Annales Academize Scientiarum Fennicee
Mathematica
Volumen 24, 1999, 437-464

BOUNDARIES OF UNBOUNDED FATOU
COMPONENTS OF ENTIRE FUNCTIONS

I.N. Baker and P. Dominguez

Imperial College of Science, Technology and Medicine, Department of Mathematics
London SW7 2BZ, United Kingdom; i.baker@ic.ac.uk, p.dominguez@ic.ac.uk

Abstract. An unbounded Fatou component U of a transcendental entire function is simply-
connected. The paper studies the boundary behaviour of the Riemann map ¥ of the disc D to
U, in particular the set © of 9D where the radial limit of ¥ is co.

If U is not a Baker domain and oo is accessible in U, then © is dense in 9D . If U is a Baker
domain in which f is not univalent, © contains a non-empty perfect subset of dD. Examples
show that © may be either countably infinite or residual in dD. The function f(z) = z 4+ e~ *
leads to a component U with a particularly interesting prime end structure.

1. Introduction

Suppose that f(z) is a non-linear entire function with iterates f"(z), n € N,
and Fatou set F'(f) such that F(f) contains an unbounded component U. (For
basic results about the iteration of entire functions see e.g. [5]). Then U is neces-
sarily simply-connected [1]. We shall consider the case when U is periodic; indeed
it suffices to consider the case when U is invariant under f(z). The dynamics of
f(2) in U then falls into four cases.

(i) There exists zp € U with f(z9) = z0 and |f'(z0)| < 1. Then every point
z € U satisfies f"(z) — z0 as n — oo. The point zq is called an attractive fixed
point and U is called the immediate attracting basin of zp.

(ii) There exists zp € OU, zp # oo with f(z0) = 20 and f'(z9) = 1. Every
point z € U satisfies f"(z) — zo as n — oco. The point z( is called either a fixed
point of multiplier one or a parabolic point and U is called a parabolic basin.

(iii) There exists an analytic homeomorphism : U — D where D is the unit
disc such that w(f(wfl(z))) = 2™ for some a € R\ Q. In this case, U is
called a Siegel disc.

(iv) For every z € U, f™"(z) — 0o as n — oo. In this case the domain U is
called a Baker domain.

It is natural to study U and its boundary in connection with the Riemann
map ¥: D = D(0,1) — U. R.L. Devaney and L.R. Goldberg [10] examined the
case when f(z) = Xe*, A = te™ ", |t| < 1, for which F(f) = U is a single un-
bounded component, which contains the attracting fixed point ¢. They described
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the structure of QU , which in this case is the whole Julia set and consists of a
Cantor set of curves. They showed that the Riemann map W, normalized by
U (0) = t, is highly discontinuous on 9D although the radial limit

(e?) = Tlir{lf T (re?)

exists (possibly = oo) for every e¥ € dD.

For € € 0D and g analytic in D the cluster set C(g,e') is the set of all
w € C for which there exist sequences z, in D such that z, — ¢’ and g(zn) = w
as n — oo. If in the previous definition we restrict z,, to lie on the radius from 0
to e’ we obtain the radial cluster set C,(g,e®). The cluster sets C(g,e") and
C,(g,e") are either a continuum or a single point (see e.g. [9]). I.N. Baker and
J.W. Weinreich [3] proved the following result.

Theorem A. If f(z) is transcendental entire and if U is an unbounded
invariant component of F(f), then in cases (i), (ii), and (iii) listed above, co €
C(,e) for every e € D, where ¥ is a Riemann map of D onto U .

It was also shown in [3] that Theorem A no longer holds in general when
f(z) falls under case (iv), i.e. when f™ — oo in U. An example was given where
f* — oo in U and 9U is a Jordan curve, so that each C(f,e”) is a different
singleton. This was shown to occur for f(z) = z + 7 + €2 for some choices of
the real constant v. W. Bergweiler [7] showed that 2 — log2 + 2z — e¢* has the
same property.

Masashi Kisaka [14] studied the set

© = {e" : U(e") exists and = oo},
and obtained an analogue of Theorem A under a number of further assumptions.

Let N = (sing f~!) denote the set of singular values of the inverse function
f~1 of f, that is the critical values and asymptotic values of f. Write

(1) P(f) = U ).
Kisaka proves the following two theorems.

Theorem B. Let U be an unbounded invariant component of F(f) of a
transcendental entire function f, W: D — U be a Riemann map and P(f) be as
in (1).

Suppose that there exists a finite point ¢ € OU with q ¢ P(f) and a contin-
uous curve C(t) C U (0 <t < 1) such that C(t) — q as t — 1 and f(C) D C.
Suppose further that in the cases when U is (i) an attracting basin, (ii) a parabolic
basin or (iii) a Siegel disc the point oo is accessible in U. If U is (iv) a Baker
domain suppose that f | U is not univalent.

Then the set © is dense in 0D in the case (i), (ii) or (iii). In the case of (iv),
the closure © of © contains a certain perfect set in 0D . In particular, J(f) is
disconnected in all cases.
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Theorem C. Let U, f and ¥ be as in Theorem B. Suppose that U is either
an attracting basin or a parabolic basin and oo € QU is accessible. If there exist a
point q € OU and a continuous curve C(t) C U (0 <t < 1) such that C(t) — q,
t — 1 and f(C) D C, or if there exist two pairs of ¢; and C; (i =1,2) with the
same property as above, then J(f) is disconnected.

We shall remove some of the assumptions in Theorems B and C. In fact the
only assumption beyond those of Theorem A is that oo should be an accessible
boundary point of U. It seems an interesting open problem whether co might not
be accessible in U.

Theorem 1.1. If f(z) is a transcendental entire function and U is an un-
bounded invariant component of F(f), such that oo is accessible in U along some
path I in U, and U is either an attracting basin, a Siegel disc, or a parabolic
basin, then © is dense in 0D.

Theorem 1.2. If f(z) is a transcendental entire function and U is an un-
bounded invariant component of F(f), which is a Baker domain, such that f | U
is not univalent, then © contains a non-empty perfect set in 0D .

Remark 1. It is automatically true in Theorem 1.2 that oo is accessible
in U.

Corollary 1.3. Under the assumptions of Theorem 1.1 and Theorem 1.2 the
boundary of U and J(f) are disconnected sets of C.

The Riemann map ¥ conjugates f and its iterates as maps of U to an inner
function ¢ and its iterates as maps of D(0,1). In Section 2 and 3 we collect some
results about inner functions which are used in the proofs of Theorem 1.1 and
Theorem 1.2, Section 4.

One may ask whether the three cases listed in Theorem 1.1 can arise. For
f(z) = Xe*, 0 < XA < el the set U = F(f) is a single unbounded attracting
basin. It is easy to see that U contains a half-plane so that oo is accessible in U.
Putting A = e~! in Ae® the same results hold except that U is now an unbounded
parabolic basin in which oo is accessible. In the course of proving Theorem 5.1
we show that f(z) = ze™* gives another parabolic example.

The case of a Siegel disc is more difficult. M. Herman [13] showed that we
may choose the constant a so that e** has a Siegel disc U, whose rotation number
satisfies a Diophantine condition and that U is then unbounded. P.J. Rippon [22]
gives a fairly simple proof that almost all A such that || = 1 the function e** —1
has an unbounded Siegel disc. These proofs seem, however, to give no information
as to whether oo is accessible from within the disc.

The necessity in Theorem 1.2 of the condition that f | U is univalent follows
from the examples quoted after the statement of Theorem A, for instance f(z) =
2—log 2+ 2z —e* which has an unbounded invariant domain U in which f" — oo
while the corresponding set © is a singleton.
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In Section 5 we give an example of an entire function f(z) = z + e~* which
has an (unbounded) invariant Baker domain U in which f(z) is conjugate to the
self-map g(z) = (322 +1)/(3 + 22) of the unit disc, so that Theorem 1.2 applies
to f. In fact © = D (Theorem 5.2).

Now recall (see e.g. [9]) that for our Riemann map V: D — U, the point

% ¢ 0D is said to correspond to a prime-end of Types 1 to 4 as follows.

Type 1: Cy(,e¥) = C(V,e?) a singleton,

Type 2: C,(V,e?) a singleton, # C (¥, '),

Type 3: C,(V,e?) = C(¥, ") not a singleton, and

Type 4: C,(¥,€?) not a singleton, # C (¥, ).

Let E; denote the set of € in D which correspond to prime ends of U of
Type i, 1 <1< 4.

In Section 6 we show that for the function f(z) = z + e~ * and the Baker
domain described in Section 5 the set © is countable, and further, for this U we
have E1 = (), © C E5, while F3 is a residual subset of 9D. This same example
gives a natural dynamical example of another result in prime end theory. The
notion of asymmetric prime end is defined in [9] and it is known that the set
of asymmetric prime ends of any simply-connected domain is countable. In the
preceding example every e € © corresponds to an asymmetric prime end, so that
U has a dense countable set of asymmetric prime ends. These results are contained
in Theorems 6.1-6.4. It is interesting to note that the iteration of f(z) = z+e™?
arises from applying Newton’s method to solve the equation e ¢ =0.

In Section 7 we note some further examples where © is countable. This is
not, however, the case for the example f(z) = X\e*, 0 < A < e !, U = F(f)
discussed above. The result of R.L. Devaney and L.R. Goldberg [10] is equivalent
to statement that in this case 0D = E; U Ey, E3 = (. From Theorem A we
have E; C © while (see e.g. [9]) E7 U Es is residual for any simply-connected
domain. Thus O is a residual subset of 0D for the example of R.L. Devaney and
L.R. Goldberg.

Finally in Section 7 we examine a class of functions which include f(z) =
z 4+ 1+ e * and show that all these functions have a Baker domain for which
© = 0D. Noting these and the other cases of Theorem 1.2 which have been
computed suggests the open problem:

With the assumptions of Theorem 1.2 is it necessarily the case that © = 0D ?

In Section 8 we give a new proof of the result of R.L. Devaney and L.R. Gold-
berg.

The second author wishes to thank CONACyT (Consejo Nacional de Ciencia
y Tecnologia) and Universidad Autonoma de Puebla for their financial support.

2. Lemmas on inner functions

Let D = D(0,1) and g: D — D be an analytic function. Then the radial limit

g(e'?) exists a.e. on dD. If |g(e'?)] =1 a.e. then g is called an inner function.
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Lemma 1 ([9, Theorem 5.4]). If g is an inner function then for any singularity
e of g we have C(g,e") =D.

Lemma 2 ([17, p. 36]). If g is an inner function, if D(a,0) C D, and if
e(w,wp) Is an analytic function element of the inverse function of g(z) such that
wo € D(a, p), then there exists some path v which joins wy to « inside D(«, o)
such that e(w,wy) can be continued analytically along 7, except perhaps at «.

Lemma 3 ([17, p. 34]). If g is analytic and |g(z)| < 1 in D, and if E; is
a set on OD such that for all € € E; we have |g(e’)| = 1 then the set Ey of
values g(e?), e € E; satisfies m*(FEy) > 0 provided m.(E;) > 0, where m*
and m, denote outer and inner Lebesgue measure respectively.

Lemma 4. If g is an inner function then all iterates g"*, n € N, are inner
functions.

Proof. If g and h are inner then k = h(g): D — D and g(e%?), k(e?) exist
ae. If |k(e?)] < 1 on a set E; of positive measure we can assume |g(e?)| = 1
on E;, g(E1) = F> then has positive outer measure. e!* € Fy is the radial
limit g(e'?), e € E; say, so there is a path to €' in D on which h(z) has the
asymptotic value k(e?). But then also h(e!®) = k(e?) which has modulus less
than 1. Since m*(F3) > 0 this contradicts the assumption that A is inner. Thus
h(g) is inner. Lemma 4 follows by induction.

Definition. A Stolz angle at ¢ € 9D is of the form
A={zeD:|arg(l-02)| <a, |z— 0| <¥ (0 <a< 3w, ¥ <2cosa)}.

IfI:0(t), 0<t<1,isapathin D and X € 9D, we write [ — X\ if [(t) — A
as t — 1.

Lemma 5. Let ¢ be a singular point of the inner function g. For any
q € 0D and Stolz angle A at q there exists 6, — 6y, 6, # 6y, n € N, so that
there is a path l,, n € N, which tends to €~ in D such that g(I,,) = A\, — q
in A.

Proof. Let I be an interval on D which contains e . Since g(e'®) exists
for almost all #, while by the theorem of the brothers Riesz [21] the set 6 for
which g(e?) has a given value is a set of measure zero, there are e!®, e in [
such that a < 0y < 8 and g(e™®), g(e??) exist, have modulus 1 and are different
from ¢. Fix r with 0 < r < 1 and let p be the curve formed by the union
{sei® r <s<1}uU{re?, a <0 < p}U{se?, r <s <1} (see Figure 1). Then
g(p) has distance 6 > 0 from ¢. Let A denote the component of D \ p whose
boundary contains e?% .
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u

Figure 1. The curve pu.

Let A be a Stolz angle at ¢ which is contained in D(g,0) N D and whose
bisector is the radius Og. Further, let w, € ANO0q, r, > 0 where n € N, be
such that all w,, are different and wy,_1 € D(wy,r,) C A, w, — q as n — oo. It
follows from Lemma 1 that there is some 2z’ € A such that w’ = g(z’) is near w;
in D(wa,72), w' # w; and ¢'(2’) # 0. The branch e of g~ with e(w’) = 2’ can
be continued, by Lemma 2, along some path A1 in D(ws,72) to a point w) (near
we) € D(ws,r3) (see Figure 2). By repeating this process we see that e may be
continued along a path A(t), 0 <t¢ < 1, which starts at w’, lies in A, and tends
toqast—1.

Now e(A) is a path in D which starts at 2’ in A and cannot cross p, since
g(e(N)) = X is inside D(q,d). Any limit point p of e(A(t)) as ¢t — 1 satisfies
g(p) = q, so p € OD. If there is more than one such limit point then the set
of limit points forms an arc of 0D on which g has radial limit ¢. Since this is
impossible there exists et € 9D NJA C I such that I(t) = e(\(t)) — €' as
t— 1 and g(I(t)) = A(t) — ¢ in a Stolz angle A.

We note that g(e??1) exists and equals q. If g(e??) either fails to exist or is
unequal to ¢ we have 61 # 6y and the theorem is proved by choice of successively
shorter intervals I in the preceding argument.

If g(e?%) = ¢, take any ¢’ € OD \ {q}. Then there exist S, € dD, n € N,
such that S, — e and g¢(S,) = ¢'. We may suppose that S,, = e ¢, 1 <
¢On < Op. If g is analytic on the arc o = [S,,—1.5,] of dD, then g(o) D D so
that there is a point e~ € ¢ where g is analytic with g(e?») = ¢q. We may then
take I, in the theorem to be a radial path tending to ¥~ . If on the other hand g
is singular at e’®» we may apply the argument of the first part to find a path [,
which tends to some e» € [S,,_1 S,] such that g(I,,) — ¢ in the Stolz angle A.
The proof is complete.

Corollary. With g, 6, and q as in Lemma 5 we have g(e'") = q.
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Figure 2. e may be continued along A(¢).

Definition. If the inner function g has at least one singularity on 0D then
we define

H = {ew . ' is a singularity of ¢g" for some n € N}.
Lemma 6. Any singularity b of ¢ is a limit point of H .

Proof. By assumption ¢ has a singularity p on dD. Now, taking b = e
and ¢ = p and applying Lemma 5 to ¢g"", we see that there is a sequence 6,, such
that 0, # 6y, 0, — 0o, and g™(e?) = p.

Thus either ¥~ is a singular point of ¢ and then e’ € H by definition,
or g™ is analytic at €. In the latter case C(¢™*!, e ) = C(g,p) = D(0,1) so
that ¢™*! has a singularity at e which by definition is in H. This shows that
b= €% is a limit point of H.
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Lemma 7. Closure H is a non-empty perfect set provided g has at least one
singularity on 0D .

Proof. We assume that g has a singularity on dD so that H # (). Take
a = e in H and let I be an open interval on D with a € I. The interval
I contains some b € H, so that b is a singularity of say ¢". It follows from
Lemma 6 that b is a limit point of H and also of H. Hence I contains infinitely

many points of H therefore a is a limit point of H. Thus H is a non-empty perfect
set in 0D.

3. Dynamics of inner functions

An inner function g may fail to have singularities on 9D. In this case it
follows from the Schwarz reflection principle that g has a continuation to C which
is analytic except for a finite number of poles and therefore rational. For a rational
function ¢ the iterates ¢, n € IN, are rational functions and the Fatou set F(g)
is the maximal set in which {¢"} is a normal family while the Julia set J(g) is
C \ F(g). We make the following definition which applies to all inner functions
other than Mobius transformations, whether rational or not.

Definition. If g is an inner function which is not a Mobius transformation
the Fatou set F'(g) is the maximal open set F' such that D C F, that ¢g", n € N,
has an analytic continuation which is meromorphicin F', and (¢") forms a normal
family in F. The Julia set J(g) is D\ F(g).

We remark that with this definition F'(g) is either (i) D or (ii) it consists of
D together with D' = {z: |z] > 1} and some open subset of dD. In the case of
rational ¢ this means that in case (i) our definition of F(g) differs from the usual
one, which gives D U D’. We shall not, however, find any confusion arising from
this. Moreover J(g) = 0D will agree with the usual definition for rational inner
functions.

If g is a non-rational inner function and F} = 9D \E then Fj is the maximal
open subset of D in which all g™ are analytic. If p € F; then p1 = g(p) € 9D and
if h is the branch of g=! for which h(p;) = p, then for all n € N, g™ = g"*1(h)
shows that p; € Fy. Thus g(F1) C Fi. Suppose that we have Fy # (). Then
F =DUF;UD’ is the maximal open set containing D in which all ¢", n € N,
are meromorphic and g(F) C F. Since F¢ = H is perfect by Lemma 7, it
contains infinitely many points and (¢"™) is normal in F° by Montel’s theorem.
Thus J(g) = H. The latter statement is also true if Fy = (), which is equivalent
to H=0D, F=D.

Recalling also well-known results about rational iteration we state the follow-
ing lemma.

Lemma 8. For any non-Mdébius inner function g the Julia set J(g) is a
perfect (non-empty) subset of 0D. The Fatou set F(g) satisfies g(F') C F'. In
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the case of a non-rational inner function we have J(g) = H, where H is the set
defined above before Lemma 6.

We describe two cases when J(g) = 0D. These will be used in proving the
main theorem.

Lemma 9. Suppose that g is a non-Mébius inner function which has a fixed
point « € D. Then J(g) = 0D.

Proof. If J(g) # 0D then the iterates g™ extend analytically to F which
includes D and D’. The fixed point « is attracting and ¢" — « in D as n — oo,
while the reflection principle shows that ¢” — 1/@ in D’. This contradicts the
normality of ¢g" in F'.

Lemma 10. Suppose that g is an inner function and « € 0D is such that
for each z € D the orbit z, = ¢g"(z) approaches « in an arbitrarily small Stolz
angle symmetric about [0«]. Then g is non-Mébius and J(g) = 0D.

Proof. 1t is easy to see that ¢ is not Mobius. Suppose that g is Mobius and
inner. By a conformal map we may replace D by H = {Imz > 0}, a by oo
and suppose that all iterates ¢™(z) — oo in a direction asymptotic to the vertical.
Then g(o0) = oo so that g(z) has the form az +b, a > 0, b real. The behaviour
of g™(z) shows that a # 1. Thus there is a second real fixed point which we
may suppose to be zero. Thus ¢"(z) = a"z which does not have the assumed
asymptotic behaviour.

We may suppose that & = —1. We assume that J(g) # 0D so that F; =
F N oD is non-empty and contains some arc I. Then for each n € N the arc
I, = g"(I) C Fy and g is analytic on I,,. Denote by w(z, ) the harmonic measure
of I at a point z with respect to D. It follows from the maximum principle that
w(g(z),9(I)) > w(z,I). By iteration we have w(g™(z),I,) > w(z,I) forall z € D
and n € N.

Now take zg € D so that w(zo,I) = 3. Then z, = g"(zo) lies in the region
D,, in D which is bounded by I,, and a circular arc 3,, which passes through the
ends of I,, and makes an angle %7? with 1,,.

Map D to the half plane H : Rew > 0 in such a way that z = —1 maps to
w = 0 and the real axes correspond.

Then D,, maps to a region D] bounded by an arc I], of 0H and a circular
arc 0),, as shown in Figure 3, while z, maps to w,, in D] . Clearly D) contains
the isosceles triangle 7' cut out of D! by drawing lines through w,, of inclination
+17. Since arg(z, + 1) and hence also argw, — 0 as n — co, we see that for
large n the base of the triangle T is a segment of 0H which contains w = 0. It
follows that —1 € I,, C F(g).

In particular, ¢ is analytic at —1 and g(—1) = —1. For the orbits to behave
as assumed, it is necessary that ¢’(—1) = 1 and this implies that —1 € J(g), a
contradiction to —1 € F(g). The lemma is proved.
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The above proof develops an argument used in [3, proof of Theorem 1].

1<

Figure 3. (left) T'C D), (right) 0 € 9T, then 0 € I, .

4. Proof of Theorems 1.1 and 1.2

Let f be an entire function such that U is an unbounded invariant component
of F(f). Let ¥ be a Riemann map from D to U and let © be the set defined in
the introduction. We shall assume that © # () and may then suppose that 1 € ©.

Then the open subset £ = 9D\ © of D is a countable (possibly empty) union
of disjoint open intervals I,,. We note that ¥ conjugates f™, n € N, to the inner
function ¢" = U1 f*W¥. Indeed for almost all 8, as z approaches e’ radially, so
U(z) approaches a finite o € U, f"V¥(z) — f"(«) € OU and by Proposition 2.14
in [20] g"(2) = U1 f"¥(2) approaches a point of dD.

With this notation we have the following lemma.

Lemma 11. The inner function g is analytic on E.

Proof. Suppose that g has a singularity at some point e of I C E, where I
is an interval of E. It follows from the proof of Lemma 5 that there exists e € I
and a path [ in D which tends to ¥t such that g(I) = A tends to 1 in a Stolz
angle. Thus ¥(g(l)) — oo and so f(¥(l)) = ¥(g(l)) — oo which implies that
U(l) — oo. It follows from Corollary 2.17 in [20] that in fact W(e?1) = oo which
is impossible since €t € I C E. The lemma is proved.

Lemma 12. We have g(E) C E.

Proof. Let I be an interval of E. If g(I), which is an open subset of 9D,
meets O, then g(I) contains points of ©, that is, there is et = g(e'?) where
e ¢ I such that ¢’ € ©. Thus lim,_; \If(rewl) — 00. Also for the branch
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of g=1 with g71(e?1) = €¥% we have that the path \(r) = g~ !(re?r) — e“‘)o in
D as r — 1 (in fact A(r) lies in a Stolz angle at ). We have f(¥(A(r)) =
Ug(A(r)) = ¥(re?’) — coasr — 1. Thus f — oo on ¥(A(r)) so ¥(A(r )) — 00,
that is, I contains the points e of © against the assumption (I C E = 8D\@).
Thus ¢g(I) C E.

Lemma 13. If g is a non-Mébius inner function, then J(g) C ©.

Proof. If g is a rational function it has degree greater than one. If the inverse
orbit O~ (1) = {¢7"(1), n € N} is finite, then 1 is a super-attracting periodic
point which is impossible for an inner function g. Thus ©, which contains O~ (1),
has infinitely many elements. In D U D’ U E the functions ¢" omit all values in
©, so that E C F(g).

In the case when ¢ is non-rational, all ¢g" are analytic on E so that again
E C F(g). This proves the lemma.

Proof of Theorem 1.1. Let f, U, ¥, and © be as above. Further we suppose
that oo is an accessible boundary point of U along a path I'(t), 0 <t < 1, in
U such that T'(t) — oo as t — oo. We prove first that © # (). It follows from
Proposition 2.14 in [20] that v = U=1(T") is a path in D which approaches D,
in fact v tends to a single point of 9D (or “lands” in 9D). Without loss of
generality we can assume that + lands at z = 1. It follows that the radial limit
at 1, U(1) = lim,_; ¥(r), exists and is equal to co. Thus 1 € © and © # 0.

(i) Suppose that U is an attracting basin of the fixed point . We see that
0 = U~1(a) is an attracting fixed point of ¢ in D. Thus g cannot be a Mébius
inner function and so by Lemma 9 J(g) = dD and © = 9D by Lemma 13.

(ii) Suppose that U is a Siegel disc. Then the component U contains a fixed
point a of the f(z) such that f'(a) = e™¢ where g is irrational and f/U is
a homeomorphism. We may assume that ¥(«) = 0. It follows that g = ze™®@.
Suppose that E # () and let I be an interval of E. It follows from Lemma 12
that (J,—, 9"(I) C E. Now {J,—, ¢g"(I) = 9D, but this is not possible because
1¢ E.

(iii) Suppose that U is a parabolic basin. Then OU contains a point « # oo
such that f"(z) — « for z € U as n — oco. We may assume that a = 0. The
Taylor expansion of f(z) about zero has the form

(2) f(z) =2+ Z apz”, ma1 7 0,

for some m € N. We may assume without loss of generality that a,,+1 < 0 and
that OU at zero has the tangential directions argz = +x/m. Indeed for any
e > 0 there exists a positive r such that {z : |z| < r, |argz| < (7/m) — e} C
UND(0,r) C{z:|z| <r, |argz| < (7m/m)+¢e}. See e.g. [4].
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We may assume that ¥ maps —1 € 9D to the the prime end of U at zero
corresponding to approach along R, . Then (see Lemma 3 in [3]) we have that, as
z— 0 in |argz| < (7/m)—4, for any § > 0, then arg(1+¥~1(2)) —(m/2) arg z —
0. In particular if z — 0, argz — 0 in U then arg(1+ ¥~1(z)) — 0.

Now for any z € U the orbit z, = f"(z) — 0 tangent to the real direction. It
follows that the orbits of ¢ = U~!f¥ approach —1 tangent to the real direction.
By Lemmas 10 and 13 we have © D J(g) = 0D.

Proof of Theorem 1.2. We suppose that in this case f® — oo in the un-
bounded component U of F(f). It follows from Theorem 2 in [2] that there exists
a curve I' which tends to oo in U. Thus oo is an accessible boundary point of U
along I' (and we do not have to assume this). Hence © # (). We have assumed
further that f is not univalent in U so that g = ¥ =1 f¥ is a non-Mobius inner
function and Theorem 1.2 follows from Lemmas 8 and 13.

5. An example which has a Baker domain

In this section our aim is to give an example of a transcendental entire function
f(2) whose domain of normality contains a Baker domain U in which f(z) is
conjugate to a rational map g(z) of D.

Consider the function f(z) = z+ e~ *. We shall prove the following theorem.

Theorem 5.1. There is an unbounded invariant component U which belongs
to the Fatou set F'(f) and contains the real axis, and for every z € U, Re f"(z) —
oo as n — oo. The Julia set of f(z) contains the lines y = +m.

Proof. Consider the diagram (3) where C, is the punctured plane, 7 = e¢™*

and f(z) and h(z) are entire functions such that the diagram commutes.

c—1>c
(3) . lﬂ

It was shown by Bergweiler in [6] that provided h(z) is not linear or constant, so
provided f(z) is not of the form f(z) = kz", k # 0, n € Z, we have 7! (J(h)) =
J(f).

In particular we shall put f(z) = z 4+ e~ * and obtain h(t) = te™*: C, — C,,
where t = 77, as a projection of f(z) to C.. The singularities of h~! are 0,
e”! and oco. Thus h(t) belongs to the class S of entire functions E such that
the set of singular points of the inverse function E~! is finite. It follows from
Proposition 3 in [11] that all components of F'(h) are simply-connected.
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The function h(t) has a parabolic fixed point at zero, which is in J(h), whose
domain of attraction G belongs to F'(h) and contains R,. The boundary of G
is tangent to the negative real axis at zero. It follows from Theorem 1 in [11] that
R_C J(h) since i — oo on R_.

Lifting these results back to f(z) and using Bergweiler’s result we have a
component U of F(f) such that 7(U) = G in which f™ — oo and Re f" — 0.
Thus R C U, where OU is tangent to the lines y = +7 at z = +o0o0. The
component U is contained in the strip |y| < =7, while the lines y = +x are
in J(f).

The function f(z) has the property f(z +2mi) = f(z) + 2mi. Thus for every
integer n the domain U,, = U 4 2n7i is an invariant domain which lies within the
strip bounded by the lines y = (2n £+ 1)7, n € Z, and such lines are in J(f).

Theorem 5.2. Let f(z) and U be as in Theorem 5.1.The map f(z): U — U
is conjugate to the rational self-map g(z) = (32> +1)/(3 + 22) of D.

Proof. Since f: U — U is a branched cover with U simply-connected and
just one branch point of order 2 over f(0) =1 we see that the valency of f(z) in
U is 2, by the Riemann—Hurwitz relation.

Let ¥: D — U be the Riemann map such that ¥(0) =0, ¥ maps RND —
R, ¥(1) = oo, and ¥(—1) = —oco. The inner function g: ¥=! f¥ is a rational
map of degree two (since g has no singularities in dD and g is two to one by the
above result).

Now f(—o0) = 00, f(00) = co. Thus we have that g(+1) =1, g is real on
[—1,1], and ¢ has no fixed point in D since f(z) has no fixed point in U. Thus
g'(1) < 1. Take a € (0,1) such that ¥(a) = 1. We see that g(z) = «a, z € U, if
and only if f(¥(z)) =1, that is U(z) = 0 and hence z = 0. Consider the rational
map k: D — D, which is two to one, given by

@) k(z) = %.

The only solution of k(z) = 0 is z = 0. Since k is real on (—1,1) and
k(1) = 1 it follows that k(z) = z?. Therefore (4) can be written as

_a+ 22
9(2) = 1+ az?

Next we claim that ¢’(1) = 1 which implies that o = 3.

Let d = distance (z,0U) for x € R, . Since the Poincaré metric g(x) on R,
lies between 1/4d and 1/d, that is 1/4d < p(x) < 1/d, we have some constants
v, > 0 so that v < o(x) < B, © > 0. The hyperbolic length of [0,z,]v is oy,
where z,, = f"(z0), zo € R, and vz, < 0, < Bz, , for large n.
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Now if v,, = e*, then
Upt1 — Uy = €7 {en 178 — 1} = {17 — 1} (xp41 — Tn).

Since z,, — o0 as n — oo we have xp41 —x, = e — 0 and vp41 —v, — 1. It
follows that v, ~n and z, ~Inn as n — co. If ¥(t,) = z, we have

1+¢
0, t2]p = 2In 1*; — o,

—tn

Thus
1+¢,

1—t,

_ 60"/2

lies between Tﬂ/, nf or n™ < 1—t, < 2n 7 for some positive constants +/
and ', as n — oo.

From the theory of iteration of an analytic function g near a fixed point the
above result can hold only if 1 is a parabolic fixed point of g. Thus in fact we
have g’(1) =1 as claimed. Therefore a = %, so we have

3+ 1 3
z) = =1+(z—-1)—3(—-1)"+---
g( ) 1 + %22 ( ) 4( )
Since t,, — 1 in the real direction we can already say that it is a case of two
‘petals’ for g at 1 separated by J(g) = dD. Also since ¢”(1) =0 and ¢"’(1) # 0,
convergence must be 1 — ¢, = O(1/y/n ).

Together with Lemma 13 the previous results imply the following corollary.

Corollary. For U the set © is dense in 0D.

6. Further properties of the preceding example

Before proceeding we require some definitions and results which can be found
in [9] and [20].

Let € be a simply-connected domain in C. A simple Jordan arc v with one
end-point on 9€) and all its other points in 2 is called an end-cut of ; if v lies
in () except for its two end-points ~ is called a cross-cut.

A point p of 9% is accessible from 2 if p is an end-point of an end-cut in Q.
We say that a sequence {v,} of cross-cuts is a chain of Q if

L. %Ny =0, n=0,1,2,...,
2. 7, separates () into two domains, one of which contains ~,,_1 and the other

Yn+1, N € C, and

3. the diameter of v, — 0 as n — oo.
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It follows from 2 that one of the two sub-domains of {2 determined by =, , denoted
by V,,, contains all the cross-cuts v, , v > n, while the other contains all cross-cuts
Yo, U<MN.

Now let {7/,} be another chain of Q2. We say that {7/} is equivalent to {v,}
if for all values of n, the domain V,, contains all but a finite number of cross-cuts
v, and the domain V,) defined by +,, contains all but a finite number of cross-
cuts v,. This defines an equivalence relation between chains. The equivalence
classes are called the prime ends of 2. A chain belonging to such a class is said
to belong to the prime end P. A sequence z, on ) converges to P if for a chain
{n} as above, and arbitrary choice of k, z,, belongs to Vi for all but finitely
many m. Prime ends describe the correspondence between boundaries of domains
under conformal mapping. The impression of P is defined by I(P) = NV,, where
V,, is the sub-domain of 2 given before. In particular if ¥ is a Riemann map
of D to ©Q, ¥ induces a one-to-one correspondence between e € 9D and prime
ends P(e?) of Q. The set I(P(e")) = C(¥,e') which is a non-empty compact
connected set and thus either a single point or a continuum.

A point p € C is a principal point of the prime end P if P can be represented
by a null-chain {v,} with ~, C D(p,¢) for € > 0, n > ng(e); thus {v,} belongs
to P. We denote by II(P) the set of all principal points of P. In the above
notation II(P) = C,(¥,e?). Thus the set TI(P) C I(P) is not empty and is
closed. The prime ends fall into the four disjoint classes which were listed in the
introduction.

If E; C 9D, 1 <i <4, consists of € which correspond to the prime ends of
Q of Type i, the results [9, p. 182-184] give the following lemma.

Lemma 14. E; U E5 has full measure in 0D; FE1 U FEs3 is residual in 0D .

Since the complement of a residual set has category I it follows that Fo has
category I.
We also note the following definition.

Definition. The left-hand cluster set C*(f,z0) at zp € 0D consists of
all w € C for which there are {zn} with z, € D, argz, > argzo, 2z, — 20,
f(zn) — w as n — oo. The right-hand cluster set C~(f, z9) is defined similarly
with arg z, < argzp. It is clear that C*(f, 20) C C(f, 20).

We say that a prime end is symmetric if C*(f,29) = C~(f,20) = C(f,20);
otherwise it is asymmetric.

Lemma 15 ([9, Theorem 9.13, p. 189]). The asymmetric prime ends of any
simply-connected domain form a set which is at most countable.

Now we shall prove the following theorem using the above definitions. Let
L*(L™) be the line {x +iy: —co < x <00, y=m(y = —m)}.
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Theorem 6.1. Let f(z) and U be as in Theorem 5.1. The lines L*, L~ are
in OU . Indeed, with the conformal map ¥ defined in the proof of Theorem 5.2
the prime end @) which corresponds to 1 € 0D has the impression LT UL~ U{o0}.
Any end-cut 1 : I(t), 0 <t < 1, of U which approaches oo in such a way that
Rel(t) — +o0 as t — 1, must converge to Q.

Proof. As in the proof of Theorem 5.1 we put h(z) = ze~* and denote by G
the immediate domain of attraction of the parabolic fixed point 0 of h. We recall
that R, C G, R_ C J(h). The singularities of h=! are 0, which is in J(h), and
the algebraic branch point at 1/e which corresponds to the critical point at z = 1.

Let g denote the branch of h=! whose expansion near z = 0 is g(z) =
2z + 2% + ---. This may be continued analytically throughout H = {z : Im 2 > 0}
and remains analytic on R except for a branch point of order two at 1/e.

Now g is univalent on H and g maps R_ to R_, while it maps R, to a
curve I'y, formed by 81 = (0, 1] (the image of (0,1/e]) joined to a curve v; which
begins at 1 and enters H in the positive imaginary direction after which it runs
to co in H, (1 =g([e7*,00))). As & — 0o in [e7!,00) then w = u+iv = g(x)
satisfies x = |w|e v +i(a8w =) Byt 0 < argw < 7 so that 0 < v < 7. Moreover
x = |u+ivle™™ — 0o so that u — —oo while v = argw — 7 as ¢ — oo (we note
for future use by the same calculation that if w and h(w) are both in H, then
argh(w) < argw).

R 0 le B, 1

Figure 4. U‘lx’ On =pP1UasUazU--- is a Jordan curve C'.

Denote the region in H bounded by R_ and I'y by Hi, then g(H) = H; C
H. Since H, = ¢"(H) C H the functions g", n € N, form a normal family
in H. Local iteration theory shows that ¢ — 0 in an open set close to zero in
the intersection of H with the left-hand plane. Hence ¢g" — 0 locally uniformly
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in H.

Now we see inductively that 0H,, = R_UT';,, where I';, = 3,U~, = ¢"(R,) C
G and 3, = g(ﬁnfl)a Tn = g(’ynfl)- Moreover, 3, = B,-1 Uay, n > 2, where
Bn-1 and «,, are arcs which meet only at their common end point g"2(1), g" — 0
on «ag, which is a compact subset of H. We see that |J{" 3, =S UasUagU---
is a Jordan curve C' (see Figure 4) which leaves zero along (1 and returns to zero
along a direction tangent to R_. We have ¢(C') = C' and h(C) = C so that h"
is bounded in I = interior C'. Hence I C F'(h) and indeed I C G.

Let K, denote the unbounded domain in H, cut off by the cross cut 4,, =
U;’;HQ a;, n € N, which runs from ¢™(1) to zero. The boundary of K, is R_,
8, and an arc v/, of v,. We have g(K,) = K11, g(K,) =Kni1. Let A =K,
Clearly R. C A. Also z € A implies that h(z) € A. Suppose that A contains
some point z which is not in R_, then we may suppose z chosen to have minimum
argument ©, and 0 < # since A does not contain (1. But then h(z) € H and, as
observed earlier, arg h(z) < arg z =  which gives a contradiction. Thus A =R._ .

Now by the symmetry of G we see that the curve [, formed by ~/ U d,
together with its reflection in R is in G, except for the point zero.

For a sufficiently small r,, n € N, the circle C(0,7,) meets J,, but not ~,,.
Let p, = rne'® be the point with minimum 6,, > 0, n € N, such that p, € 0G.
Since R_ € 0G we have 6,, < 7 and indeed 6,, < m because the arcs C,, : rne®,
—0,, < 0 < 6,, determine a set of cross cuts which define a prime end P of G. If
0, = 7 the impression of this prime end is bounded but we know from Theorem A
that the impression contains infinity which is a contradiction. Thus 6,, < 7.

(Y

Figure 5. The component D,, .

The arc C), divides G into two components D,,, D/ . The component which
contains %Tn, n € N, is denoted by D,, (see Figure 5). We can see that D,, C
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(K, UK, UD(0,r,)) where K, is the reflection of K, in R. (We note that
the finite points of 0K, U 0K, are in F(h) U {0}.) Clearly the impression of
the prime end P is R_, since D,, C (K, UK, U D(0,7,)) we have I(P) = ND,
where ND,, C NK,, = R_. The impression is a continuum which contains zero and
infinity therefore I(P) = R..

Any end cut in G which tends to 0 must remain in D,, after some point.
(0,¢e) is such an end cut for € > 0. Suppose 7(t), t € (0,1) is an end cut in G
which tends to zero as ¢ — 1. Thus given n, 7(¢t) is in D(0,r,) for t > to. If
7(t) is not contained in D,, we may suppose that 7 C D/, and that Im7(¢) > 0.
Thus 7(¢) lies in the part of D(0,7,) in the upper half-plane which lies below d,, .
We may assume that 7(¢g) is joined by 0 in D/ to say 2r, so that the union
7' of 7(t), t > to with ¢ and with [0,2r,] is a Jordan curve I' in G, except
for the point zero. Now p,, lies in the interior of I'. Since the transcendental
function h: G — G is 2 to 1 (by conjugacy with f | U) there is some component
G =h71(G) #G.

For z; € G; there is some m € N such that there is a value of h™™(z1) so
close to p, that it is inside I". The corresponding component h~"™(G1) of F(h)
is different to G and is unbounded. Hence h~"(G1) meets I' in some open subset
of I', so in points which are different from zero. But all such points of I'" are in
G, this gives us a contradiction. Thus 7 is in D, .

We may now lift these results to the Baker domain U for the function f(t) =
t + et by noting that z = e~ maps U to G so we have that U contains the
lines L*, L~. Indeed e~ ! is univalent in the region between L*, L=, which
includes U, so that the prime ends of U and G correspond under the mapping.
Thus, corresponding to C,, we have cross cuts C] : x = —logr,, —0, <y < 6,
of U which cut off domains D/, in U such that e~P» = D,,. The prime end of
U defined by (C})) is denoted by @ and has impression L™ U L~ U{oco}. For any
x >0, [x,00) is an end cut of U which converges to +o0o (and indeed to Q).
Any end cut in U which converges to 400 must remain in D], from some point
onwards and thus converges to Q.

Theorem 6.2. If g"(e??) = 1, n > 0, where g is the quadratic map of
Theorem 5.2, then e corresponds to an asymmetric prime end of Type 2 of the
domain U of Theorem 5.1.

Since the pre-images of 1 are dense in 0D we have a natural example of the
situation described in Lemma 15.

Proof. We denote by U™ the part of U above R and by U~ the part of U
below R. In a similar way denote D™ and D~ such that

v: Dt - U,
v: D™ —-U".
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Clearly as  — 1 in D so ¥(z) — +oo and ¥(1) = @ thus @ is in the
second type (see the table about prime ends) with principal point co.

Then oo is also the angular cluster set of W at 1 [9]. Since W is real on R the
cluster set of W at 1, clearly splits into two ‘wings’ L™ U {oc} for the left-hand of
Q@ and L~ U{oo} for the right-hand wing, corresponding to z — 1 in D* or D~.
Thus @ is an asymmetric prime end of H .

Let zp be a predecessor of 1 under the conjugate quadratic map g: D — D,
say g™ (z0) = 1. Then ¥(z) is also an asymmetric prime end, since if the left-
hand cluster set of ¥ at zy is C*(29) and at 1 is C*(1) then Wg™ = f™W gives
fmCH(z9) = C*(1) = LT U{oo} while the right-hand cluster set has fC~(z9) =
L~ U {oc0}.

We return to the study of © for f and U.

Theorem 6.3. For f(z) = e * + 2z and U as above the set © consists
precisely of the countable set of predecessors of 1 under the iterates g™, n > 0,
with g as in Theorem 5.2.

Lemma 16. Given ¢ > 0 there exists A(e) < 0 so that z = x + iy in
UNn{z:z < A(e)} we have either 1 —e < |y| <7 or |y| < e.

Proof. Let S denote S = {z =z + iy, |Imz| < 7}. We know that f: LT —
L*. We claim that the graph of f~'(L*) NS = L* UM~ is as in Figure 6.

In particular, as z — co on M~ we have Rez — —oo and Imz — 0O_ or
Imz — —7,. We also have f~Y(L~)NS =L~ UM?* where M* is the reflection
of M~ in R.

To prove the claim we note that in the half plane H = {w : Rew > 0} we
have Re f’(w) > 0 so that f is univalent in H. Also f(H) C H — 1. Thus for
large | Rez| the solutions of f(w) =z, z€ LT, w e S\ LT have Rew large and
negative. Therefore z = f(w) ~ e ™ so that w ~ —Inz and more accurately
e =z—w~z+Inz. Thus w~ —In(z +Inz) ~ —lnz —Inz/z as z — 0.
Hence M~ = f~1(L*)N{z =z + iy, |Imz| < 7} has one end which goes to oo
like _

ww—ln(x—km)—w as & — 00
T4
i

= —(Inz)(1+o(1)) " (1+0(1)) as & — 00.

For the other end
In(—z + im)

wN_ln(_x+i7T)_—gv——ki7r as x — 00

= —(Inz)(1+o(1)) +i(—7r+ 2%) (1+o0(1)) as x — 00.

Further M~ , M* are symmetric with respect to the real axis. The assertion of
Lemma 16 follows from the above.
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al

Figure 6. f~Y(L-)NS =L " UM?* and f~H(L*)NS=LtUM-.

Proof of Theorem 6.3. Let o : re’® be a radial path, 0 < r < 1, and suppose
that the Riemann map ¥ — oo on o (ie. € € ©). On ¢"(0): ¥(g"(0)) =
T (¥(o)) =00 (e7*+2z— 00 if z— 00, z€U). Thus ¥(g"(0)) — oo for each
fixed n.

If Re ¥ (o) — 400 then by Theorem 6.1 ¥(c) — @, that is e!®* = 1.

If Re¥(0) — —oc in |y| < €, then f(¥(0)) — 400 so U(g(o)) = f(¥(0)) —
Q, so in this case g(o) — 1, and g(e!®) =1 (e!®* #1).

If ¥(0) - —o0 in m—¢ < |y| < 7, then we can assume that A(e) is chosen so
that z < A(e) implies Re(e™*+2) < —2Rez. Now for all n € N ¥(g"(0)) — 0.
If we always have Re\If(g”(a)) — —oo we must always have this happening in
T—e <|y| <m,so Ref"(¥(0)) < —2"Re¥(c) — —oco. But for any fixed z € U,
Re f™(z) — 400. Hence there is a first n so that ¥(g" (o)) — —oco in |y| < € and
this implies that ¥(g"*!(0)) — +o00. Then g"tl(ei®) = 1, e'® = g=(n+1)(1).
Thus the set © consists entirely of the set of predecessors of one under g™, that is
the set corresponding to the asymmetric prime ends which were discussed before.
Thus the theorem is proved.

Theorem 6.4. For f(z) = e *+z and U as above we have E1 = (), © C Es
while E3 is residual.

Proof. Since © is dense in dD it follows that co belongs to the impression of
every prime end of U (i.e. for any 0, oo € C(¥,e?) because there exists 6, — ',
e € © s0 0o € Cy(V,e)). Thus E; C ©. We have seen that @, and similarly
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all members of © belong to F5. Thus E; = (). From Lemma 14 it follows that
FE3 is residual.

7. Further examples

1. J. Weinreich [23] showed that j(z) = e % + 2z — 1 has an unbounded
invariant component U of F(j) in which j is conjugate to z?. Thus U contains
a super-attractive fixed point at 0. Our results show that © = 9D. Weinreich
showed that © is a countable subset of Ey while E; = ().

2. Our results in Section 5 showed that the domain of attraction G of the
parabolic fixed point 0 of h(z) = ze* is unbounded. By projecting the results for
f, U in Section 6 we find that for A, G we have © = 90D, © countable, E1 = ().

3. Recalling the example f, U of Sections 6, 7 as well as 1, 2 above we have
examples where © is a dense countable subset of 0D for cases when U is either an
attracting domain, a parabolic domain, or a Baker domain (with non-univalent f).

4. In the case of f(z) = Ae®, 0 < A < 1/e, discussed by R.L. Devaney
and L.R. Goldberg [10] where F(f) is a single unbounded attracting domain,
0D = F; U E5 and, as explained in the introduction, © = F; is residual, (that is
its complement is of first category), and hence © is, in particular, non-countable.

5. Kisaka studies the example f(z) = e™% 4+ z + 1, which was one of the
functions discussed in Fatou’s fundamental paper [1926] on the dynamics of entire
functions. Kisaka proved that f has a Baker domain for which © contains a
perfect set in OD. We shall improve this by showing that © = 9D.

In fact we shall consider a slightly more general class of functions.

Let € > 0 be a constant and let k be an entire function such that |k(z)| <
Min (g, 1/|2]?) outside the strip S ={z=x +iy: |y| <m, z <0}.

The construction of a non-constant example of such functions is described for
example in [12, p. 81]. Our example is the function G(z) = f(2) + e+ k(z), where
f(z) =e*4+2z+1.

We claim that G(z) has a Baker domain U in which the valency of G is
infinite and for which © = 9D.

We note that ¢ = 0 gives G(z) = f(z). In this case the result may be
obtained more rapidly by lifting the corresponding result for h(t) = e~ 1(te™!) by
71, where 7(z) = e~#, but the method does not extend to general G.

Since G(z) = e *+ 2+ (1 +¢)+ k(2), we have in H = {z : Rez > 0}
that ReG(z) > ¢+ Rek(z) > 0. By the open mapping theorem we have indeed
ReG(z) > 0 so that G: H — H. Thus H C F(G) and z, = G"(2) — o0 in H
‘like n’. Indeed for z € H we have first that Re z, is strictly increasing and so
cannot have a finite limit. Then z,41—2, = (14+¢)+e *"+k(z,) = (1+¢)+o(1).
From this it follows that z, = O(n) and z,41 — 2, = (1+¢)+O(1/n?) and hence
zn = (1 +¢e)n+ O(1). The component U of F(G) which contains H is a Baker
domain.
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Now G has fixed points where e™* + 1 + k(z) = 0. Since |k(z)| < 1/|z|?,
Rouché’s theorem shows that for j € Z there is a fixed point z; such that z; —
(25 4+ 1)imr — 0 as |j| — oco. But H C F(G) and z; is not in U. It follows that
for each j there is a boundary point 2} of U such that 2} — (2j + 1)ir — 0 as
1 — oo.

Recall that the Poincaré metric o(z)|dz| in U satisfies

Y

SH N

®) <o) <

where d = d(z,0U).
For any zy in H we have z, = ¢"(20) = (1 +¢)n+ O(1) and for any z
in U we have 2/, = ¢"(z() such that [z}, z,] < [2(,20], where [ ] denotes the

hyperbolic distance in U. Since there is a constant K such that d(z,0U) < z+ K
for z =a +iy € H it follows from (5) that

Re z
" dx
n, OH S
[0, ]>/0 Az + K)

which tends to oo as n — oo. This implies that 2], € H for all sufficiently large n.
But then from our earlier results z;, = (1+¢)n+ O(1). Thus for any z(, 2], — oo
in H in a horizontal direction.

We form a Riemann map ¥: D — U, where ¥(1) is the prime end P of U
which corresponds to the approach to oo in U with Rez — oo.

We quote a result of A. Ostrowski [18]: Suppose that S is a simply-connected
domain which satisfies A and B below.

A. For every ¢ in 0 < ¢ < 3w there exists u(¢) such that S(¢) = {w =
u+iv:u>u(p), v <@} CS.

B. There are sequences wy, = u, +ivy,, w,, = u, + v, in 0S such that uy <
Uy < - < Up — 00, Upt1 — Uy — 0, vn—>%7r, and uy < uj < --- < uh — 00,
ul o —ul, —0, v, — —ir.

Suppose that z(w) maps S conformally onto the strip {z = x+1iy : |y| < 37}
so that lim,_oz(u +i0) = co. Then if 0 < ¢ < %7?, we have as Rew — o0,
w € S(¢), lim(y(w) —v) = 0.

By applying this result together with a suitable logarithmic transformation
we see that as z — oo in a horizontal direction in H, so ¥~!(z) - 1 in D in a
direction tangent to the real axis.

We conclude that for the inner functions g = W~'G¥: D — D the orbit of
any zo9 € D is such that ¢"(zp) — 1 in a direction tangent to the real axis. By
Lemma 10 ¢ is not a Md&bius transformation and J(g) = 0D. It follows from
Lemma 13 that © = 9D. Our claim is proved.

It is not hard to show G has valency oo in U. For z = x+1iy, R, = R+2miv,
v E€Z—{0} wehave ReG(z) > e " +ax+(14+¢)—|k(z)] >eT+az+12>2.
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Thus G(R,) C H and, by the complete invariance of F(G), R, belongs to the
component U of F(G) which contains H .

Let T, = {z =z+iy : 2 <0, 2v—17m <y < 2v+ U)m}, v # 0,
and I', = 9T,,. Then for z on I', we have ReG(z) < 2 + 2¢. We may choose
20 = xo + 2miv € R, N T, so that wg = G(z0) € K ={z: Rez > 2+ 2¢}.

Let z = y(w) denote the branch of the inverse of G' such that vy(wg) = zo. As
we continue g along any path 6 which starts at wy and remains in K we cannot
meet any transcendental singularity of +, for a such a singularity would correspond
to an asymptotic path A of G which runs to oo in T, (since G(\) C K) and
such that G has a finite limit as z — oo on A. Clearly no such path exists since
G(z) — o0 as Rez — —o0, z€T,.

Thus v has at most algebraic singularities on § and the values remain in 75, .
By complete invariance of F(G) we have v(K) C U. Thus G{U NT,) D K for
each v € Z — {0} and any value w € K is taken infinitely often by G in U.

8. The results of Devaney and Goldberg on \e*

Let C={XA e C:A=te? |t| <1}. Then for A\ € C the function f = f)
given by fi(z) = Ae* has an attracting fixed point z =t where f'(t) =t¢. In fact
F(f) is a simply-connected completely invariant domain in which f"(z) — oo as
n— 0o.

s+4TU
O, S
S+ 2T
Op So
s
0
(O] S
a, S,

Figure 7. S;, j € Z.

Let ¥ denote the Riemann map of D = D(0,1) onto F(f), which we may
normalize so that W(0) = ¢, ¥'(0) > 0. R.L. Devaney and R.L. Goldberg [10]
proved that the radial limit ¥(e?) exists for every ¥ € 9D.
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This result is important for our present chapter and has also been the start-
ing point of further topological studies and conjectures (see e.g. W. Bula and
L.G. Oversteegen [8] and J.C. Mayer [16]). For this reason it seems appropriate to
give a proof, slightly different from that of Devaney and Goldberg, of their result.

First note that for any two values \, X’ € C there is a quasiconformal homeo-
morphism of the plane which conjugates f\ to fy and maps F(fx) to F(fx).
Thus we may assume that ) is real in the range 0 < A < e~ ! corresponding to
0 <t < 1. From now on \ will have this fixed value.

Then f = f\ has two real fixed points ¢, s such that 0 < t < 1 < s.
The half-plane H = {z : Rez < s} is invariant under f and therefore belongs
to F(f). Clearly f"(z) does not tend to ¢ for all z € [s,00). Hence [s,00) and
all its translates by multiples of (27i) belong to J(f). Since s — 1 as A — 1/e
we may suppose A has been chosen so that s < 2.

Let S; ={z:Rez>s, 2mrj <Imz < 2n(j+1)}, j € Z, denote the half-strip,
see Figure 7.

If we take the branch of log z whose argument lies between 27 and 27 (j+1)
defined in the plane cut along the positive real axis [0,00), then [;(z) = log(z/\)
is a branch of the inverse of f which maps the domain {z : |z| > s, argz # 0}
onto S;.

The segments o; = {s + iy : 27j < y < 2mw(j + 1)} form cross cuts of F':
oj C F since f(o;) C F.

Correspondingly 7; = U~1(0;) form cross cuts of D, disjoint (except for their
end points). We note that by the symmetries of F' about R, ¥ is real on RN D
and ¥(—1) =00, V(1) =s.

We denote the inner function ¥~!f¥ by g. Then g(0) = 0 and 7; separates
0 from ¥=1(S;) (see Figure 8). In W~1(Sy) the function g takes each value at
most once, so that g must be analytic at points of D in the boundary of ¥ ~1(Sy),
except perhaps at the ends of the arc 7. A slight variation of the cross cuts oy,
01, 0—1 allows us to show that ¢ is analytic at the ends of 79 also. Similarly for
the other 7; so that ¢ is analytic on 0D — {—1}. Since ¢ | D is infinitely many
valued (like f | F') we see that g is singular at —1.

Suppose that for some k& € N, ¢g* is analytic at €’ and that g*(e??) = —1.
It follows from Wg* = f*W¥ that ¥ has the asymptotic value oo along some path
which tends to €?. Consequently the radial limit ¥(e??) = cc.

Similarly if g*(e?®) = 1 for some k& € N it follows that ¥(e?) exists and
satisfies f¥(W(e'?)) = s.

Thus if € is a preimage under g of +1 or —1 the radial limit ¥(e?) exists.
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-1
W (So)

Figure 8. ¥=1(Sp).

If € is not a preimage of +1 or —1 under g we call it a ‘general’ e?®. For
each fixed n € N U {0}, € is not the end of any g~"(7;), nor a limit point of
such curves, since these are the singular points of ¢g”, i.e. preimages of —1 (see
Figure 9). Hence €% is separated from 0 by one of ¢g~"(7;), j = j(n) say, and in
fact one of the arcs, say 7(") of g~"(7j(n)). We have f*(¥(r(™)) = g (W) =
V(75(n) = Tjcn) -

By Lemma 9 we have J(g) = 0D so that the predecessors of —1 are dense in
D and the distance apart on D of end points of the arcs 7(™ — 0 as n — co.
Further, each general ¢ defines a unique sequence j(n), n € N U {0}, as above.

Figure 9. Diagram showing 7;, g~ (7;) = V"1 f~1(0;).
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We shall now construct a path in F which corresponds to a ‘general’ e .

For n = 1,2,... let ~, be the path shown in Figure 10, that is [—s, -5+
(2§ (n) + 1)ir| U [=s + (2j(n) + 1)im, —s + (2j(n) + 1)ir + s]. Thus v, € F.
Then 'y, = [0y o lj1y0 - Ljtn—1)(7n), lies in F' and joins gn,—1 = lj0yolj1y0---0
lj(n—1)(—s) with g, inside Sy N F. It follows that w, = U—1(T,) joins points
on 7"~V 7" in the component K,,_; of D—7("~1Y which does not contain 0. If
we orient w,, from ¥~1(g,_1) to U"1(gy), then Q = J* w, is a path in D which
lies in K,,—1 from some point onwards. Since ¥(Q) =T, where I' = [J"T,,, our
result will be proved if we prove the following theorem.

@i(n) +1)i Ti+s = Xa(n()-S)
’

S
i(n)

Figure 10. The path ~, .

Theorem 8.1. I', parametrized from each q,_1 to ¢, has a unique end
point, possibly oc.

For the end « of T is in J(f) since its orbit does not tend to ¢. Then ¥~1(T")
lands at a point of D which can only be €.

To prove the theorem above we need two lemmas.

Let K denote a fixed constant such that K > 4, which implies that e >
1+ K+ 3K2>14+K +2r.

Lemma 17. Suppose that z1, zo € Sj, j € Z, and that Rez; < Rez + K.
Then |z1| < eX|za|. Conversely, if |z1] > ef|zs|, then Rez; > Rezy + K .

Proof. If zp = xp + tyi, then if z; < x5 we have
21| = |21 + iy | < |wo 41| = |22 + 06| < |z2| 4+ 27

for some real § with |§] < 27.
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If x1 > x5, then we have x5 < 21 < 22 + K. Hence for some 0 < o < K and
some [ with |B| < 27 we have z1 = 29 + a+if and |z1| < |22| + K + 27.
In either case we have, since |z2| > s > 1, that

[21] < Jz2] + K +2m < 2] (1 + K +2m) < |2,

Lemma 18. Suppose that « € 7, and (3 is either a point which lies on 7y,
after o in the orientation we have chosen, or is a point in Sjy,y. Then |a| < |3|+c,
where ¢ = m + 2s.

Corollary. |a| < ||, since |a| > eX|3| implies that 3|3| +7 > |B] + 7 +
25 = |B| + ¢ > €| 3| which is impossible for || > 1 and K > 4.

Proof of Lemma 18. (i) If «, [ are in the vertical segment of ~,, then
laf < 5]

(i) If « is in the vertical segment of ~,,, whose end point is denoted by 3,
and if 3 is on the horizontal segment of ~, then |o| < |F'], |6| < |B]+2s so that
o] < |8] +25.

(iii) If a, B are both in the horizontal segment of v, , then |a| < |8] + 2s.

(iv) If a € vn, B € Sj(n), then |B] > [2j(n)|7 and |af < (|2j(n) + 1)1+ s <
Bl +7+s.

Proof of Theorem 8.1. 1. Suppose that there are points z, 2’ on I' with
7' after z, such that Rez > Rez’ + K. We may suppose that z € I',,. Then
fP(z), fP(2') € Sjpy, 1 <p <n—1. We obtain (inductively) from Lemma 17
that |fP(z)| > eX|fP(2")| and hence Re fP(z) > Re fP(2') + K. Hence we have
1f7(2)] > eX|f"(")|, and f*(2) € 7, while f*(2') is either on v, after z or
in Sj(,). It follows from the corollary of Lemma 18 that |f™(2)| < |f™(2")],
this contradiction shows in fact that for any 2z’ on I' which comes after z we have
Rez > Rez — K.

2. Recall that I' lies in Sj). If there is a sequence of 2, in I' such that
Re z, — oo, the result of 1 shows that I' — oo.

If T’ does not tend to oo it follows that Rez is bounded on I' and, by 1,
limsupRez — liminf Re z < K. Thus for all sufficiently large n, U;’O:n I';, which

we denote by fn, lies in a set of the form ;o) N {z:a<Rez<a+ K +1}.
Fix m € N. Then for n > m we have f™(I',) is a union of curves Li(m) ©
0 Litngp—1)(Yn+p), P > 0, defined in the same way as I',4,. Hence for all
sufficiently large n, fm(fn) lies in the set Sjm) N{z:a" <Rez <a' + K + 1},
while fr(fn), r=0,1,...,m all liein {Rez > s}, where |f’| > s. Thus T, is a
(univalent) image of f™(I',) under f~™ and diamT, < 27+ K +1)s~™, for all
sufficiently large n. Since m may be chosen arbitrarily we see that in the present
case I' has a unique finite end point. The proof is complete.
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