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In this seminar we will consider the connection between cluster algebras and
cluster categories, the main references are [6] and [4], but we also consulted [2] and
[1].

1. Repetition

In this section we will recall some definitions and basics of the previous talks. In
the following k denotes an algebraically closed field and Q a quiver with n vertices
without loops and 2-cycles, called cluster quiver. Let F = Q(x1, . . . , xn) be the
function field in n indeterminates over Q.

Definition 1.1 (Seed). A seed is a pair (Q,u), where Q is a cluster quiver and
u = {u1, . . . , un} is a free generating set of the field F = Q(x1, . . . , xn).
We call (Q, {x1, . . . , xn}) the initial seed.

Definition 1.2 (Mutation of a seed). Let (Q,u) be a seed. For k ∈ {1, . . . , n}
we define the operation µk(·) : (Q,u) 7→ (Q′, u′), called mutation, as follows. The
quiver Q′ is obtained from Q by the operations

(1) Reverse all arrows starting or ending at k
(2) If in Q we haven n > 0 arrows from t to k and m > 0 arrows from k to s

and r arrows from t to s, then in the new quiver Q′ we have nm− r arrows
from t to s.

The seed u′ is obtained by replacing uk with

u
′

k :=
1

uk





∏

arrows i→k

ui +
∏

arrows k→j

uj



 .

Note that for n < 0, n arrows from t to k is interpreted as −n arrows from k to t.
Further we have µ2

k ≡ id.

Definition 1.3 (Clusters). When we perform this mutation for all i = 1, . . . , n on
the initial seed we get new seeds, then we perform the mutation on the new seeds
and so on. By clusters we denote all the n-element subsets x, x′, x′′, . . . that occur
in all those seeds.

Definition 1.4 (Cluster variables). The cluster variables are all the elements of
the clusters.

Definition 1.5 (Cluster algebra). The cluster algebra AQ is the Q-subalgebra of
the field Q(x1, . . . , xn) generated by all the cluster variables.

2. Motivation

First we want to give a motivation for the definition of the cluster category, which
was already defined in the previous talk. We have seen that the theory of cluster
algebras has many nice features. Now it is an interesting problem to see if one
can find good analogs of the main ingredients involved in their definition, in some
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appropriate category.

In this sense we want the additive category C to have the following properties:

• as an analog of clusters we want a special class of objects, all having the
same number n of non-isomorphic indecomposable summands

• to imitate the process of seed mutation, we would want that each indecom-
posable summand of an object in the class can be replaced by a (unique)
non-isomorphic indecomposable object such that we still get an object in
our class

• to get a categorical interpretation of the definition of the new cluster vari-
able x′′i coming from x′i, we would want that when an indecomposable
object M is replaced by an indecomposable object M∗ , then there are
exact sequences or triangles connecting M and M∗, in both directions.

• we would want an interpretation of the FZ-mutations

The hope is that this point of view gives a better understanding of cluster algebras
due to this new theory. An approach to construct such a category C with the above
properties would be to consider the module category over kQ. However Idun Reiten
(see [6] Subsection 2.1) considers as an example A3 and shows that this category
does not do the job. More precisely there are not enough objects in the category to
replace indecomposable summands of a given module with a new non-isomorphic
module. That is the reason why we have constructed the cluster category (as seen
in the previous talks) via the derived category, which seems rather complicated at
first sight.

We will repeat here the definition of the cluster category.

Definition 2.1 (Cluster category). The cluster category CQ is defined as the orbit
category

DQ/τ
−1Σ.

Thus we have

Ob(CQ) := Ob(DQ),

HomCQ
(X̃, Ỹ ) :=

∑

i∈Z

HomDQ
((τ−1Σ)i(X), Y ).

3. From Cluster Variables to the Cluster Category

Let Q be a simply-laced Dynkin quiver.

Definition 3.1. We denote by the almost positive roots the set of the positive roots
together with the negatives of simple roots of a given root system.

Proposition 3.1 (Theorem 1.9 in [3]). For a given cluster algebra AQ there exists
a root system Φ, such that there is a bijection between the cluster variables and the
almost positive roots in Φ.

We denote the set of the almost positive roots of Φ by Φ≥−1.

Definition 3.2. Let Q = (Q0, Q1) be a quiver. The decorated quiver of Q denoted

by Q̃ is defined by adding an extra copy Q−
0 = {i , i ∈ Q0} of the vertices to Q

(but without any arrows added).

A module M over kQ̃ can be written in the form M = M+
∐

V where M+ =
∐

i∈Q0
M+

i is a kQ-Module and V =
∐

i∈Q0
Vi is a Q0-graded vector space over k.

Definition 3.3. The signed dimension, sdim(M) of a kQ̃-module M is given by

sdim(M) =
∑

i∈Q0

dim(M+
i )αi −

∑

i∈Q0

dim(Vi)αi
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where α1, . . . , αn are the simple roots.

Proposition 3.2 (Proposition 2.1 and Corollary 4.12 in [5]). The map sdim induces

a bijection between the roots of Φ≥−1 and the indecomposable objects in rep kQ̃

Note that the positive roots correspond tho the indecomposable kQ-modules and
the negative simple roots correspond to the simple modules associated with the new
vertices. We denote the simple module corresponding to the vertex i by S−

i .

Recall that CQ is a Krull-Schmidt-Category by Proposition 1.2 in [1].

If X,Y ∈ DQ, then we denote by X̃, Ỹ the corresponding objects in CQ. Further,
let

S = {indecomposable kQ-modules}∪{P [1]| P indecomposable projective kQ-modules}.

Proposition 3.3 (Proposition 1.6 in [1]). The indecomposable objects in CQ are

precisely those of the form X̃ for X an object in S.

We define a map ψQ from ind CQ to the set of isomorphism classes of indecom-

posable kQ̃-modules as follows. Let X̃ ∈ CQ. We can assume that one of the
following cases holds:

(1) X is an indecomposable kQ-module M+.
(2) X = Pi[1] where Pi is the indecomposable projective kQ-module corre-

sponding to the vertex i ∈ Q0

We define ψQ(X̃) to be M+ in Case (1), and to be S−
i in Case (2).

Proposition 3.4 (Proposition 4.1 in [1]). The map ψQ is a bijection between ind CQ

and the set of isomorphism classes of indecomposable kQ̃-modules (i.e. indecom-
posable decorated representations). It follows that sdim ◦ψQ is a bijection between
ind CQ and Φ≥−1.

Corollary 3.1. There is a bijection between ind CQ and the set of cluster variables.

4. Tilting

We want to see analogs between the cluster algebra AQ and the cluster category
CQ. For this we look first at the interesting objects living in the cluster algebra AQ.
From the previous talks we know much about cluster variables {xi}, clusters u and
seeds (Qu, u). We will see that they all have analogous constructions in the cluster
category CQ by looking at tilting theory. In the following n denotes the number of
vertices of the respective quiver Q

Definition 4.1 (Cluster tilting object). An object T ∈ CQ is called cluster-tilting
object if it is the direct sum of n non-isomorphic objects T1, . . . Tn of a cluster tilting
set. Where a set T of non-isomorphic indecomposable objects in CQ is a cluster
tilting set if:

• Ext1(X,Y ) = 0 for all X and Y in T and
• for any indecomposable Z 6∈ T there is some X ∈ T such that Ext1(X,Z) 6=

0

For the further investigations we first look at the properties of the cluster algebra
AQ and cluster category CQ of a Dynkin quiver Q.
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Cluster algebra AQ cluster category CQ

clusters have all the same num-
ber of elements

cluster tilting objects have all the
same number of non-isomorphic
indecomposable summands

The number of elements coin-
cides with number of vertices in
the quiver

The number of summands coin-
cides with number of vertices in
the quiver

There is at least one way of ex-
changing a cluster variable to get
a new cluster

There is a unique way to
exchange indecomposable sum-
mands in cluster tilting objects

We already heard that there is a correspondence between cluster variables in AQ

and indecomposable objects in CQ. Furthermore we also have a correspondence
between clusters and cluster tilting objects. This correspondence leads to a much
stronger relationship between cluster algebras and cluster categories. For this cor-
respondence we look at the following theorem:

Theorem 4.1 ([2] Theorem 3.8). Let Q be a (simply-laced) Dynkin quiver, and
let AQ and CQ be the cluster algebra and the cluster category of Q, respectively.
Then there is a 1 − 1 correspondence between the cluster variables of AQ and the
indecomposable objects of CQ. This correspondence induces a 1 − 1 correspondence
between the clusters of AQ and the cluster tilting objects of CQ

From this correspondence we can now also find an analog of seeds in the cluster
category. For this we define:

Definition 4.2 (Tilting Seed). We say the pair (T,QT ) is a tilting seed if T is a
cluster tilting object and QT is the quiver of the algebra EndCQ

(T )op

We want to focus on the cluster tilting objects. The tilting quiver QT related to the
algebra EndCQ

(T )op is defined due a theorem of Gabriel [4] (Proposition-Definition
5.10).

In the cluster algebra we had the following question:

• Is there a unique way of replacing a cluster variable in a cluster by another
cluster variable to give a new cluster?

Which turns out to be true for cluster algebras coming from Dynkin quivers. If one
wants to answer the same question for tilting objects this leads to the concept of
exchange pairs and the tilting graph.

Definition 4.3 (Tilting Graph). The graph where the vertices are the (non iso-
morphic) cluster tilting objects and there is an edge between two vertices if the
corresponding cluster tilting object have a common almost complete cluster-tilting
summand (see below) is called tilting graph

This graph turns out to be connected and furthermore it is exactly the exchange
graph which we know already from the cluster algebra.

5. Exchange pairs

Definition 5.1 (Almost complete cluster-tilting object). We say that T is an almost
complete cluster-tilting object if there is some indecomposable objectM not in addT
such that T⊕M is a cluster-tilting object. Here addT denotes the smallest additive
subcategory of the module category over kQ containing T . In this case M is said
to be a complement of T .
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One can show that all cluster-tilting objects in a given CQ have the same number
of non-isomorphic indecomposable summands which equals the number of vertices
in the quiver Q.

Theorem 5.1. Let T be an almost complete cluster-tilting object in CQ. Then T
has exactly two non-isomorphic complements M,M∗ ∈ CQ.

In the above case we call (M,M∗) an exchange pair and we have the following
theorem.

Theorem 5.2. In the above setting we have triangles M∗ → B →M → ΣM∗ and
M → B′ →M∗ → ΣM .

Considering a Dynkin quiver Q and its corresponding exchange graph, we know
that if we remove a cluster variable xi from a cluster {x1, . . . , xn}, there is a unique
other cluster variable x∗ which can replace xi such that the new set is again a
cluster. This pair of cluster variables (xi, x

∗ corresponds to the exchange pair
(M,M∗). Thus in the tilting graph that we defined before exchange pairs define
the edges, that is why the exchange graph of a quiver Q is the same graph as the
tilting graph of the cluster category CQ.

6. Mesh

τ−1Σ is an auto-equivalence on DQ. Therefore it induces a graph automorphism
of ZQ. Because τ−1Σ commutes with τ on DQ, τ−1Σ induces an automorphism of
stable translation quivers on ZQ. This leads to

Proposition 6.1. The mesh category of ZQ/(τ−1Σ)Z is canonically equivalent to
the full subcategory ind CQ

Remark 6.1. The equivalence is canonical because it rises from factoring both sides
by two equivalent functors.

7. Summary

The following theorem summarizes what we have presented in this talk.

Theorem 7.1 ([1]). Let Q be a simply-laced Dynkin quiver.

a) The decomposition theorem holds for the cluster category and the mesh cat-
egory of ZQ/(τ−1Σ)Z is canonically equivalent to the full subcategory ind CQ

of the indecomposables of CQ. Thus, we have an induced bijection L 7→ XL

from the set of isomorphism classes of indecomposables of CQ to the set
of all cluster variables of AQ which takes the shifted projective ΣPi to the
initial variable xi, 1 ≤ i ≤ n.

b) Under this bijection, the clusters correspond to the cluster-tilting sets, i.e.
the sets of pairwise non isomorphic indecomposables T1, . . . , Tn such that
we have

Ext1(Ti, Tj) = 0

for all i, j.
c) If the set {T1, . . . , Tn} is cluster-tilting, then the quiver (c.f. below) of the

endomorphism algebra of the sum T =
⊕n

i=1
Ti does not have loops nor

2-cycles and the associated antisymmetric matrix is the exchange matrix of
the unique seed containing the cluster XT1

, . . . ,XTn
.
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