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Problem 1. Structured linear system

[35 points]

(1a) [2 points] aj 6= 0, j = 1, . . . , n.

(1b) [8 points] Function:

1 f u n c t i o n A = As t ruc tMa t ( a )
2 n = l e n g t h ( a ) ;
3 A = s p d i a g s ( a ( : ) , 0 , n , n ) ∗ s p d i a g s ( ones ( n , 1 )∗ ( 1 : n ) , ( 0 : n−1) , n , n ) ;

(1c) [3 points] O(n2) sinceA is triangular.

(1d) [22 points] A = DE = diag(a) ·











1 2 3 · · · n
0 1 2 · · · (n− 1)
...

. . .
. . .

...
...

. . . 1 2
0 · · · · · · 0 1











.

With Matlab it’s easy to find out that

A
−1 = E

−1
D

−1 =















1 −2 1 0 · · · 0

0 1 −2 1 0
...

...
. . .

. . .
. . .

. . . 0
. . . 1 −2 1

... 0 1 −2
0 · · · · · · 0 1















· diag(a−1
1 , . . . , a−1

n ).

Thus the solution of the LSE is written as a (tridagonal timesdiagonal times vector) product

x = E
−1

D
−1

b, i.e., xj = bj/aj − 2bj+1/aj+1 + bj+2/aj+2

(with the conventionbn+1/an+1 = bn+2/bn+2 = 0):

1 f u n c t i o n x = Ast ruc tLSE ( a , b )
2 i f a
3 c = b . / a ;
4 x = c − 2 ∗ [ c ( 2 : end ) ; 0 ] + [ c ( 3 : end ) ; 0 ; 0 ] ;
5 e l s e
6 error ( ’ The m a t r i x i s s i n g u l a r ! ’ ) ;
7 end
8
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9 % check w i t h :
10 % n = 100; a = randn ( n , 1 ) ; b = randn ( n , 1 ) ;
11 % x = As t ruc tL SE ( a , b ) ; norm ( b−As t ruc tMa t ( a )∗x )

Not requested: it’s also easy to prove that the matrixE−1 defined above is indeed the inverse ofE:

(E)i,j =

{

j + 1− i j ≥ i,

0 j < i,

(E−1
E)i,j =







(j + 1− i) + (j + 1− (i + 2))− 2(j + 1− (i + 1)) = 0 j > i, i < n− 1;

(j + 1− i)− 2(j + 1− (i + 1)) = 1 i = j, i < n− 1;

1 i = j ∈ {n, n− 1};

0 i = n− 1, j = n;

0 (product of upp. triang. matrices) j < i.

(1)

Problem 2. Best rank-k approximation

[15 points]

(2a) [13 points] LetA = UΣV
T be the svd decomposition ofA, the three matrices are square and regular, and

Σ = diag(σ1, . . . , σn). ThenA−1 = V
−T

Σ
−1

U
−1 = VΣ

−1
U

T is a svd decomposition ofA−1 with the singular
values in reverse order: the largest values in the diagonal matrix Σ

−1 lie the in the last entries.

Two possible solutions:

B = argmin
M∈Rn,n, rank(M)=k

∥
∥A

−1 −M
∥
∥

2

2
= VSk,+U

T = VkSk,−U
T
k ,

where
Sk,+ := diag(0, . . . , 0, σ−1

n+1−k, . . . , σ−1
n ) ∈ R

n,n

and
Sk,− := diag(σ−1

n+1−k, . . . , σ−1
n ) ∈ R

k,k ,

Uk := U:,n+1−k:n ∈ R
n,k , Vk = V:,n+1−k:n ∈ R

n,k .

Function:

1 f u n c t i o n B = kRankInv (A, k )
2 n = s i z e (A, 1 ) ;
3 [U, S ,V] = svd (A) ;
4 % b e s t v e r s i o n :
5 B = V( : , n+1−k : n )∗diag ( diag ( S ( n+1−k : n , n+1−k : n ) ) . ˆ (−1) )∗U( : , n+1−k : n ) ’ ;
6 % o t h e r v e r s i o n :
7 %B = V ∗ diag ( [ z e r o s ( n−k , 1 ) ; d iag ( S ( n+1−k : n , n+1−k : n ) ) . ˆ (−1) ] ) ∗U’ ;
8

9 % Check code by compar ing :
10 % ( n=10; k =80; )
11 % A = f u l l ( g a l l e r y ( ’ po isson ’ , n ) ) ; B = kRankInv (A , k ) ; v=e i g(A) ;
12 % [ norm (B−i n v (A ) ) , 1 / v ( k +1) ]

(2b) [2 points] B is not unique because the SVD decomposition is not uniquely defined for matrices with
repeated singular values. E.g., ifA =

(
1 0
0 1

)
, then we can haveB1 =

(
1 0
0 0

)
or B2 =

(
0 0
0 1

)
.

Non-uniqueness ofU andV is not sufficient.

Problem 3. Solving an eigenvalue problem with Newton’s method

[35 points]
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(3a) [10 points]

DF(x) =

(
A− λI −x

−x
⊤ 0

)

.

(3b) [5 points]

(
x(k+1)

λ(k+1)

)

=

(
x(k)

λ(k)

)

−

(
A− λI −x

(k)

−(x(k))⊤ 0

)−1
(

Ax
(k) − λ(k)

x
(k)

1− 1
2

∥
∥x

(k)
∥
∥

2

)

(3c) [20 points] Function:

1 f u n c t i o n [ e igvec , e i g v a l ] = e ignewton (A, x , r t o l , a t o l )
2

3 MAXIT = 10000;
4 x = [ x ; x . ’ ∗A∗x / ( x . ’ ∗ x ) ] ;
5 F = @( x ) [ (A − x ( end ) ∗ eye ( s i z e (A) ) ) ∗x ( 1 : end−1) ; 1 − 0 .5∗norm ( x ) ˆ 2 ] ;
6 DF = @( x ) [A − x ( end ) ∗ eye ( s i z e (A) ) , −x ( 1 : end−1) ; −x ( 1 : end−1) . ’ , 0 ] ;
7

8 f o r i = 1 :MAXIT
9 s = DF( x ) \ F ( x ) ;

10 x = x−s ;
11 i f ( ( norm ( s ) < r t o l ∗norm ( x ) ) | | ( norm ( s ) < a t o l ) )
12 break ;
13 end
14 end
15

16 e i g v e c = x ( 1 :end−1) ;
17 e i g v a l = x (end ) ;

Problem 4. Matrix ODE

[55 points]

(4a) [5 points] The general form of the Runge-Kutta schemes is the following(for s ∈ N):

Y1 = Y0 + h

s∑

i=1

biKi, bi ∈ R, (2)

with Ki given by

Ki = f(Y0 + h

i−1∑

j=1

ai,jKj), ai,j ∈ R. (3)

Notice, that
K1 = − (Y0 −Y

⊤
0 )

︸ ︷︷ ︸

=0 for Y0=Y
⊤

0

Y0 = 0. (4)

Induction: assumingKi = 0 for all i < n ≤ s, we obtain

Kn+1 = f(Y0 + h

n∑

j=1

an+1,jKj) = f(Y0) = 0. (5)

Hence,Ki = 0 for all i ≤ s andY1 = Y0. By induction,Yk = Y0 for all k ∈ N.

(4b) [15 points]

Listing 1: Integration of ODE usingode45

1 f u n c t i o n YT = matode (Y0 , T)
2 % Numer ica l i n t e g r a t i o n w i t h ode45 , m a t r i c e s have t o be v e c to r i z e d
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3 n = s i z e (Y0 , 1 ) ;
4 o p t s = o d e s e t ( ’ a b s t o l ’ ,10E−10, ’ r e l t o l ’ ,10E−8, ’ s t a t s ’ , ’ on ’ ) ;
5 [ ˜ ,YT] = ode45 ( @matodefun , [ 0 T ] ,reshape (Y0 , n∗n , 1 ) , o p t s ) ;
6 YT = reshape (YT( end , : ) ’ , n , n ) ;
7 end
8

9 f u n c t i o n y = matodefun ( t , y )
10 % Righ t hand s i d e f o r m a t r i x va lued ODE r e l y i n g on v e c t o r i z e dm a t r i c e s
11 N = l e n g t h ( y ) ;
12 n = f l o o r ( s q r t (N) ) ;
13 Y = reshape ( y , n , n ) ;
14 y = reshape (−(Y−Y’ ) ∗Y,N, 1 ) ;
15 end

(4c) [10 points] Applying the chain rule, we obtain

d

dt
(Y⊤(t)Y(t)) =

d

dt
(Y⊤(t))Y(t) + Y

⊤(t)
d

dt
(Y(t))

= (−(Y(t) −Y
⊤(t))Y(t))⊤Y(t) + Y(t)(−(Y(t) −Y

⊤(t))Y(t))

= −Y
⊤(t)Y⊤(t)Y(t) + Y

⊤
Y(t)Y(t) −Y

⊤
Y(t)Y(t) + Y

⊤(t)Y⊤(t)Y(t) = 0.

(6)

(4d) [5 points]

Listing 2: Invariance check for sub-problem (c)

1 f u n c t i o n c h e c k i n v a r i a n t (Y0 , T)
2

3 YT = matode (Y0 , T) ;
4

5 i f norm (YT’ ∗YT − Y0’ ∗Y0) < 10∗ eps
6 d i s p l a y ( ’ A s s e r t i o n i s t r u e . ’ ) ;
7 e l s e
8 d i s p l a y ( ’ A s s e r t i o n i s f a l s e . ’ ) ;
9 end

(4e) [10 points]

Listing 3: Discrete gradient rule

1 f u n c t i o n YT = matodespr (Y0 , T ,N)
2 % Using N e q u i d i s t a n t s t e p s o f a s t r u c t u r e p r e s e r v i n g d i s c r et e g r a d i e n t r u l e t o
3 % t h e m a t r i x ODE dY / d t =− (Y−Y ’ ) Y over [0 , T ] .
4

5 r h s = @(Y) −(Y−Y’ ) ∗Y;
6

7 [ n ,m] = s i z e (Y0 ) ; h = T /N;
8 I = eye ( n , n ) ;
9 YT = Y0 ;

10 f o r j =1 :N
11 Ys = YT + 0 .5∗h∗ r h s (YT) ;
12 DYs = Ys−Ys ’ ;
13 YT = ( I +0.5∗ h∗DYs) \ ( I −0.5∗h∗DYs )∗YT;
14 end

(4f) [10 points] See Listing 4 and Figure 1.

Listing 4: Script to determine convergence order ofmatodespr

1 f u n c t i o n matodecvg ( )
2

3 n = 3 ;
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4 T = 1 ;
5 Ns = [10 ,20 ,40 ,80 ,160 ,320 ,640 ,1280 ] ;
6

7 [Y0 , dummy ] = qr ( magic ( n ) ) ;
8 YT = matode (Y0 , T) ;
9

10 e r r = [ ] ;
11 f o r N = Ns
12 Yspr = matodespr (Y0 , T ,N) ;
13 e r r = [ e r r , norm ( Yspr−YT) ] ;
14 end
15

16 o r d e r = 2 ;
17 s l o p e = 2∗ e r r ( 1 ) / ( Ns ( 1 ) ˆ(− o r d e r ) ) ;
18 l o g l o g ( Ns , s l o p e ∗ Ns . ˆ (− o r d e r ) , ’ k− ’ , Ns , e r r , ’ r−o ’ ) ;
19 x l a b e l ( ’ {\ bf No . o f s t e p s} ’ , ’ f o n t s i z e ’ , 14 ) ;
20 y l a b e l ( ’ {\ bf e r r o r} ’ , ’ f o n t s i z e ’ , 14 ) ;
21 l egen d ( s p r i n t f ( ’O(Nˆ{−%d} ) ’ , o r d e r ) , ’ d i s c r e t e g r a d i e n t r u l e ’ , . . .
22 ’ l o c a t i o n ’ , ’ b e s t ’ ) ;
23 p r i n t −depsc2 ’ matodecvg . eps ’ ;

10
1

10
2

10
3

10
4

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

 No. of steps

 e
rr

or

 

 

O(N−2)

discrete gradient rule

Figure 1: Convergence plot for Problem 4.

Problem 5. Legacy routine

[40 points]

(5a) [5 points] Sparse matrix-vector multiplication isO(n). Each iteration ofpcg with a sparse matrix isO(n).
m such iterations will beO(nm).

(5b) [15 points] Linear convergence. See Listing 5 and Figure 2.

Listing 5: Script to determine convergence properties ofgse

1 f u n c t i o n gsecvg ( )
2

3 A = g a l l e r y ( ’ p o i s s o n ’ , 100) ;
4 mm = [ 1 , 2 , 3 , 4 ] ;
5 s t y l e = { ’ x−b ’ , ’ x −.g ’ , ’ x−r ’ , ’ x−−k ’ } ;
6 i t e r s = [ 1 : 1 1 ] ;
7 v a l s = z e r o s ( s i z e ( i t e r s ) ) ;
8 r e f s o l = gse (A, @( x ) A\x , 1e−14, 10000) ;
9 f i g u r e ( 1 ) ;
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10 c l f ;
11 f o r curm = mm
12 f o r ( i t i n d = 1 : l e n g t h ( i t e r s ) )
13 v a l s ( i t i n d ) = gse (A, @( x ) pcg (A, x , 0 , curm ) , 0 . 0 1 , i t e r s ( i ti n d ) ) ;
14 end
15 semi logy ( i t e r s , abs ( va l s−r e f s o l ) , s t y l e{curm} ) ;
16 hold on ;
17 end
18 x l a b e l ( ’ {\ bf # i t e r s} ’ ) ; y l a b e l ( ’ {\ bf | se − se\ e x a c t| } ’ ) ;
19 l egen d ( ’m=1 ’ , ’m=2 ’ , ’m=3 ’ , ’m=4 ’ ) ;
20 p r i n t −depsc2 ’ gsecvg . eps ’ ;

1 2 3 4 5 6 7 8 9 10 11

10
0

 # iters

 |s
e 

− 
se

_e
xa

ct
|

 

 
m=1
m=2
m=3
m=4

Figure 2: Convergence plot for Problem 5.

(5c) [20 points] The algorithm in the code is the inverse iteration algorithm. The return value is the smallest
eigenvalue of a given matrixA.

The loop body is executing the following computations (hat denotes normalized vectors):

v←− Aẑ,

ρ←− v
⊤
ẑ = ẑ

⊤
Aẑ, (ρ− approximation of eigenvalue associated toẑ)

r←− v − ρẑ = Aẑ− ρẑ,

z←− ẑ−A
−1

r = ẑ−A
−1

Aẑ + ρA−1
ẑ = ρA−1

z, (inverse iteration)

ẑ←− z.

(7)
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