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* Rules of multiple-choice (MC):

e (Clearly) put a cross in the circle with the answer you deem correct.

e Motivation for the choices is not necessary. Remarks and compu-
tations have no influence on the total number of points.

o Wrong answers give negative points.

o Mutually exclusive answers are weighted such that the expectation
of a random choice is zero.

e The total points for a single MC-problem is the maximum between
the points achieved and zero.

o Mutually exclusive answers are highlighted in the same box.

o Any unclear marking will be considered an error.




1. Cancellation errors [8 P.]

Which expressions are likely to be affected by cancellation errors for some of
the xs in the indicated ranges?

(@ y = (sin(®) + x)/x forxin[-0.1,0.1]
O Affected by cancellation. ¥ Not affected by cancellation.

-2 42
(b) z = exp(x), vy =2z - 1/z forxin[-1,1]

R Affected by cancellation. O Not affected by cancellation.
+2 -2
sqrt(x + 1) - sqrt(x) forxin[0.9,1.1]

©vy=
O Affected by cancellation. % Not affected by cancellation.
-2 oy
(d) y = log(x) - log(x - 1) forxin[2,+co)

& Affected by cancellation. O Not affected by cancellation.
12 -

Scratch space (not evaluated):




2. The Newton iteration [8 P]

Take a € R. Let F: R — R be defined by F(x) = xe* —a for x € IR. Estab-
lish which of the following iterations of the Newton method are correct for
solving F(x) = 0.

ae‘-"(k)

. ® y
(a) X(l\+1) = X&W(x“) + W)

IX Correct iteration. O Incorrect iteration.'
12 -2

(b) x®D = x® — 2 (7 — x0Ty (x® 1 1),

lO Correct iteration. & Incorrect iteration. }
-2 2

1y AK)
(k+1) _ () a—xBlex
(c) x =Vt S

{}8{ Correct iteration. O Incorrect iteration. ]
+2 -2

x(k)e"(k) +e"(k)
xker® g

(d) k1) — (R

IO Correct iteration. & Incorrect iteration. [
-2 42

Scratch space (not evaluated):




3. Numerical stability [8 P.]

Let F: X — Y be an algorithm for the problem F: X — Y. Let w(x) denote
the computational effort required for evaluating F with input x. Establish
which of the following is the correct definition of numerical stability. Here
eps represents the machine precision.

We say that F is numerically stable if there exists C ~ 1 such that
(@) YxeX. |IF(x) - F@)lly < Cw(x)eps|IF()lly.

(b) Vxe X. dxe X |I¥-xllx < Cw(x)eps|ixllx A F(&) = F(x).
() VxeX. AxeX |[F(x) - F@®)lly < Cw(x)eps|IF()lly.

(d) VxeX. dxeX |lx-Zlx < Cweps|lxllx A F(x) = F(%).

Which one is the correct definition?

C@ O®m O &)
=873 -873 “8/3  +8®

Scratch space (not evaluated):




4. Fixed point iteration [8 P.]

A fixed point iteration for solving F(x) = 0, F = [F1,F,]": D c R? —» R? is
known to be affine invariant. Which of the following conclusions are true?

(a) Theiterates for Fand F = [F,, F1]7 agree if the initial guesses are the same.

X True. O False. |
+2 -z

(b) When applied to F = [F1 +EF,,0]7, the method produces the same iterates.
|O True. X False. |
z ey

(c) The method produces the same iterates for F ar;d for F defined by
F(x1,x2) = F(xz, x1).

|O True. X False. |
-2 +2
(d) Let x® and #* be two different sequences generated by the fixed point
method applied to F. If #9 = Ax© for some regular matrix A € R??, then
#® = Ax® for every k.

|O True. X False. |
2 +2

Scratch space (not evaluated):




5. C++ code [10 P]
Consider the C++ and Eigen code:

1 |#include <Eigen/Dense>

using Eigen;

void fn(const Matrix<double, Dynamic, Dynamic, RowMajor> &A,
const VectorXd &v, VectorXd &w) {

fo

const double *a = A.data(); // ptr. to linear data of A

2

Ot

const std::size_t n = A.rows();

~1

assert( ( n == v.size() ) && ( n == w.size() ));
for(std::size_t i = 0; i < n; ++i) {

9 a += 1ij;
w(i) = 0.;

11 for(std::size_t j = i; j < n; ++j) {

w(i) += (Fa)*v(j);

13 a++;
}

15 }

}

For each of the following lines of Matlab code, decide whether it is alge-

braically equivalent to the function fn or not.

HinT: The functions triu(A) and tril(A) return the upper and lower trian-

gular parts of A, respectively.

Hint: Have a look at the figure in the next page for an picture hint.
Algebraically equivalent?

(@) w = (A+A’)*v; ‘ O yes. X no.
=53 + 513
(b) w = triu(A)*v; X yes. O no.
¥ =373
(¢) w = triu(A’)*v; O yes. X no.
y
-s/3 +5(3
(d) w = tril(A)*v; O yes. & no.
y ,
=53 +5/3
(e) w = tril(A’)*v; O yes. - & no.
~5/3 +5/3
(f) w = A*v; ‘ O yes. X no.
-513 +5/3



Row major

Column major

Scratch space (not evaluated):




6. QR-decomposition [12 P]
Consider the MATLAB code:

function [x,r] = solveandmore(A,b)
2 [n,m] = size(A);
if(n "= m), error(’A_must_be_square’); end
4 [Q,R] = qr(A)
r = min(diag(R));
6 x = A\b;
end

For each of the following lines of code, decide whether it is algebraically
equivalent to line 6 above or not. Provide the asymptotic complexity of the
substitute line, if A is a generic dense square matrix.

Hint: Matlab’s \ can detect triangular system matrices.

(@) x = R\(Q\b);
R

-1
X algebraically equivalent. O not algebraically equivalent.
O On). O O(n?). X O@m®).
112 “1f2 +1
(b) x = R\(Q'*b);
41 -1
X algebraically equivalent. O not algebraically equivalent.
O On). X O@?). O On®).
-1l2. + 1 =12
(©) x = (Q*R)\b; )
+1 -
¥ algebraically equivalent. O not algebraically equivalent.
O O®). O O(n?). & Om3).
~12 =1/ +1
@ x = QAR p
O algebraically equivalent. & not algebraically equivalent.
O O(n). O O@?). X O@d).
~1/2 ~1(2. + 1
() x = (Q\R_)q\b; 1
O algebraically equivalent. X not algebraically equivalent.
O On). O O(n?). KL o).
‘ RCER -1/ 2 +1
) x=1Q "(_R‘\b); +1
O algebraically equivalent. X not algebraically equivalent.
O O(n). & On?). O O@).
/A +1 -Ya




Scratch space (not evaluated):




