Annales Academise Scientiarum Fennicae
Mathematica
Volumen 33, 2008, 143-158

ON PLANAR BELTRAMI EQUATIONS
AND HOLDER REGULARITY

Tonia Ricciardi

Universita di Napoli Federico 11
Dipartimento di Matematica e Applicazioni “R. Caccioppoli”
Via Cintia, 80126 Napoli, Italy; tonia.ricciardi@Qunina.it

Abstract. We provide estimates for the Holder exponent of solutions to the Beltrami equa-
tion 0f = udf + vOf, where the Beltrami coefficients p, v satisfy |||u| + |v|||o < 1 and I(v) = 0.
Our estimates depend on the arguments of the Beltrami coefficients as well as on their moduli. Fur-
thermore, we exhibit a class of mappings of the “angular stretching” type, on which our estimates
are actually attained.

1. Introduction and statement of the main results

Let Q be a bounded open subset of R? and let f € W,'*(Q,C) satisfy the

Beltrami equation ”
(1) Of = puof +vof a.e. in Q,

where 0 = (0,+1i0,)/2, 0 = (0, —1i05)/2 and y, v, are bounded, measurable functions
satisfying |||u] 4 ||| < 1. Equation (1) arises in the study of conformal mappings
between domains equipped with measurable Riemannian structures, see [2]. By
classical work of Morrey [10], it is well-known that solutions to (1) are Holder
continuous. More precisely, there exists o € (0,1) such that for every compact
T & Q there exists Cp > 0 such that

N /
MﬁCgp V2,2 €T, 2472,
|z — 2/|~
Let
Ll +
N

denote the distortion function. Then, the following estimate holds:

(2) o> (1Kl
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This estimate is sharp, in the sense that it reduces to an equality on the radial
stretching

(3) fz) = |27z,

which satisfies (1) with u(z) = —(1—a)/(14+«a)zz7! and v = 0. There exists a wide
literature concerning the regularity theory for (1), particularly in the degenerate
case where |||u| + |v|||lsc = 1, or equivalently, when the distortion function K, is
unbounded. See, e.g., [3, 6, 8, 9], and the references therein. See also [5], where an
estimate of the constant Cr is given. Most of the results mentioned above provide
estimates in terms of the distortion function K, ,, and there is no loss of generality
in assuming that v = 0. Indeed, the following “device of Morrey” may be used, as
described in [4]: at points where Of # 0 we set i = p + vdf/0f; at points where
Of = 0 we set i = 0. Then f is a solution to df = udf and |a| < |u| + |v|.
On the other hand, in this note we are interested in estimates which preserve the
information contained in the arguments of the Beltrami coefficients p, v/, in the spirit
of the work of Andreian Cazacu [1] and of Reich and Walczak [12]. We restrict our
attention to the case &(v) = 0. This assumption corresponds to assuming that the
Riemannian metric in the target manifold is represented by a diagonal matrix-valued
function. We will also show that our estimates are sharp, in the sense that they
are attained in a class of mappings of the “angular stretching” type (see ansatz (8)
below), which generalize the radial stretchings (3). It should be mentioned that
such mappings also appear in Schatz [15], see also Gutlyanskii and Ryazanov [7].
Our first result is the following.

Theorem 1. Let f € W,\*(Q, C) satisfy the Beltrami equation (1) with () =

loc

0. Then, f is a-Hdélder continuous with o« > (3(p, v), where 3(u, v) is defined by

-1 sup @
v = su inf
/B(M7 ) I)CQ (P,TZJG/{?JC P 1nf

_ﬁzﬂ|2— 2 "
(4) {|S |/ \[m— Tul+ )2 /I = (] - v)?

(1-1)2—|uf? 1/4 -1
4 infs, (o) Hrdziaf /Pt
— arctan =D .
T SUPs, () (14v)2 |#|2/§0¢

Here S,(x) denotes the circle centered at x € Q with radius p > 0, %, , denotes
the set of positive functions in L*>°(S,(x)) which are bounded below away from zero,
and n denotes complex number corresponding to the outer unit normal to S,(z).

Estimate (4) improves the classical estimate (2); a verification is provided in
Section 3, Remark 1. In Theorem 2 below we will show that estimate (4) is sharp,
in the sense that it reduces to an equality when pu, v are of the special form

n(z) = —polarg )22, w(z) = —vofarg 2)
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and f is of the “angular stretching” form

f(2) = |2]*(m(arg 2) + inz(arg ),

for suitable choices of the bounded, 27-periodic functions ug,vg,n1,72: R — R.
The following weaker form of estimate (4) is obtained by taking ¢ =¥ = 1.

Corollary 1. Let f € W,22(Q, C) satisfy the Beltrami equation (1) with S(v) =
0. Then, f is a-Holder continuous with
-1

Sp(x Sp(x v
(5) > S P 2 \/l (Ju]+v) \/1 (Jp|—v

— N2 12 1/4
4 arctan P ) ]

02— |nf?
SUPSp (@) (141)2 |l

This estimate is also sharp, in the sense that it actually reduces to an equality
for suitable choices of u, v and f, but it does not contain estimate (2) as a special
case. We now show that estimate (5) contains some known results for ;4 = 0 and
for v = 0 as special cases.

Special case v = (0. This case corresponds to assuming that the target domain
is equipped with the standard Euclidean metric. In this special case, our estimate
yields

-1
1—nuP
(6) sup do :
S, (@)CQ |5 )N Js e
which may also be obtained from the estimate in [13| for elliptic equations whose
coefficient matrix has unit determinant. We note that the integrand function

[L=7mul® _ [DsfP _ Lol + R (4, n?)
1 —[ul? Iy " 1 — |uf?

also appears in [12], in the study of the conformal modulus of rings.

Special case ;1 = 0. This case corresponds to assuming that the metric on 2
is Euclidean. In this case, estimate (5) yields

4 inf 1=\ 2y,
So(x) 114
(7) a > sup —arctan Llfr_fj > — arctan | K|,
Sp@)ce T SUPS,(2) T4 T

which is a consequence of the sharp Holder estimate obtained in Piccinini and Spag-
nolo [11] for isotropic elliptic equations.

In Theorem 2 below we assert that the equality a = 3(u, ) may hold even when
both 1 # 0 and v # 0. We denote by B the unit disk in R2.

Theorem 2. For every 7 € [0,1] there exist a, > 0, 2m-periodic functions
Nr1, Nr2 € VV&?(R) and corresponding coefficients ji,, v,, depending on the angular
variable only, with the following properties:
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(i) The mapping f, € W,-*(B) defined in B \ {0} by

loc
fr(2) = [21%7 (071 (arg 2) + ing2(arg 2))
satisfies (1) with yu = p, and v = v,;
(H) 6(#77 VT) = Op;
(iii) pur = 0 if and only if T = 0; v, = 0 if and only if T = 1.

This note is organized as follows. In Section 2 we derive the basic properties of
the mappings of the “angular stretching” form, which naturally appear in our prob-
lem. In Section 3 we provide the proofs of Theorem 1 and Theorem 2. Such proofs
are based on the equivalence between Beltrami equations and elliptic equations, and
on some results for elliptic equations from [14].

2. Angular stretchings

In order to prove Theorem 2 we need some properties for the special case where
f is of the “angular stretching” form

(8) f(2) = |z|"¢(arg 2) = [2]*(m(arg 2) + inz(arg 2)),

where a € R, ¢: R — C and n;,72: R — R are 27-periodic functions, and more-
over f satisfies the Beltrami equation (1) with u, v of the special form

9) p(z) = —polarg z) 2z~
and
(10) v(z) = —ularg 2),

for some bounded, 27-periodic functions pg, v9: R — R such that ||| o]+ |v0]||ee < 1.
We assume a > 0 and 71,7, € WE?(R) so that f € W,L?(C). We note that mappings
of the form (8) generalize the radial stretchings (3). We also note that f is injective
if and only if |¢(0)|* = n3(6) + n3(0) # 0 for all § € R, n;, 1, have minimal period
o1 and S(dd) = mue — mne = (12 + 12)(d/d0) arg(n, + inz) has constant sign a.e.

We claim that
I R ST 2,2 | 2
Df? = Es— (a1l + 91 + |a%¢* + 621
e
T2
where | D f| denotes the operator norm of D f, and

2 = [} +m3) + 11 +1i2°)* — 4a® (mrjz — rim2)%;

(11)
{042(77% +m3) + i+ + @} ;

moreover
(12) Jr = a2 I3(06) = al 2 (i — ).
To check (11)—(12) we use the well known formulae

|Df|:|fz|+|f2|a ‘]f:|fz|2_|f2|2'
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We recall that in polar cooordinates x = rcos6, y = rsinf we have

_ 1 , et .0
825(@—}-2@,):7(&«4—@—9),

;
) ;(ax i0,) 6;9 (@ i %)
Hence,
.2 -ﬁz)( —z§>, A@“é%2<a+z§>
and therefore
=2 [a?10]? + 161 +205(69)] .
12 = B oo + 16 — 20869)
Hence, (12) follows. To obtain (11) we finally observe that
f.f= @ (a%0? +6?)

and )

o’ " + 9% = o®|g|' + [9]' + 20°R(69)" = 2.

Therefore, at every point in R? \ {0} the distortion of f is given by
[DFP _ ofgl® + 19 + |o*¢” + ¢7]

I 203($¢)
_ A ) + i 4’ VD
B 2a(mrjz — 111n2) .
In particular, f has bounded distortion if and only if

0 + [9]° < C3(e0)

for some constant C' > 0, or equivalently

ne 4y + 15+ 05 < Cmrjy — 1im2)
for some constant C > 0.
We use the following facts.

Proposition 1. Suppose f is of the angular stretching form (8) and satisfies
the Beltrami equation (1) with p,v given by (9)—(10). Then, (ny,n2) satisfies the
system:

R e |
(13> 7?1 - Ode 7727
12 = akyny,
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where ky, ko > 0 are defined by

1 1-—
(14) oy = +MO‘|‘V07 ky — No—i‘Vo.
L —po—1p I+ po — 10

Conversely, if (1, n2) satisfies (13) for some a > 0 and for some 2m-periodic functions
k1, ks > 0 bounded from above and from below away from zero, then f defined by
(8) is a solution to (1) with u,v defined in (9)—(10) and po, vy given by
kl - k2 ]{31]{?2 —1
(15) Mo = s Vg = .
14+ k1 + ko + Eiko 14+ k1 + ko + Eikso
Proof. In polar cooordinates x = rcosf, y = rsin we have

— 1 . eie ,89
0 —5(8;5 +28y) = 7 (&—1—27) s

Hence, (1) is equivalent to

(€ + pe)fy — v

10) of v, the equation above is equivalent

(e — pe) f, = ve', = -

In view of the form (9) of  and of the form
to

(1+ po) fr + vofr = —=[(1 — o) fo + vofo)-

7

,
We compute

fr=ar*Hm +in),  fo=r"(m + ).

Substitution yields

(16) Oé(l + Mo + 1/0)7]1 + ZOé(l + Mo — 1/0)7]2 = (1 — Mo — Vo)ﬁg — Z(l — Mo + Vo)f]l.

Hence, (n1,72) satisfies the system (13), with ki, ks defined by (14). Conversely,
suppose (11, 12) satisfies (13) for some 2m-periodic functions ki, ks > 0 bounded
from above and from below away from zero and for some a > 0. Then the functions
Lo, Vo such that (14) is satisfied are uniquely defined by (15) as the solutions to the
linear system

(L4 E)po + (L4 k)ro = — 14k,

—(1+ koo + (1 + ko)vg = — 1 + k.

It follows that (13) is equivalent to (16), with f defined by (8). O

We finally observe that if (1y,72) is a solution of the system (13), then the
Jacobian determinant of f is given by

r 2OV Ty = o (kanf + ks ')
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and furthermore,

DI 1)) -
5= 2wt [ K k%)

(17)

/(L= k2P + (L= k) + 21 — kaky ) + (ks — k3 )2Jng].

We also note that system (13) implies that 7, is a 27-periodic solution to the
weighted Sturm-Liouville equation

d .
3 R + o’k =0

and similarly 7, satisfies

d ) _
— (k') 4+ @®ky Ty = 0.

dt
Special case v = 0. The results described in Proposition 1 take a particularly
simple form when v = 0, which is equivalent to k&, = k;* = k. It should be
mentioned that solutions to the Beltrami equation (1) with » = 0 and p depending
on § = argz only have been considered in [15], see also [7]. In this case, the

normalized homeomorphic solution admits the representation

0 1 ,—2i0’
f(2) = |2|%exp {ia/o L (e de'},

L+ p(0)e 27

2m | _ u(@’)e_ml -1
=2 . ! )
=

260

where

Under our additional assumption u(0) = —puo(6)e*”, we have

L= pl@)e 1+ po(8)
L p(0)e=0" 1 — pug(6)

= k(0

and therefore we obtain the representation f(z) = |z|* exp{i« foe k}. On the other
hand, a direct proof may be as follows. If k; = k; ' = k, system (13) reduces to

(18) {771 = —Oék772’

12 = akny,

which may be explicitly solved. Indeed, from (18) we derive 7171 + 79m2 = 0 and
therefore n? + n3 is constant. By linearity we may assume n? +75 = 1. Hence, there
exists a funtion A(#) such that 7;(0) = cos h(f) and ny(0) = sinh(#). By (18) we
conclude that up to an additive constant h(f) = « foe k, and therefore we obtain

that f(z) = |2z|* exp{ic foe k}. In view of the 2m-periodicity of 7,7, we also obtain
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that a = 2mn( f027r k)~! for some n € N. From equation (17) we derive, for every

z # 0

D _ 14k +]1— K

7; o = max{k, k'}.
Since k > 1 if and only if pg > 0, the expression above implies the known fact
Df]? 1
DJE Ll g
Jro 1= |p ’
3. Proofs

We first of all check that estimate (4) in Theorem 1 actually improves the
classical estimate (2).

Remark 1. The following estimate holds:
Blu,v) 2 | Kuulls,

where ((u,v) is the quantity defined in Theorem 1.

Proof. Recall from Section 1 that K,, = (1 + |u| + |v])/(1 — |p| — |v]). For
every S,(x) C Q, we choose

1 —n2ul? — v? ” (1—v)* = [pf
()0 — , et — .
(L+v)* = [ul? |s, @ 1 —7?pf? —v? S, (x)
We have that
1 2 _ .2 1 _
sup ¢ < sup( Sl AN . Tk < 1 Kpwlloos
(1+v)? = [ul? L—[ul+v ’
N2 (12 1yl —
inf ¢) > inf (1=v)" —|ul = infw > Kol
(L+[u])? —v? 1+ |p[+v
and therefore
sup ¢
<
Moreover,
o= L=V =l
(L+v)* = [ulPls,

In view of the elementary identity

(1= 2)* = [l +v)* = ] = [ = (el + »)*) [ = (Jul = v)7]

we finally obtain

U _ (A= (el = (= 1))
v (0= =22

SP(I)
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Consequently, inserting into (4), we find that for every S,(z) C

g sup ¢ / 11 —7n2ul? —v? do
sowe%p\/ infy | S, a:| S, () \/1_ (Il + )21 = (Juf = v)?

, 22 174\ 7!
infs, (o) Hrdz—lat /Pt
< [ Kpuwlloo

— arctan

1 V 2 2
m SUDS, () (T fufz /¥
Consequently,
B, )™ < Koo,
and the asserted estimate is verified. O

We use some results in [14] for solutions to the elliptic divergence form equation
(19) div(AV-) =0 in

where A is a bounded and symmetric matrix-valued function. More precisely, let

J(60) = {cpse —sine] '

sinf cos6

For every M > 1, let

2 4
=c(M,1) = T d=d(M,T) = = arctan M ~1=7/2,
Note that when 7 = 0 we have d = 47 'arctan M~/ and ¢ = 1, and when 7 = 1
we have d =1 and ¢ = 2/(1 + M~1). We define the intervals
cm cm

C C
L=105, L=[3m), L=rr+s), I4:[7r+§,27r).

Let ©,1,0,5: R — R be the 2r-periodic Lipschitz functions defined in [0, 27) by

sin[d(c™10 — 7/4)], o€ I,

6. .(0) = M~==12cosld(c M7 (0 — cr/2) — 7/4)], 0 € I,

" —sin[d(c7(0 — ) — w/4)], 6 €I,
~M~O2cosld(c*M™(0 — 7 — e /2) — w/4)], 6 € Ly,

and

—cos|d(c™10 — 7 /4)], 6el,

0, ,(0) = MO=2sin[d(c* M7 (0 — cr/2) — 7 /4)], 0 e I,

! cos[d(c™1(0 — 1) — 7 /4)], 0 € I,

~ MU 2gin[d(c M (0 — 7 — e /2) — w/4)], 0 € L.
The following facts were established in [14] and will be used in the sequel.
Theorem 3. (|14]) The following estimates hold.
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(i) Let w € W,52(Q) be a weak solution to (19). Then, w is a-Hélder continuous
with o > ~(A), where

P (n,An)

_1 % (n,An)
(20) v(A) = sup inf Sub @ S5 ()] fsp(l‘) ¢ Vdet A
Sp(x)CQ PYEP,p inf 1 4 N <infsp(z) det A/t > 1/4

SUpg , (z) det A/ oy

and where n denotes the outer unit normal.
(ii) For every T € [0,1] let A, be the symmetric matrix-valued function defined
for every z # 0 by

(21) A (2) = (kra(arg z) — k. o(arg 2))

ZQz
|22
where k. 1, k.o piecewise constant, 2m-periodic functions defined by

1, ifelUlI;,
(22) kra(0) = . -
M, 1f9€[2U[4,

+ kT,2(a’rg Z)Iv

and
1, if 0 el,Ul;,

23 k. o(6) =

(23) 2(9) {Ml?f, if0cl,Ul,.

There exists My > 1 such that

d

AT =

(A7) =~
for every M € (1, Mol/f), if 7 > 0, and with no restriction on M if 7 = 0.
Furthermore, the function u, = |2|%°©,(argz) is a weak solution to (19)

with A = A,.
We note that the matrix A, may be equivalently written in the form
krycos® 0+ kyosin®0 (k.1 — ky2)sinfcosé
(k1 — kr2)sinfcosO k,ysin®6 + k, 5 cos® 6
= JK.J"
where K, = diag(k. 1, k- 2).

The following equivalence between Beltrami equations and elliptic equations of
the form (19) is well-known. See, e.g., |2, 16].

Lemma 1. Let g € Wl’Q(Q, C) satisfy the Beltrami equation

loc
(24) 0g = pdg +vdg in Q,

where p, v € L*(Q, C) satisfy |pu| + |v| <k <1 a.e. in Q. Let B,,, be the bounded
matrix-valued function defined in terms of the Beltrami coefficients u,v by

&W:_L([Il—MZ _Q%w_yq_hfg’

A \[-29(i+v) L+ uP

A (z) =
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where Ay = |1 4 v|?> — |u|? and let B,,, be defined by
= 1 [1—p =23(u+v) >
[ — R
=g (Lol TR ),
where Ay = |1—v|?—|u|?. Then R(g) is a weak solution tor the elliptic equation (19)
with A = B,,,, and (g) is a weak solution tor (19) with A = B,,,.
Proof. Setting z = x + iy = (z,y)7, g(2) = u(z,y) + iv(z,y), we have:

Bg:l{ux—vy}j agzl[ux—i-vy]

2 | —uy + v,

Setting
for every z we have

Hence, we can write

- 1 1

dg = 5 (Vu+ QVv), 0g= §R(Vu —QVv).
Setting

- ] w3 ]

equation (24) may be written in the form:
Vu+QVv=MR(Vu—QVv)+ N (Vu—QVv).

It follows that
(I —MR—-N)Vu=—-(I4+MR+ N)QVv

and consequently u satisfies
(I+MR+N)"'(I-MR—N)Vu=—-QVv
and v satisfies
—Q(I —MR—-N)""(I+MR+ N)QVv = QVu.

By direct computation,

B,,=(I+MR+N)"'(I—MR~-N),

Bu,=—Q(UI~MR-~N)""(I+MR+N)Q=-QB_,_.Q.
Now the conclusion follows observing that div(QV-) = 0. O

For every matrix A let

A

A= .
det A
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Lemma 1 implies the following correspondence.

Lemma 2. Let f € W.?(Q,C) be a solution to (1) with S(v) = 0 and let A,
be defined by

_ 1 11— pf —23(p) 2
) =5 (ol W50 ).
where A = (1 + |u| +v)(1 — |u| + v). Then, R(f) satisfies (19) with A = A, and
S(f) satisfies (19) with A=A, .

Proof. In view of Lemma 1, we need only check that when (v) = 0 we have

~ B ~
26 B,,=—"*_=0BB,,.
( ) :U‘v det Bluqy H’v
Let
1—pf —v* =23
P:U' v - (oY 2 2 N
’ =2%(w) M +pf-v
Then
r ~ r
B L, = [l B L, = [l
M, A]_ ) M, AQ

with Ay = (14 1) — |uP = (1 + v+ [p))(1+ v — |u]) and Ay = (1 )? — |uf? =
(1 —v+|p|)(1 —v —|u]). On the other hand,
detI'yp = (1 + [p| + ) (1 + [p] = v)(1 = [p] +v)(1 = |pu[ —v)
and therefore Ay = detI',,/A;. It follows that
5 D A _ A} T,,_ B
YAy detD,, M detT,, Ay detB,,’
and (26) is established. O

The following lemma states that the function v(A) defined in (20) attains the
same value on A and A.

Lemma 3. For any matrix valued function A we have

-~

7(4) =~(4)
where y(A) is the quantity defined in (20).
Proof. We have det A = (det A)~!, and therefore
A A
(21) -

Vdet A Vdet A

Furthermore, for every S C €2 and for every ¢, 9 € L>(S5),

supp  supep !
inf¢p  inf 1
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and

wuf det;{\_ 1 < detﬁ_ 1
s o supg(py det A)’ Sp ) infg(p1p det A)

Hence,

(28) infgdet A/(py)  infgdet A/(p~ ')
supgdet A/(py)  supgdet A/ (o~ 1y1)’

It follows from (27) and (28) that for any function F': R — R
sup ¢ n, An) infg, (2) %
infe |S )| /Sp \/7\/E <SUPSP(1 detA)

sup i1 / \/> n, An) <1nfs ﬂ?‘;ﬁl >
\/ inf o=t |Sp(2)] S, @) 'Vdet A SUDS, (2) portT )

Now the statement follows by taking F(t) = (47! arctant!/4)~! and observing that
¢t € B,, whenever ¢ € B, ,. O

At this point, we can provide the proof of Theorem 1.

Proof of Theorem 1. In view of Lemma 2, Lemma 3 and Theorem 3, R(g) and
J(g) are a-Hoélder continuous with oo > (A, ), where A, ,, is the matrix defined in
(25). Setting & = x + pe', t € R for every £ € S,(x) C Q, we have n(§) = e”. We
recall that A = (1 + |p| +v)(1 — |u| +v) = (1 +v)? — |u|?>. Hence, we compute

A (n(€), Auw(E)n(8)) = Ale™, Ay (§)e”)

= A (a1, cos® t + 2a18int cost + ag sin’ t)

=1+ |u|* — v* — 2(R(1) cos 2t + S(u) sin 2t) = [1 — np|* — 12
Furthermore,

A*det A,

(11 = pl* =) (11 + pl* = v*) — A4S (p)”

(L Jpl* =) = 4fpf* = (1 = [p)* = ) (A + |ul)® =)
(

(

L= lpl+v)(0 = |pl =v)(A + |pl +v)(A + [p] = v)
L= (Jul = v)*) (1 = (Il +v)?)

and therefore
(n, Ay,m)  Aln,Ayn) 11— n2ul? —v?
VAt A, Nt A,, I (al ==l + )
Finally, recalling the definition of A, we derive
At =v)A—fpl—v) (A —v)*—|pP
det A, , = = 5 5
A+ lpl+v)A =lul+v) (1 +v) =y

1
Inserting the expressions above into (20), we obtain (4). O
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We now turn to the proof of Theorem 2. We let po,,10,: R — R be the
bounded, piecewise constant, 27-periodic functions defined in [0, 27) by

(0) - O’ if § € Il U I37
POr T (M = M (L M M M20T), i e LU,

and

vor(6) = 0, if0eluls,
ST (M2 — 1) /(1 + M+ MY 4 M2 if ge [, U,

and we set

H’T(Z) = _HJO,T(arg Z) 22_17 VT(Z) = _VO,T(arg Z)

The following holds.
Proposition 2. Let B the unit disk in R* and let f, € W%2(B, C) be defined
in B\ {0} by
fr(2) = 2|7 (0,1 (arg 2) 4 1O, 5(arg 2)) .

Then f, satisfies (1) with p = pu, and v = v,. Furthermore, there exists My > 1
such that

d

s Vr) = =

Bz, vr) = -

for every M € (1, Mol/T) if 7 > 0 and with no restriction on M if T = 0.
In order to prove Proposition 2, we first need a lemma.

Lemma 4. Suppose u,v are of the form (9)—(10) and let ky, ko be the corre-
sponding functions defined in (14). Then A, , as defined in (25) is given by

ki(arg z) 0

Ay () = Jarg) 1O O] )

_ [kicos? 0+ kysin®6  (ky — ky)sinf cos @
" | (ky — kg)sinfcos®  kysin® @ + ko cos? 0

= (b — k) 222 4 kL

|22
Proof. The assumptions (9)—(10) on p, v imply that
A(z) = (14 po(0) = v0(0))(1 = po(0) — vo(0)).

and

w(z) = —po(0) (cos 20 + isin 26).
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Hence,
A(A ) =1 —pf> —v® =1+ 2ugcos 20 + pg — v
[0+ p0)? — vl cos 0+ [(1 — po)? — 1] sin 0,
A(Aup)oo = 1+ pf* — v
= [(1 — p0)* — 1g) cos® O + [(1 + p10)* — v sin® 0,
A(Auu)z = —2S(p)
= 4pgsin 6 cosb.
Dividing by A and observing that
(1+p0)> =13 14 po+ 1o

— —k
A T—po—v "
(1—po)?—vg 1= po+w L
- — h2,
A L+ po — 1o
4110
— =k —k
A 1 2
we obtain the asserted expression for A, . O

Proof of Proposition 2. By direct check, (0,1, O, ) satisfies (13) with k1 = &, 1,
ky = k.2 as defined in (22)-(23), respectively, and a, = d/c. Hence, in view of
Proposition 1, f, satisfies (1) with 4 = p, and v = v;. In view of Lemma 2 and
Lemma 4, R(f,) satisfies equation (19) with A = A, defined in (21) and (f;)
satisfies equation (19) with A = A,. By Theorem 2-(ii), R(fr) and J(f.) are

—~

Holder continuous with exponent exactly [B(u.,v,) = v(A;) = v(A,;) whenever
M € (0, MOI/T) if 7 > 0 and with no restriction on M if 7 = 0. Thus, Proposition 2
is established. U

Proof of Theorem 2. The proof is a direct consequence of Proposition 2. [

Acknowledgments. We thank an anonymous referee for constructive criticism,
as well as for pointing out references |7, 15, 16].

References

[1] ANDREIAN Cazacu, C.: Sur les transformations pseudo-analytiques. - Rev. Math. Pures
Appl. 2, 1957, 383-397 (in Stoilow anniversary volume).

[2] AsTALA, K., T. IWANIEC, and G. MARTIN: Elliptic partial differential equations and quasi-
conformal mappings in the plane. - In preparation.

[3] AsTaLa, K., T. IwaNIEC, P. KOSKELA, and G. MARTIN: Mappings of BMO-bounded
distortion. - Math. Ann. 317, 2000, 703-726.

[4] BERS, L., and L. NIRENBERG: On a representation theorem for linear elliptic systems with
discontinuous coefficients and its applications. - In: Convegno Internazionale sulle Equazioni
Lineari alle Derivate Parziali, Trieste, 1954, 111-140. Edizioni Cremonese, Roma, 1955.



158
[5]
[6]
17l
18]
19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Tonia Ricciardi

FiNN, R., and J. SERRIN: On the Holder continuity of quasiconformal mappings and elliptic
mappings. - Trans. Amer. Math. Soc. 89, 1958, 1-15.

GUTLYANSKII, V.YA., O. MARTIO, T. SUGAWA, and M. VUORINEN: On the degenerate
Beltrami equation. - Trans. Amer. Math. Soc. 357:3, 2005, 875-900.

GUTLYANSKII V. YA, and V.I. RyAZANOV: On the theory of the local behavior of quasicon-
formal mappings. - Izv. Ross. Akad. Nauk Ser. Mat. 59:3, 1995, 471-498.

IwaNiEC, T., and G. MARTIN: Geometric function theory and non-linear analysis. - Claren-
don Press, Oxford University Press, New York, 2001.

IwaNIEC, T., and C. SBORDONE: Quasiharmonic fields. - Ann. Inst. H. Poincaré Anal. Non
Linéaire 18:5, 2001, 519-572.

MORREY, C. B.: On the solutions of quasi-linear elliptic partial differential equations. - Trans.
Amer. Math. Soc. 43:1, 1938, 126-166.

Piccining, L. C., and S. SPAGNOLO: On the Holder continuity of solutions of second order
elliptic equations in two variables. - Ann. Scuola Norm. Sup. Pisa (3) 26:2, 1972, 391-402.

REICH, E., and H. R. WALCZAK: On the behavior of Quasiconformal Mappings at a Point.
- Trans. Amer. Math. Soc. 117:2, 1965, 338-351.

RicciarDI, T.: A sharp Holder estimate for elliptic equations in two variables. - Proc. Roy.
Soc. Edinburgh Sect. A 135, 2005, 165-173.

RicciArDI, T.: On the best Holder exponent for two dimensional elliptic equations in di-
vergence form. - Proc. Amer. Math. Soc. (to appear); preprint available on arXiv:math.AP/
0510606.

ScHATZ, A.: On the local behavior of homeomorphic solutions of Beltrami’s equations. -
Duke Math. J. 35, 1968, 289-306.

VEKUA, I.N.: Generalized analytic functions. - Pergamon Press, London-Paris-Frankfurt;
Addison-Wesley Publishing Co. Inc., Reading Mass., 1962.

Received 9 January 2007



