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Abstract. It is proved that any family of harmonic K-quasiconformal mappings {u =
P[f],u(0) = 0} of the unit ball onto itself is a uniformly Lipschitz family providing that f € C1:.
Moreover, the Lipschitz constant tends to 1 as K — 1.

1. Introduction and auxiliary results

A twice differentiable function u defined in an open subset 2 of the Euclidean
space R™ will be called harmonic if it satisfies the differential equation

Au(z) = Dyu(z) + Dogu(z) + - - - + Dypyu(x) = 0.
In this paper B™ denotes the unit ball in R, and S™~! denotes the unit sphere. We

will consider the vector norm [|z|| = (37, 27)/? and two matrix norms, ||Ally =
(31 ai;)V? and || Al = sup{||Az]| : [|2]| = 1}.

A homeomorphism u: Q — Q' between two open subsets Q and €’ of the Eu-
clidean space R™ will be called a K-quasiconformal (K > 1) or, shortly, a q.c.
mapping if

(i) u is an absolutely continuous function in every segment parallel to some of

the coordinate axes and there exist the partial derivatives which are locally
L™ integrable functions on 2. We will write u € AC'L"™, and
(i) w satisfies the condition ||u'(z)||"/K < J,(z) < Kl(u/(z))" at x almost

everywhere on  where [(u/(z)) := inf{||v/(x)(|| : ||C]| = 1} and J,(z) is the
Jacobian determinant of u (see [9]).

Note that the condition u € ACL" guarantees the existence of the first derivative

of u almost everywhere (see [9]). The condition (i) is equivalent with the fact that

u is continuous and belongs to the Sobolev space W, ().

Let f: S" ! — R" be a bounded integrable function on the unit sphere S"~1.
Let P be a Poisson kernel, i.e., the function

’ |z —nl™
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Then
(1) ua) = PLA@ = [ Plafm o)

is a harmonic mapping defined in the unit ball B". Here do is the Lebesgue n — 1-
dimensional measure of the Euclidean sphere satisfying the condition P[1](z) = 1.
It is well known that if f is continuous, then the mapping u = P[f] has a continuous
extension @ to the boundary and % = f on S™!

If k is a nonnegative integer and a € (0,1], then C*%(Q) is defined to be the
set of k times continuously differentiable functions in an open set €2 such that

)| ka = Z | DPul| + Z sup | D u(z) — DPu(y)| - |z — v~
|B|<k 8=k TYED

is finite. If f is a function defined in the unit sphere S™!, then we will say that
f € CP(S™ 1) if the function defined by u(x) = f(z/||z]) is in C**(A(1/2,2)),
where A(1/2,2) := {z:1/2 <||z|]| < 2}. Gilbarg and Hérmander among the other
results in [3] prove the following proposition (see [3,Theorem 6.1]).

Proposition 1.1. The Dirichlet problem
Au=g¢ginB", wu=fonS"!

has a unique solution u € C**(B"), k > 1, for every g € C*~2%(B") and for every
f e oke(snt).

Using the previous proposition we obtain:

Proposition 1.2. If the function f € CY*, where 0 < p < 1, then the function
u has a C* extension to the boundary and the relations

. OuoS OfoT
ti 222001, 6m1) = ’;6 (01, 0,)

hold for all i € {1,...,n — 1}, where S and T are spherical coordinates
(S(T, 91, c 79n—1) = ’I“T<91, ce ,Qn_l)),
and 0,,_1 = ¢. See the proof of Lemma 1.6 below for details of the definition of T'.

Proposition 1.3. 2] If f is a K-quasiconformal self-mapping of the unit ball
B™ with f(0) = 0, then there exists a constant M;(n, K'), satisfying the condition
M,(n,K) — 1 as K — 1, such that

1/(1-n)
(1.2) 1f(x) = f)Il < Mi(n, K)lla —y|* .
See also |1] for some constant that is not asymptotically sharp.
Proposition 1.4. Let A be a nonsingular matrix. Let \? > --- > A2 be the

eigenvalues of the matrix ATA. Let A =det A- A~" and let k(A) := /\—1 Then

1/2 "
(1.3) |All> = (Trace ATA)Y/? = <Z /\2) . |det Al =T M
k=1
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and
(1.4) k(A™Y) = k(A) = k(A).
If in addition A is a K-quasiconformal mapping, then

k(A)

(15) 4l s =

1Al

and
(1.6) k(A < K+VK?—1.

For the proof of the last assertion, see [11].

Lemma 1.5. Let u be a harmonic mapping defined in the unit ball having a
C! extension to the boundary S™~*. Then

sup [|u'(z)ll2 = sup [[u'(n)]l2-
Jell<1 Inll=1

8’LL,L'
oz
harmonic. Hence there exists a bounded integrable function g; ; defined on the unit
sphere such that u; ; = P[g; j|]. Then

is bounded

Proof. Let u = (uy,...u,). For all (,j) the function v, ; =

W(@) = [ swPlen)doty)

where g(n) is n x n dimensional matrix (g; ;(1));;=; and it coincides with v'(n). By
definition we have

m

Tim () P, ) (Sr)

k=1

v/ ()2 =

9

2

where S"~1 =" | Sy and 8 = max (Diam (S)) — 0 as m — oo. Hence,

|u'(z)]]2 < nliinooz |’ () | 2P (2, i ) o (k) = Hshlpl [ (m)][2P[1] = max [[u' (1) l2-
k=1 mi= -

The proof is completed. O
Lemma 1.6. The integral

1=/ la=nl drto),

a € 8" converges if and only if v >1—n. If y=2 —mn, then [ = 1.
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Proof. Because of symmetry, it is enough to take a = (1,0,...,0). Let T =
(11,22, ..., Ty): K" 1 — S"71 be spherical coordinates:
x1 = cos by,

Ty = sin by cos O,

Tp_1 =sinfysinfy - --sinf, o cosp,
Tp = sinfysinfy - - -sin b, _osin p.
Here the cube K"~ ! = [0, 7] x - -+ x [0, 7] x [0, 27] is n — 1-dimensional. Then
(1.7) Dr(by,...,0n0—2,¢) = sin" 26, ---sinb,_.
It follows that

1= [ lla=nlP dsto

_ 2 / 212 005m2(g, /2) sin™ (6, /2) sin” (6, /2) by
0

Wnp—1

. / sin™ 3 Oodly - - - / sinf,,_,db,,_»
0 0

cos™2(6,/2) sin"t772(0, /2) db,
fOﬂ- SiIlni2 91 d6’1 ‘

Hence the integral converges if and only if n+~v—2 > —1, i.e., v > 1 —n. Moreover,
g Tt ”
/ cos"*2(01/2) d91 = \/_—(712) = / Sil’lni2 01 d‘gl
0 I'(3) 0
Hence I =1 for y =2 —n. 0

Lemma 1.7. For an arbitrary set of real numbers {xy,zs,...,x,} there holds
the inequality

— 2"/+n—2 fO7r

(2 + -+ a)"

2 2 2 2 2 2 2 2 2
(1.8)  ajas---xy +ax]- X ok + -+ xyan_T < =

n—2 n—1

Proof. If n = 2, then we have nothing to prove. Assume n > 3. We will consider
two cases.

Case 1. There exists ¢ such that z; = 0. Say x, = 0. Then the inequality (1.8)
is equivalent to

i SR S D L
2202 | < (21 — ) ,
which follows directly by using the arithmetic-geometric mean inequality and the
inequality (1 + ﬁ)”*l <n.
Case 2. For every 7, x; # 0. We will prove the inequality by solving the following
2,2 2 2 .2

extremal problem: L := z2x3---22 | + 2?2 22 22 + - + 2222 22 — ext

for D := 22 + --- + 22 = r?, for some real number r. The Lagrangean of the
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corresponding problem is L — AD and the critical points of it satisfy the following
system: L,, = 2z;\, i = 1,...,n, and D = r% Denote by P the product z? - - x>

n

and by S the sum ﬁ + o+ x% Then L = PS. Using the fact that P,, = 2{,
1 n 2
i=1,...,n, we obtain %’;—i—f— =2\ for i =1,...,n. It follows that
1 1 1 1
(1.9) (—2——2) (S——Q——Q) =0 foreveryi#j.

From (1.9) it follows that x7 = 7 for every 7 and j. Since the set {z : D = 7%} is
compact, it follows that the points z satisfying the equalities 7? = a:]2 for all ¢ and
j are points of the maximum of the function L. From the last fact it follows (1.8)
at once. U

Lemma 1.8. Let A: R" — R" be a linear operator such that A = [a;;]; j=1,..n-
a) There holds the inequality

1

— A7 Yy X - X 2.

WH HQ || 1 1H
b) If A is K-quasiconformal, then

(1.11) |Azy X -+ x Azp_|| < LK, )| A5 |or x -+ X 21,

where

(1.10) |Azy % -+ x Az <

K+vK2-1 1
\/n"*Q(n -1+ (K + m)ﬂ’ V(n— 1)t

The inequalities (1.10) and (1.11) are sharp.

(1.12) L(K,n) = min

Observe that 11<1Ln1 L(K,n)=n"7z".

Proof. a) If n = 2, then we can easily check that (1.10) holds. Assume n > 3.
If x1,...,x,_1 are linearly dependent vectors, then the inequality follows from the
fact that

Al‘l Xoee XAIn_l :ATfl X oo X Tp-1 =0.

Otherwise, applying the Gram—Schmidt algorithm, we construct a sequence
of vectors f;, i = 1,...,n, such that (f;, ;) = 1, (fi,f;) = 0 for i # j, and
L(x1,...,x) = L(fr,..., f;) for i = 1,...,n— 1, where Z(z1,...,2,) is the
linear space generated by {z1,..., 2z}

Let F = (f;;) be an n x n matrix defined such that f; = Y, fije;, where
el =(1,0...,0), ..., el =(0,0,...,1). Then,

(1.13) [AF[[2 = [|All2.
Let us prove this fact. By definition,

n n

IAF|3 =) (ATe;, Fe;)* =) (ATes, fi)2

i,j=1 1,j=1
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Let ATe; = Z” bij fj. Multiplying by fi, we obtain that (A”e;, fx) = b;y,. Hence,
ATe; = (ATe;, f)) £,
j=1

and, consequently,
n

1ATe|* = Y (ATes, £;)
j=1
Combining these, we obtain that

n

A5 =) lAel® = Y (AT, £;)° = |AF .
=1

ij=1

Let v; = " wi;fj,i=1,...,n — 1. Then
A.’L'l X X Al'n,l = Zeoxlm .. -xnflo'n_lAfl X oo X Afnfl.
ag

It follows that
2

HA.Tl X X A,flfn,lHQ =

E EoTl,0q - - - -,L'nflo'n_lAfl X .. Afn,1
o

= ”Afl X . ..Afn_l”zn.fl X o+ X l’n_l”z

n—1
1 n
ST (Z llAﬁiF) s -+ X 22
=1

1 2(n—1
= APz
If A= (a;) such that a;; = 1,i=1,...,n—1, and a;; = 0 otherwise and z; = ¢;,

then the equality of the theorem holds.
b) If n = 2, then (1.11) follows from (1.5) and (1.6). Assume n > 3. From

Azy X - X Axyqg = ATay X -+ X 2,1 it follows that
[Azy X - x Az || < [JAf[ley X -+ X @ .

Let A2 > ... > A2 be the eigenvalues of the matrix ATA. According to Proposi-
tion 1.4,

1112 noy9 . 2 1\2 o
||A|]2:Z/~\_,521+n le(K+\/K 1) +n 1‘
o Al k2(A) (K +vVEK?—-1)?

It follows that
K+VET=1
\/n—1+(K+\/K2—1)2

(1.14) 1A]| < 1A



On harmonic quasiconformal self-mappings of the unit ball 267

On the other hand,

n n
Al = | D 1 Aexl? = | Y [[Aer x - x Aej_y x e X -+ x Aey >,
k=1 k=1

Using the fact that
[Aer X - X Aeg_y X Aegpy X -+ X Aen|| < [[Aex]| - [[Aeg—r] - [[Aerra] - - - [ Aen]]

and denoting by 2%, i = 1,...,n, the real numbers || Ae;|| after applying the inequal-
ity (1.8), we obtain

~ n e
(1.15) [Alls < —=[lAll5~".
n
From (1.14) and (1.15) we obtain the desired inequality. If A is the unit matrix
(or, more generally, if A is any orthogonal transformation), then A is K = 1-
quasiconformal and the equality holds. Thus the inequality is sharp. U

2. The main result

Martio [8] was the first who considered harmonic quasiconformal mappings on
the complex plane. Recent papers [4]-[6] and [10] bring much light on the topic of
quasiconformal harmonic mappings on the plane.

In this paper we consider the same problem in the space. The problem in the
space is much more complicated because of lack of the technique of complex analysis.

In this paper we prove the following theorem:

Theorem 2.1. (The main result) Let K > 1 be arbitrary and n € N. Then
there exists a constant M' = M'(n, K) such that if u = P[f] is a K-quasiconformal
harmonic self-mapping of the unit ball B™ with w(0) = 0 such that f € CY* for
some a, 0 < o < 1, then

(2.1) lu(z) —u(y)| < M'|le —yll, x,yeB"
Moreover, M'(n, K) — 1 as K — 1.

Proof. Let f be an arbitrary C-injective function from the unit sphere S™~!
onto itself. Let S be the mapping defined on Ky = [0, 1]x [0, 7] x- - - x [0, 7] x [0, 27] by
S(r,0) = rT(0), where 0 = (0y,...60,_2,¢). Then the mapping z, z(0) = f(T(0)),
defines the outer normal vector field n, in S™! at the point z(0) = f(T(0)) =
(x1,9,...,x,) by the formula

€1 €2 €n

T19, Ta2g, Tno,
(2.2) n,(x(0)) =xg, X - X Tg, 3 XTo =1, .o,
L16,_5 L20,_5 Tno,_,

T1e T20 Tnp
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Let u = P[f]. Let u(S(r,0)) = (y1,¥1,--.,Yn), where S are spherical coordinates.
According to Proposition 1.2, we obtain that the following limit relations hold:

(23) li_rgyigo<ra 9) :xi¢<9)7 (S {17--~7n}7
(2.4) lirr%ywj(r, 0) = wig,(0), 1€{l,....n}, je{l,...,n—2},
and
(0) — yi(r,0
(2.5) lim y;, (r, 6) = lim al )1 _y;(r’ ) ieq b

From (2.3), (2.4), (2.5) and (1.1) we obtain

T1—Y1 T2—Y2 Tn—Yn
1-r 1-r o 1-r
xwl ZEQ@l . Ingl
lim Jyos(r,0) =lim | .. ......... ... ... ..
r—1 r—1 I19n72 1'29n72 I’n9n72
T1, T2y Tny
$1—f1(77) . xn_fn(n)
ZL‘lgl Ce Ingl
= lim L?"n .................... do(n)
o Tr=alr | o
T1, Ty
lim LT (HT(0)) — F(n)nper(T(6))) do(n)
= s — , o o
=1 Jgu1 [n = S(r,0)[" et
1+7r
—limeG/ ——— (f(T(0)) — f(n), fF(T(A))) do(n
ti D.(0) | o s (T0) = f). ST 0)) dot)
1+ / 1£(T(9) = f(n)|I”
= lim ——D, (0 do(n).
M PO L = s

Hence we have

(26) }}iri JuoS(ra 9) _ Dx(G)/ Hf(T<9)> — f(TI)Hz do_(n)’

simi I =T@)|"
where x = f(T'(f)). Now from

[/ (S(r, 0))llz < Kn"?J,(S(r,0)),
using the formula J,.5(1,6) = J,(S(1,6)) - Dr(6), we obtain

. . . Kn"/?
27 lml'(S(r,0)5 < lim Kn"/?J,(S(r,0)) = Dy gy s (r0):
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From Proposition 1.2 we deduce that

. OuoS JuoS Juo S

714112 8—91(7", 0) X e X m(?”, 9) X W(T, 0)

_OfoT Of oT Of oT

= 50, (0) x X 60n_2(0)x 9 ().
Since

Juo S , aT
861 (7”, 0) =Tu (S(T7 0))8_617

using (1.11), we obtain that
25) D,(6) < L(E,n) lim [/ (S(r.0)) [~ Dr (6).

From (2.6)—(2.8) we obtain
lim /(S 0)) 5

< o) Kol sl [ PR do)

ie.,

29) SO0 < 1) st [ WIEOL IO 4o

Let M = max{||v/(2)|2 : ||z|| = 1} = lim,_ ||&/(S(r,6))]|2 for some Oy and let
p= K=" Tt is clear that 0 < < 1. Let vy =1 —n+ p?, and let v = 1 — pu.
According to Lemma 1.5,

sup [|u'(z)|[2 = M.
ol <1

Since

(2.10) Ju(z) —u(y)|| < sup [[W'@)]] - [z -y
teBn

and according to Proposition 1.4,

/ k(u'(t))
|u' (1) < Vn— 1+ k(1))

/
[/ (1)),

it follows that

. p_R®)
(2.11) o) — )l < M sup — sl

From Proposition 1.4 we obtain

k(' (1)) e K+VET—1

VI THR@OR i (K VRS R
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Now from (2.9), (1.2) and (2.11), we obtain

M < ay i) o [ = rog LTI TS 4o,

< QML 0) - K" M (Ko [ = (60 doti)

n—

= My(K,n)(MI)".
Hence we obtain
(2.12) M < 1"07) (Mo (K, n))Y =),
The inequality (2.1) does hold for
M =117 (Mo (K, n))Y ) = (1 My(K,n))Y =),
Using (1.2), Lemma 1.8 and Lemma 1.6, it follows that limyx_,; M'(K,n) =1. O

Corollary 2.2. Let K > 1. Then there exists a constant M’ = M'(K) such
that if uw = P|[f] is a K-quasiconformal harmonic self-mapping of the unit disk D
satistying u(0) = 0, then

(2.13) |lu(z) —u(w)|| < M'||z —w|, =z weD.

Moreover, M'(K) — 1 as K — 1. See [10] for some constant that is not asymptot-
ically sharp.

Proof. Let D, = u™({z : |2| <1—2L}) and let ¢,,: D — D,, be a conformal
mapping such that ¢,,(0) = 0 and ¢;,(0) > 0. Then the mapping w,, = <1 0 @p,
satisfies the conditions of Theorem 2.9. From (2.1) it follows that

i (2) = ()| < M|}z = wll, 2w e D.

Since lim,, o tm(2) = u(z), the inequality (2.13) does hold for every quasiconformal
harmonic mapping. O

2.1. Questions. a) How to eliminate the assumption f € C** in Theorem 2.17
b) Is every q.c. harmonic mapping of the unit ball onto itself, satisfying u(0) = 0,
a bi-Lipschitz mapping? c¢) Does some ¢.c. harmonic mapping have critical points,
i.e., the points in which the Jacobian is zero? Compare this problem with the plane
version of the problem treated in [7].
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