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1 Steklov-Poincaré Operator

Last time we saw the Calderén projection that satisfies the following system of boundary
integral equation for a harmonic u € H'(Q)(we consider only the homogeneous case, i.e.

f=0)
<7DU> ((1 — o)l - Ky Vo > (’YDU>
YNU Wo ol + K| ) \ynu

We proved that Vy is H _%—elliptic and therefore, by the Lax-Milgram theorem, invertible.
Take the first of the two equation and solve for the Neumann data gives

yvu = Vg (oI + Ko)vpu
We thus found an operator
So:=Vy (oI + Ko): H>(T') — H 2 (I)

that maps the Dirichlet datum to the Neumann datum. We call Sy Steklov-Poincaré
operator.
Use the second equation to obtain the symmetric representation of the Steklov-
Poincaré operator:
So = Wo + (oI + K{)Vy o] + Ko)

In this form, we see that Sy admits the same ellipticity estimates as Wy:

(Sov,v)r > (Wov,v)r

1
using the H~z-ellipticity of Vy. In particular, Sy is H.2 (I)-elliptic.

2 Wave Equation and Helmholtz Equation

2.1 Wave equation reduces to Helmholtz Equation

The wave equation is
0? 9

Assume the solution to be time harmonic:
U(t,z) = e “hu(x)
Then u will satisfy
—w?u — *Au = 0 or —Au—k2u:0withk:%

and is called Helmholtz equation.

2.2 Fundamental solution

We shall always assume k£ € C* and 0 < arg k < 7. To derive the fundamental solution of
the Helmholtz equation, we go over to spherical coordinates (remember that the Lapla-
cian commutes with rotation and (—A, — k?)Gy(z —y) = §(z — y), so (—A, — k?)Gy(2)
vanishes r = |z| = |z —y| > 0 ):

1

ﬁar [r20,4(r)] — k*@(r) = 0 where @(r) = a(|z|) = u(z)



Put v(r) = ru(r) and v solves
v (r) + k*(r) = 0.

We find ) ok .
(r) = ;v(r) _ Ablr; T geoskr

I

If one analyzes the behavior for » — 0, then A = 0 and taking a complex combination of
v one defines
o 1 etklz—yl
k(T y) = EH

Note that one actually has a choice to put a minus sign in the exponential function,
—ik|lz—y]|

s 1
that is EE

of sign.

= is also a fundamental solution. The next section will justify our choice

2.3 Sommerfeld Radiation condition

We will be concerned with the exterior Dirichlet problem —Awu — k*>u = 0 in Q¢ and
u = g in 0N for a bounded domain Q (details later). The solution will in general not be
unique. However, we can impose additional properties how u should behave at infinity.
kr and Befzkr‘

T T
—iwt

et

. They are solutions of the (radial)
Helmholtz equation. Remember that A#e = Aw is then a solution of the

wave equation and its phase r — ct is outgoing for r > 0. Similiar, the other one will have
“left going phase” and hence be incoming.

ezk’r

Consider the spherical waves A

Let uqo(r) := AS—. Then
o eikr 1
—Us(r) = A ik — —),
ar " (r) r (@ 7“)
and assumung k real,
0
U iktuoo| = 0(—) as 7 — o0

We will demand that a solution of the EDP satisifies the latter property, i.e. behaves
like an outgoing wave. It is called the Sommerfeld’s radiation condition. Note that
B does not fulfill the condition. Consider —Awu — k?u = fin R™. Then u = G * f
is a solution that behaves likes, for z = rw

T

eikr

Aw) =

+o(r=2) as r — oo

And thus our choice for the sign of the fundamental solution.
We will show that this forces the solution to be unique, and we will be able to talk
about “the” radiating solution of the EDP.

2.4 Rellich Lemma and Uniqueness of the EDP

Lemma 2.1. (Rellich)
Let k > 0 and u a solution of

- C

—Au —k*u =0 on B,,(0)



and suppose that

lim lu(x)|*do =0
P90 J)z|=p

then u =0 on BpO(O)c.

Proof. (Idea) We have that u is an eigenfunction of A outside the closed ball of radius py.
The elliptic regularity theorem tells us that u is thus C*°. So we can write u as a sum of
surface spherical harmonics {#H(S?),, }men (remember: these are harmonic homogeneous
polynomials (in the three coordinate variables) restricted to the unit surface) which
form are dense in L(S?) and rescaling the unit sphere to 9B, for p > py, * = puw,
|z] = p and w € S?. So, let the spherical harmonics {¢,,,} be an ONB of L? and

fmp(kp) = <u(p ) )?wmp>L2(52):

oo N(n,m)

UZZ Z Jrp (Kp)thmp(w).

m=0 p=1

Since u satisfies the Helmholtz equation one can show that each z™/271f,, (z) is then a
solution of a Bessel equation
1 (m+3)°
§'(2)+0'() + (1 - 2 () =0,
The spherical Hankel functions hl, , h2, are a basis of the solution space of this equation.
They satisfy

hl L

m = 1)z {expi [z — (2m + 2)7 /4] + O(b}

and
R {exp—i[z—(2m+2)7r/4]+0(1)}

m o z(nfl)/

So fmp can be represented as a linear combination of those two, say fm, = ahl, + bhZ,
and hence

. 1
P21 fnp(kp)* = |aexp 2i [kp — (2m + 2)m /4] + b]* + 0(;)-
But

co N(n,m)

IR S

m=0 p=1

Taking the limit p — oo shows a = b = 0, so every fy,, vanishes and therefore does
U. O

Corollary 2.2. Let u € H} (Q°) be a solution of the homogeneous exterior Helmholtz
equation,

—Au—k?u=0onN°

and satisfies in addition to the Sommerfeld radiation condition also
3 (k[ Osn6pu do) 20
r

then v = 0 on °.



Proof. First note that by the elliptic regularity theorem u is smooth on Q°¢. For what

follows it does not matter if we enlarge to some (), such that I', C Q°. So u is smooth
in the closure of 2. We know lose the asterix. Hence yyu =n - Vu = %Z on the 0B,

and so

2 ou

2 ou
+ | |u)? + 23 <k )
ov

@ —tku —
ap dp

Set 2 = Q°N B, and apply Greens first identiy,

Vi - Vo — kv de = (-A — k‘2)u7v>L2(Qz) + <7Nu,7Dv>Lz(aQS).
Qc

Take v = u. The first integral on the right hand side vanishes by assumption. Now
multiply with k and take the imaginary part to obtain

%(k)/ﬂ \Vu\2—|k|2|u|2dx:/aB %(k?j}%) da—A%(k‘?Zu) do.

Substitute %(kg—’;u) of the first integral with the equality we already obtained:

2

O k2 do =

1
o~ 2 L E2 2 1
\s(k)/ﬂg|Vu| + k|7 |ul dx—|—2/aBp o

/ ou 2
_l’_
dB,

So if (k) > 0 and using the assumption, the LHS is positive whereas by the Som-
merfeld radiation the right hand side converges to something < 0 as p — oo. Therefore
Joe [ul?dz — 0 and v must vanish on Q°.

3

If we assume k to be real, we can merely conclude (|k[* > 0!) that [, |u|*dz — 0. But

now Rellich Lemma applies.
O

Theorem 2.3. (Uniqueness)
There is at most one radiating solution v € H\ () of

—Au—k*u=0 on Q°
Ypu=g onT,
where g € H(T).

Proof. If v, w are two solutions, then u© = v — w satisfies the assumption of the corrolary
since ypu = 0. O

3 BIE of Helmholtz Equation

3.1 Integral operators and Boundary Integral Equations

We introduce now the integral representations of the solutions of the Helmholtz equation.
In particular we will give a proof of the existence of a solution of the EDP.



Recall the fundamental solution of the Helmholtz Equation
—Au(z) — k*u(z) = 0 for z € Q C R3,

namely
1 ev’k|x—y\
G -
@) = T

The standard boundary integral operators for z € I' are then

Weakly Singular Boundary Integral Operator (Vyw)(z / Gi(z,y)w(y)ds,
Double Layer Potential (Kxv)(z / a—nka z,y)v(y)ds,
Adjoint Double Layer Potential (K,v)(z / 8nx Gr(z,y)v(y)ds,
Hypersingular Boundary Integral Operator (Wyv)(z) = ~ o /F ain (x,y)v(y)dsy

Theorem 3.1. For a bounded Lipschitz domain, the boundary integral operators
Vit H=275(0) — H2F5(D)
Ky : H3 () — H3+5(T)
K} : H‘%"‘S(F) N H—%+s(1—\)
Wit H3 (D) — H™#5(I)
are bounded for all s € [—%, %}

However the ellipticity property of Vi no longer holds. We now rather prove

Lemma 3.2. Vj : H_%(F) — H%(F) is coercive, i.e. there exists a compact operator
C:H 2(T') — Hz(T) such that the Gardings inequality

(Vew, w)r + (Cw,w)r > const HwHZ_%(F) Yw € H_%(F)

holds.

Proof. The idea is the following: Let C = 0V = Vy — V. Then Vy = Vi, + §V. Consider
u=Vgrw — \II(SLw One calculates —A[—A — k?|Ju = 0 and can therefore argue that

Ugp, — 0, - H"(F) — H3( ) and thus 6V = vp(V — Vp) : H2(I') — H3(T). Since
the embedding of H? in H? is compact, 6V : H~2(I') — H? is also compact. The claim
then follows from the H _%—ellipticity of V. O

Note that also Wy, — Wy, Kj, — Ko and K, — K|, are compact.

Theorem 3.3. Let ¢ € H_%(F). Then u = Vgr¢ satisfies the homogeneous partial
differential equation (—A — k*)u = 0 in R*\T'. It also satifies the Sommerfeld radiation
condition. Furthermore [ypu] = 0 Analogously, for ¢ € H3(T). Then if u=Vp¢ we
have (—A — k?)u = 0 in R" \ T and also satifies the Sommerfeld radiation condition.
Furthermore [yyu] = 0



Remark 3.4. One has the equalities Wj, = K + %Id and Vj, = K,’c + %Id.

Suppose that v € H} () with (—=A — k?)u = 0 in Q° satisfies u = —Vgr[ypu] +
U pr[ypu] in ¢, Taking the Dirichlet trace and Neumann trace repectively and applying

above identies one has
'yfju _ %I + Ky -V ’)/CDU
V5w Wi AI-K, ) \W§u

Note the change of signs with respect to the interior Calderén Operator.
We now list the corresponding boundary integral equations to the exterior Dirichlet
problem.

Direct Method - integral equality of the first kind: Let g € H? (T"). Find ¢ € H > (1)
such that

1 _1
Ve, @) L2(ry = _§<9790>L2(I‘) + (Krg,0) 12y Yo € H 2(I)

Direct Method - integral equality of the second kind: Let g € H2(T). Find ¢ €
H~3(T) such that

1 1
5@/}, )2y + (K, o) 2y = —(Weg, @) 2y Vg € HE(T)

Indirect Method - using the single layer potential: Let g € Hz (T'). Find ¢ € H = (1)
such that )
Vi, o)rary = (g, 9)r2ry Ve € H>(T)

Indirect Method - using the double layer potential: Let g € H2(T'). Find ¢ € H=2(T)
such that

1 1
§<7/1,<P>L2(r) + (K, 0) 2y = (9, 0)2ry Vo € H 2(I')

3.2 Representation formula

We have seen Green’s representation formula that states if 2 is bounded in u € H(Q) is
a solution to the homogeneous interior Dirichlet problem for the Laplace. It also holds
for the Helmholtz operator, i.e. if (~A — k?>)u =0, ypu=g, g € Hz )

u = \IJSL(’YNU) — \IIDL(’YDU) in Q.

A more general version of it goes as follows (with the closed brackets denoting the
jumps of the traces):

Theorem 3.5. u € L*(R") with compact support, u|g € H'(Q), u|qe € H1(Q°), then

u=VYpr(lypu]) = Ysr(lynu]) on R"

Obviously, for the EDP we don’t want to restrict solutions to have compact support
but satisfy only the Sommerfeld radiating condition, writing = = pw, p = |z|,w € S?:

lim p (8u — zku> =0
p—>00 or
uniformely in w.

Remarkably, the representation formula still holds:



Theorem 3.6. Let g € H2(T). And suppose u € H} (Q°) is a radiating solution of

—Au—k*u=0 onQ°
Ypu=g onT,

then u has the integral representation
u=Vprg — Yer(vyu).

Proof. We sketch the proof. Once more, put €2 = Q°N B,. The boundedness of this
domain implies u € H'(Q5) (remember the definition of Hf, (W) = {t € D'(W) : t €

HY(B) for all bounded B C W}) and that we can apply Greens representation theorem
u(z) = +¥sp(vyu)(2)=¥YpL(vpu)(z)

- / Gz, y)ynuly) do + / Gz, y)yypuly) do in @ (%),
B, oB,

the second line corresponding to the “outer” boundary. Note the different signs: On T,
we use the outer normal unit vector of £ which therefore looks inward to 2 = Q“N B,
and so Wgy, carries a + in front of it and ¥py, a —. On 9B, we do consider the outward
UNV.

Remember the uniqueness result? We showed that the Sommerfeld radiation condi-

tion implied that

1 oul’
%(k)/ |Vul? + [k|*|u|? dz + 7/ au + |k |u|? do
Qg 2 Jom, | 0p

— /%(kauu) do as p — oo.
T ov

In particular, [, |u|? do has to be bounded. Note that [, |G(x,y)|* do is also
P P
bounded and the fundamental solution is also radiating. We then write

/ G(z, y)ynu(y) d0+/ NG (2, y)ypuly) do =
oB, dB,

G(z,y) (vuly) — iku(y)) do + / (WGl y) — ikG(z, y)) ypuly) do

dB, OB,

We apply on both integrals Cauchy-Schwarz, the former then vanishes by the radiating
condition on u as p — oo, the latter because of the radiating property of G. Finally, let
p — o0 in (%) and the claim follows. O

3.3 Existence

We finally will prove the existence of a radiating solution. Of utmost importance is
the following correspondence between the volume problem and the boundary integral
equation:

Theorem 3.7. Let g € H%(I‘), And suppose u € H} (Q°) is a radiating solution of

—Au—ku=0 on Q°
Ypu=g onT,



then ¢ =% € H 3 (T") is a solution of the boundary integral equation
Vip=(—1d/24+ K)g on T, (1)
and u has the integral representation
u=V¥Yprg—¥sro. (2)

Conversely, if ¢ € H=2(T) is a solution (1), then formula (2) defines a solution u €
H} (Q°) of the exterior Dirichlet problem.

Proof. First suppose u to be a solution of the EDP. We already proved the representation
formula w = Upr(75) — Uer(vSu). Take the Dirichlet trace to get

1
Yhu = =Viyiu+ (K + B Id)vy5u.

But with ¢ = y§u, g = v$u this is just (1).

Now, let u := ¥prg — Ugr¢ where ¢ is a solution of the BIE (1). We know that
(-A - k*>)¥pr = 0 and (—A — k?)¥sr, = 0 and both Uprv and Ugrw satisfy the
Sommerfeld radiation condition, v € H2 (T'), w € H~2(I'). Hence, we only need to check
that ypu = g. But again, taking the trace of u gives

1 1 1
Ypu = (K + 51d)g = Vid = (K + S 1d)g — (-5 ld+K)g =g

and u solves the EDP. To proof that u € H} _(Q°) one needs the fact that for any
@ € D(R™) it holds Wz, : H2(I') = H'(R") and ¥y : H= (') — H'(Q°) and that
elements of H. (W) can also be characterized by
v € H (W) iff pv € H'(R")Vp € D(W)
O

Theorem 3.8. Vj is injective on Hfé(lﬂ) iff k% is not an eigenvalue of —/A of the
interior Dirichlet problem, i.e.

—Au=kuonQ, Apu=0=u=0 on
The kernel of Vi, is given by
ker(V},) = span [nyv :—Av =k on Q and ypv =0 on F]

Proof. Suppose v satisfies —Av = k?v and ypv = 0. So, by Green’s representation
formula for v, we have v = Wgrynyv in Q. Apply the interior Dirichlet trace to get

0=vpv=7p¥srynv = Viynv.

Therefore yyv € ker(Vy). Conversely, let w € ker(V}). Define v = ¥grw. The single
layer potential satisfies LyUgy, = 0, so —Av = k?v. Also 0 = Vyw = yp¥srw = vpv.
Hence if k2 is not to be an eigenvalue of —A of the above IDP, v must be indentically
zero proving that the kernal is trivial. O



Theorem 3.9. (Fredholm Alternative)

Let A € B(X,Y) coercive. If Au = 0 only allows the trivial solution u = 0, then
Au = f is uniquely solvable for all f € Y. Else Au = f is solvable iff (v, f) =0 for all
veY*: A'v=0.

Theorem 3.10. (Existence and Uniqueness)

Let Q2 be a bounded Lipschitz domain with boundary I'. Then for every g € H%(I‘) the
exterior Dirchlet problem

—Au—Kk*u=0 onQ°

ypu=g onT

has a unique solution u € Hlloc(QC) that satisfies the Sommerfeld radiation condition.

Proof. The uniqueness readily follows from the corollary of the Rellich lemma. To prove
existence, we will solve the boundary integral equation Vi¢ = (—1d /2 + Kj)g. By the
above theorem u defined as u = ¢¥prg — ¥sp¢ will then be a radiating solution. We use
the Fredholm alternative: We already showed coercivity of Vj. If k2 is not an eigenvalue
we also have injectivity and therefore Vj is invertible and the BIE is solvable (even
uniquely!). If k% is an eigenvalue, we have to check the solvability condition (w, f) = 0
for all w € ker(Vy") and f the right hand side of the BIE. But we can apply the theorem
about injectivity of Vj to see that

ker(V*) = span |yyv: v € HY(Q), —Av = Ev on Q and ypv=0o0nT

Apply the second of Green’s identities to get

(YN, (*%H Ki)g) 2y = (ynv, 70 (Y DLg)) L2 (1)
= (ypv, W (¥pLg))r2(n)
— <(—A — ];52)1], WDLg)LQ(Q) + <’U7 (—A — kQ)\I/DLg>L2(Q)
Each of the three terms on the right vanishes since ypv = 0 on I', (=A — k?)v = 0 and
(—A - k?)Uprg=0on Q.
O

Note that the BIE in the case of resonance is not uniquely solvable even though the
exterior Dirchlet problem is (assuming the radiating condition)!
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