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Musterlosung 8

1. a) Der Ausdruck log(sin ) ist fiir x € (0, 7) wohldefiniert, da dann sin(z) > 0 gilt.
Anwendung der Kettenregel ergibt

%(log(sin(:p))) = — sin’(x) =

b) Wir schreiben a* = e%1°8(®) ynd erhalten

d
E(ax) = log(a)e®'8@ = log(a)a®.

¢) Es gilt 2* = e*'°8% Unter Anwendung der Ketten- und anschliessend der Pro-
duktregel erhalten wir

d d
%(x”") = {%(x logx)} erloer — (% + logw) e 18" = (1 4 log z)x”.

d) Es gilt

d
d—(9x7 +327° =3z = 7-92° 4+ (=5)327% — (—11)32x7"2
X

= 6325 — 15270 + 332712,

e) Wir verwenden zuerst die Kettenregel und dann die Quotientenregel:
d [z2-3c+2 1 d (2 —3x+2
de V 22 — T +12 9. [z2=se+2 dx 2?2 —Ter+ 12
z2—Tz+12

1 (22 —3)(2* =Tz +12) — (2 = 32 +2)(22 — 7)

2 22 —3x42 (l’Q —T7r + 12)2
2 —Tx+12

(a2 =Tz +12)7  (—4a® + 20z — 22)
T o(?—3r+2)F (2 —Tr+12)?
B —22% + 10z — 11

(22 — 3z +2)2 (22 — Tz 4 12)

3 -
2

Bitte wenden!



f) Mit den Beziehungen

E(coshx) = (6 re ) . 26 = sinhx und %(logx) ==

und der Kettenregel folgt

d h -
%(10g(coshx)) _ d:):(COS I) _ sinhx

= = tanh z.
coshzx coshzx

g) Mit der Kettenregel folgt:

1 1 1 1

d
log(log(l = : T '
¥ (log(log(log x))) loglogz) logz x  x-logz-log(logx)

X

h) Es gilt a® = ¢’!°¢8¢, Daher ist 3% = ¢*!°83 und es folgt
d d
(3% = —

dz (3% dx (

Mit der Produktregel erhalten wir:

d
%3%3 = 3°.32° + (log 3)3"2®

e”1°83) = (log 3)e™ %83 = (log 3)3°.

= 3°2*(3 + zlog3).

i) Die Funktion arctan : R — (-7, 7) ist die Umkehrfunktion von tan : (-3, %) —
R. Fiirz € (=3, 5) ist
d d sinx
—(tanx) =

dx

dx cosx

_ [L(sinz)] - cosz — sinz - L(cosz)

cos? x
2 .9
Ccos“x + s x
cos? x
=1+ tan’z.

Mit der Regel

erhalten wir also

1
R t e —
dx (arctan ) tan’(arctan z)

1
1+ tan?(arctanz)
1
14 22

Siehe nichstes Blatt!



und somit gilt

d 1 2x
— arctan(z — V22 +1) = 1 — ——
dx ( ) 1+(x—\/a:2+1)2( 2 x2+1>
_ -7
L+ (z— Va2 +1)?

VT a
22+ 11+ (z — Va2 +1)?)
Vel l—z
Va2 +1(1 4 22 — 2022 + 1+ (22 + 1))
Vi +1—x
VI? £ 1(=22v/2% + 1+ 2 + 222)
2?41 —ava? +1

222 + 1) (22 + 1 —2va? + 1)
1
2022+ 1)

2. Auf ganz R \ {0} ist k stetig. An der Stelle 0 gilt £(0) = 1 = lim, ,o- k(z) und
lim, .o+ k(x) = a- 0+t -0+ r = r. Daher ist k stetig an der Stelle O fiir o, ¢ € R
und r = 1.

Ausserdem gilt &'(z) = 100z% fiir x < 0 und der linksseitige Limes lim,_ - k'(z) =
0 existiert. Fir z > 0 gilt

—-1/x
reoy @ 1/100-1 ~1/z,—2 Y _99/100 , €
= t = — t .
(x) 100° +te Tx T00° + =
Wir wollen nun lim,_,+ k’(x) berechnen. Es gilt lim,_,o+ te;# = 0 firallet € R.

Ausserdem sehen wir, dass

oo fallsa >0,
—oo fallsa <0,
0 fallsa=0,

lim 2 —99/100 _
a—0+ 100

ist. Dann gilt fir « = O und ¢t € R, dass lim, o+ £'(x) = 0 = lim,_,o- &'(z) ist. Wir
schliessen, dass k differenzierbar auf ganz R fiir « = 0,7 € R und r = 1 ist.

3. Weil f(x) > 0 firalle x € R und f(0) = 0 ist, erhalten wir sofort, dass x = 0 ein
globale Minimalstelle ist.

Bitte wenden!



Weil fiir alle v € R 22 — 3z + 3 > 0 ist, sehen wir, dass 2> — 322 + 3z = z(2? —
3z + 3) > 0 genau dann, wenn x > 0 ist. Darum ist z = 0 die globale Minimalstelle.
Ferner konnen wir schreiben

fa) = 23 — 322 + 3z fallsz >0,
VT —3 4322 =3¢ fallsz < 0.

Deshalb folgt
) = 322 — 6z +3 fallsz >0,
T =322 +62—3 fallsz <0.

Da3z? — 6z + 3 =3(2* — 2z + 1) = 3(x — 1) > 0 fiir alle # € R ist, erhalten wir,
dass f monoton wachsend auf (0, 3] und monoton fallend auf [—2, 0) ist.

Daher sind x = —2 und # = 3 relative Maximalstellen. Ferner gilt f(—2) = 26 >
9 = f(3) und somit ist z = —2 die globale Maximalstelle.

Siehe nachstes Blatt!



English version

a) The expression log(sin z) is meaningful for = € (0, 7), because sin(z) > 0. We
apply the chain rule

d , L,
%(log(sm(x))) = Sn () sin’(z) =

cos(z)

sin(x)

b) We write a® = ¢*'°2(?) and get

d

%(a”) = log(a)e®*8@ = log(a)a®.

¢) We have 2% = ¢*!°8% By means of the chain- and product rule we obtain

d d
%(:B“”) = {%(x logqr)} evloer — (% + log:v) 8 — (1 4 log )"

d) We have

d
d—(9x7 +327° =3z = 7-92° 4+ (=5)327% — (—11)32x7"2
X

= 6325 — 15270 + 332712,

e) We apply first the chain rule and afterward the quotient rule:
d [r»?—=3x+2 1 d [ 2?—3x+2
de \V 22 —Tx +12 o, [x2=set2 dr\x*—Tr+12

2 —Tz+12

1 (22 —3)(z? — Tz +12) — (2 = 3z + 2)(2z — T7)

) 223242 (ZL’Q —T7x + 12)2
2 —Tx+12

(22— Tz +12)7  (—4a2? + 20z — 22)
a2 —3r+2)3 (27— Tw+12)
B —22% + 10z — 11

(22 — 3z + 2)2 (22 — Tz 4 12)

3
2

f) With the relation

d d (et e\ et —e d 1
%(coshx):% (e —;e )— ‘ 26 = sinhz and %(logx):z

and the chain rule it follows

< (coshz) sinhx

d
dx( og(cosh.z)) cosh x cosh x tanhz

Bitte wenden!



g) With the chain rule one obtains:

o 1
~ log(logz) logz

1

d
— (log(log(1 :
d:L‘( og(log(log z))) x - log z - log(log x)

1
T

h) We have a® = !°5%, Hence, we get 3% = ¢*!°¢3 and it follows

d d

@(Sx) = @(emlog‘g) = (log 3)e* ™83 = (log 3)3°.

With the product rule we obtain:

d
@33%3 = 3°.32° + (log 3)3"2°

= 3°2*(3 + zlog3).

i) The function arctan : R — (-7, 7) is the inverse function of tan : (—

R. For z € (—%,7) we have

0ol
vol3
N~—

d

(tan z) = d sinx
o nr) =

dx cosx

_ [L(sinz)] - cosz — sinz - =L (cos )

cos? x
2 )
Ccos“x + s x

cos? x
=1+tan’z.
With the formula p )
- ffl €T -
&) = FEy

we obtain

1
— (arct e
dx (arctan z) tan’(arctan )

1

1+ tan?(arctan )
1

14+ 22

Siehe nichstes Blatt!



and thus

4 arctan(z — VaZ+ 1) ! (1 21 )

— arctan(z — vV = -

dx 1+ (z— Va2 +1)2 2va? +1
-

1+ (x—Va2+1)
VEFT -
V2 +1(1 4 (x — Va2 +1)2)

B vVat+1l—x
Va2 + 11+ 22 = 2xva2 + 1+ (224 1))
Vat+1l—x

Va2 +1(—2zva? + 1+ 2 + 222)
22+ 1—ava2+1

222 + 1)(22 + 1 —zva? + 1)
1

222+ 1)

2. Onthe whole R\{0} & is continuous. At the point 0 we have £(0) = 1 = lim,_,o- k()
and lim, ,o+ k(x) = a-0+1¢-0+r = r. Hence k is continuous at 0 for o, ¢t € R and
r=1.

Furthermore, we have £'(z) = 1002 for z < 0 and the left limit lim,_,o- &'(z) = 0
exists. For z > 0 we have

(&) = @ 11001y yo-1eg 2 Q00100 4 4 © 21'

100 100 T

We want now to compute lim, .o+ £’'(z). We have lim,_,o+ te;;/x =0forall t € R.
Moreover, we see that

o o~ ifa>0,
lim+ m'r—QQ/lOO = —00 lfOé < 07
=0 0 ifa=0.

Then for « = 0 and ¢t € R one has lim, o+ &'(x) = 0 = lim,_,o- k(). We conclude
that k is differentiable on the whole R for « = 0,7 € R and r = 1.

3. Since f(z) > 0 forall z € R and f(0) = 0, we get that z = 0 is a global point of
minimum.

Bitte wenden!



Since forallz € R 22 —3x+3 > 0, we see that 23 — 32? + 3z = z(2? — 32 +3) > 0
iff z > 0. Thus, x = 0 is the global point of minimum. Moreover, we can write

f(z) = 22 =322+ 3z ifx>0,
VT 84322 -3z ifz<0.

It follows
) = 3z2 —6x+3 ifz >0,
| 322 +6x—-3 ifz<O.
Since 322 — 6x + 3 =3(2* — 2z + 1) = 3(x — 1)? > 0 for all x € R, we obtain that
f is monoton increasing on (0, 3] and monoton decreasing on [—2,0).

Hence, + = —2 and x* = 3 are relative points of minimum. Moreover, one has
f(—=2) =26 > 9 = f(3) and thus x = —2 is the global point of maximum.



