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Musterlosung Schnelliibung 5

1. Betrachte die Funktion f(z) = ¢*’. Die n-te Taylor-Entwicklung von f um den Punkt

x = 0 lautet: o
fo =31 kfo)m’f + Ro(2).

Dabei ist das Restglied gleich

R.(x) = —f(”H) (7) z

(n+1)!
fir ein 7 € (0,1/4). Wir miissen n so wihlen, dass gilt |R,(1/4)] < 5-1073.
flz) = & f0) =1
fl(x) = 2xe* f(0) =0
f”(fC) (42 +2)e” f0) = 2
f’”(w) (823 + 12z)e” f70) = 0
fO(x) = (162" + 4822 4 12)e”’ f@0) = 12

Mit der Abschitzung e'/16 < V/4 = /2 < /2 < 3/2 folgt
(16/4" + 48/42 +12) - (3/2)
4!

Fiir n = 3 lautet das Taylorpolynom
"
0
10 + 7102+

Dessen Wert an der Stelle z = 1/4 liefert die gesuchte Nidherung

1

7 S50

|R3(1/4)] < (1/4)* <

22 =1+2°

1
1+ 2 1.0625

(Der wahre Wert ist f(1/4) = 1.0644944 . ..)

2. Allgemein:

(k) (
Z f —20)F + R, (2)

k=
(n+1) (1 . .
R,(x) = f(%ll)(,)(x — x0)" 1, wobei 7 zwischen x und z

Taylorpolynom fiir f(z) = log(1 4+ z) um zq = 0:

Bitte wenden!



f(z) =log(1 +x) f(0) =log(1) =0

fll@) =15 =0+a)" f'(0) =1

(o) =~ = Q402 0= -1

f”’(x) — Qﬁ f/”(O) =9

F () = =31 ke J9(0) = -3

f9 () = (—1yF-1 F9(0) = (=) (k — 1))

tog(1+2) = S (-1 EZ DL ) ey

pary k! (n+1)!
= Y (_1)(k71)xk + (=1)"n! (n41)
k=1 k (n+ DL+ 7)"*H
on—1
o~ (D% on — 1)!
= log(1+z) — ka = (—1)2! (2n ) om

k=1
1
_ (_1)2n-1 2
(=1) 2n(1 + 7_)2”1'
2n—1
—1)k=1)
= log(l+z) < %xk O
k=1

3. a) Das charakteristische Polynom ist
MAA—2=A+2)(A—1)

mit den beiden verschiedenen Nullstellen A = —2 und A = 1. Die allgemeine
Losung ist deshalb
y(r) = Ae™** + Be".

b) Das charakteristische Polynom ist
A+ 61+ 13

mit den beiden verschiedenen Nullstellen A = —3 + 27 und A\ = —3 — 2i. Die
allgemeine Losung ist deshalb

y(x) _ Ae(—3+2i)m +Be(—3—2i)m

oder 3 .
y(x) = Ae 3 cos(2x) + Be " sin 2.

Siehe nachstes Blatt!



¢) Das charakteristische Polynom
M —22+1=(\-1)
hat eine doppelte Nullstelle bei A = 1. Die allgemeine Losung ist deshalb

y(x) = Ae® + Buze®.

d) Das charakteristische Polynom
M — 4N = NN+ 2)(A—2)

hat eine doppelte Nullstelle bei A = 0 und einfache Nullstellen bei A = —2 und
A = 2. Die allgemeine Losung ist deshalb

y(r) = A+ B + Ce™* + De*.

Bitte wenden!



English version

1. Consider the function f(z) = ¢*’. The n-th Taylor-expansion of f about the point

r =01is: " e
f@zzfﬁw+m@
k=0 ’

k

Here, the rest term is equal to

f(n+1) (7—) n+1

Fnl) = (n+1)!
fora 7 € (0,1/4). We must choose n such that holds true |R,(1/4)] < 5-1073.
f(z) = & f0) =1
Fla) = 200 RO
f(x) = (42%+2)e*” f(0) = 2
f(x) = (82° +12z)e*” f(0) = 0
F®(z) (162 + 4822 + 12)e*” F®(0) 12

By the estimate !/16 < V/4 = /2 < /2 < 3/2 follows

(16/4* + 48/42 + 12) - (3/2)
4]

|Rs(1/4)] < (1/4)" <

For n = 3 the Taylor polynomial is

f"(0)

2 2
* - ]- + 9
9 r = T

f0) + f(0) -z +
whose value at the point x = 1/4 gives the wanted approximation
1
1+ yoh 1.0625

(The true value is f(1/4) = 1.0644944 . ..)

2. In general:

- f(k)(ifo) k
f@) =S = )+ Rale)

k=0

(n+1) .
R,(x) = f(n+1)(17) (x — x0)" "', whereas 7 is between x and

The Taylor polynomial for f(z) = log(1 + z) about o = 0 :

Siehe nachstes Blatt!



f(2) = log(1 + ) £(0) = log(1) = 0

fll@)=5=0+2)" F(0) =1

f'@) =g = —(1+2)7° f1(0) = —1

f/”(ZL‘) — Qm f///(o) -9

fW(x) = =3l f@(0) = —3!

f(k)(g;) — (_1)k—1((f;;))]!€ f(k:)(o) _ (_1)(k—1)(k —1)!

e, )
log(l4+z) = Z(—l)(k 1)(T:rk+—x( +1)
k=0

(n+1)!
_ (_1)(k—1) o (—1)"n! (nt1)
p k (n+ 1)!(1 4 7)»+!

2n—1 _

= log(1+ ) — 2 —(—13:“ Uack = (—1)2”_1—(25321__:3_!)2”%”
= (_1)2“—1—2”(1 1+ T)an% <0

= log(1+x) < 3 L]{fkl)xk O

k=1

3. a) The characteristic polynomial is
MAA—2=A+2)(A—1)

which admits the two different roots A = —2 and A = 1. The general solution is

therefore
y(r) = Ae™** + Be".

b) The characteristic polynomial is
A+ 6X +13

which admits the two different roots A = —3 4 2¢ and A = —3 — 2i. The general
solution is therefore

y(x) — Ae(—3+2i)w+B€(—3—2i)m

or
y(z) = Ae % cos(2z) + Be 3 sin 2z.

Bitte wenden!



¢) The characteristic polynomial is
M =22 +1=(A-1)
which has a root of multiplicity two at A = 1. The general solution is therefore

y(x) = Ae® + Buze®.

d) The characteristic polynomial is
M —dX? = XA +2)(A—2)

which has a root of multiplicity two at A = 0 and two other simple roots at
A = —2 and )\ = 2. The general solution is therefore

y(r) = A+ Br + Ce™* 4 De*.



