1 = y0 ( : ) + h ∗ phim ( h ∗ df ( y0 ( : ) ) ) ∗ f ( y0 ( : ) ) ;
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(4c) Error= O(h2).

1 f u n c t i o n ExpIn tOrder
2 % e s t i m a t e order o f e x p o n e n t i a l i n t e g r a t o r on s c a l a r l o g i s ti c eq .
3 t 0 = 0 ;
4 T = 1 ;
5 y0 = 0 . 1 ;
6

7 % l o g i s t i c f , d e r i v a t i v e and e x ac t s o l u t i o n :
8 f = @( y ) y .∗(1−y ) ;
9 df = @( y ) 1 − 2∗y ;

10 exactY = @( t , y0 ) y0 . / ( y0+(1−y0 ) .∗ exp(− t ) ) ;
11 exactYT = exactY (T−t0 , y0 ) ;
12

13 kk = 2 . ˆ ( 1 : 1 0 ) ; % d i f f e r e n t numbers o f s t e p s
14 e r r = z e r o s ( s i z e ( kk ) ) ;
15 f o r j =1: l e n g t h ( kk )
16 k = kk ( j ) ;
17 h = (T−t 0 ) / k ;
18 y = y0 ;
19 f o r s t = 1 : k % t i m e s t e p p i n g
20 y = y + h ∗ phim ( h∗ df ( y ) ) ∗ f ( y ) ;
21 end
22 e r r ( j ) = abs ( y − exactYT ) ;
23 end
24 hh = (T−t 0 ) . / kk ;
25 c l o s e a l l ; f i g u r e ;
26 l o g l o g ( hh , e r r , hh , hh . ˆ ( 2 ) / 100 , ’−−r ’ , ’ l i n e w i d t h ’ , 2 ) ;
27 l egen d ( ’ expon . i n t e g r a t o r e r r o r ’ , ’O( h ˆ 2 ) ’ , ’ l o c a t i o n ’ , ’ b e s t ’ ) ;
28 x l a b e l ( ’ s t e p s i z e h ’ ) ; y l a b e l ( ’ e r r o r a t f i n a l t ime ’ ) ;
29 p r i n t −depsc2 ’ Exp In tOrder . eps ’ ;
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(4d) Function:

1 f u n c t i o n yOut = ExpIn tSys ( n ,N, T)
2 % e x p o n e n t i a l i n t e g r a t o r f o r sys tem y ’ =−Ay + y . ˆ 3
3 i f nargin <1;
4 n = 5 ;
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5 N = 100;
6 T = 1 ;
7 end
8 d = n ˆ 2 ; % sys tem d imens ion
9 t 0 = 0 ;

10 y0 = ( 1 : d ) / d ; % rhs
11

12 % b u i l d ODE
13 A = g a l l e r y ( ’ po i s s on ’ , n ) ;
14 % % Octave v e r s i o n :
15 % B = s pd i ags ([− ones ( n , 1 ) ,2∗ ones ( n , 1 ) ,−ones ( n , 1 ) ] , [−1 ,0 ,1 ] , n , n ) ;
16 % A = kron (B , speye ( n ) )+kron ( speye ( n ) ,B ) ;
17 f = @( y ) −A∗y ( : ) + y ( : ) . ˆ 3 ;
18 df = @( y ) −A + diag (3∗ y . ˆ 2 ) ;
19

20 % e x p o n e n t i a l i n t e g r a t o r
21 h = (T−t 0 ) /N;
22 %tOut = l i n s p a c e ( t0 , T , N+1) ’ ;
23 yOut = z e r o s (N+1 , d ) ;
24 yOut ( 1 , : ) = y0 ( : ) . ’ ;
25 f o r s t = 1 :N % t i m e s t e p p i n g
26 yOut ( s t +1 , : ) = ExpEulStep ( yOut ( s t , : ) , f , df , h ) ;
27 end
28 c l o s e a l l ;
29 p l o t ( ( 1 : d ) , yOut (end , : ) , ’−o ’ , ’ l i n e w i d t h ’ , 2 ) ;
30 x l a b e l ( ’ d i r e c t i o n e j ’ ) ; y l a b e l ( ’ va l ue a t endt ime y j (T ) ’ ) ;
31 p r i n t −depsc2 ’ ExpIn tSys . eps ’ ;
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(4e) Routine:

1 f u n c t i o n E xp I n t E r r
2 n = 5 ;
3 d = n ˆ 2 ; % dimens ion
4 t 0 = 0 ;
5 T = 1 ;
6 y0 = ( 1 : d ) / d ; % RHS
7 N = 100; % number o f expon . i n t e g r a t o r s t e p s
8
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9 % b u i l d ODE
10 A = g a l l e r y ( ’ po i s s on ’ , n ) ;
11 % % Octave v e r s i o n :
12 % B = s pd i ags ([− ones ( n , 1 ) ,2∗ ones ( n , 1 ) ,−ones ( n , 1 ) ] , [−1 ,0 ,1 ] , n , n ) ;
13 % A = kron (B , speye ( n ) )+kron ( speye ( n ) ,B ) ;
14 f = @( y ) −A∗y ( : ) + y ( : ) . ˆ 3 ;
15 % s o l v e w i th ode45 and E x pone n t i a l Eu le r I n t e g r a t o r :
16 [ t45 , y45 ] = ode45 (@( t , y ) f ( y ) , [ t0 , T ] , y0 ) ;
17 yOut = ExpIn tSys ( n ,N, T) ;
18 % r e l a t i v e e r r o r i n 2−norm a t t ime T
19 RELERR = norm ( y45 (end , : )−yOut (end , : ) ) / norm ( y45 (end , : ) )
20

21 % % e x t r a : p l o t , l i n e s = e x p o n e n t i a l Euler , c i r c l e s = ode45
22 % f i g u r e ; p l o t ( ( T−t 0 ) ∗ ( 0 :N) /N+t0 , yOut ) ; ho ld on ; p l o t ( t45 , y45 , ’ o ’ ) ;

Problem 5. Matrix least squares in Frobenius norm [11 pts]

(5a) We callm∗ ∈ R
n2

the vector obtained by the concatenation of the rows ofM∗. Then the
functional to be minimized is just the 2-norm ofm∗, i.e.,A = Idn2 andb = 0. The constraint
M∗z = g can be written asCm∗ = d choosingd = g and then×n2 matrixC as the Kronecker
product of then× n identity matrix andzT . In symbols

C =










(z1, . . . , zn) 0 · · · 0

0 zT 0
...

...
. . . . . . 0

0
︸︷︷︸

n

· · · 0 zT










.

Then it is possible to obtainm∗ from the solution of the extended normal equations linear system:




Idn2 CT

C
︸︷︷︸

n2

0
︸︷︷︸

n





(
m∗

p

)

=

(
0

g

)

.

(5b) Function:

1 f u n c t i o n M = MinFrob ( z , g )
2 n = s i z e ( z , 1 ) ;
3

4 C = kron ( eye ( n ) , z . ’ ) ;
5 x = [ eye ( n ˆ 2 ) , C ’ ; C , z e r o s ( n , n ) ] \ [ z e r o s ( n ˆ 2 , 1 ) ; g ] ;
6 m = x ( 1 : n ˆ 2 ) ;
7 M = reshape (m, n , n ) ’ ;
8

9 % t e s t , n=10−−> norm (M, ’ f ro ’ ) = 0 . 1 6 1 1 . . . :
10 %z = ( 1 : n ) ’ ; g = ones ( n , 1 ) ; M = MinFrob ( z , g ) ;
11 %[ norm (M∗z−g ) , norm (M, ’ f ro ’ ) , norm ( g ) / norm ( z ) , norm (M−g∗z ’ / norm ( z ) ˆ 2 ) ]

(from Matlab :M = gzT/ ‖x‖2
2
, ‖M‖F = ‖g‖ / ‖z‖)
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