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PLANAR BEURLING TRANSFORM
AND GRUNSKY INEQUALITIES
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Abstract. In recent work with Baranov, it was explained how to view the classical Grunsky
inequalities in terms of an operator identity, involving a transferred Beurling operator induced by
the conformal mapping. The main property used is the fact that the Beurling operator is unitary
on L?(C). As the Beurling operator is also bounded on LP(C) for 1 < p < +oo (with so far
unknown norm), an analogous operator identity was found which produces a generalization of the
Grunsky inequalities to the LP setting. Here, we consider weighted Hilbert spaces L3(C) with
weight [2]2, for 0 < # < 1, and find that the Beurling operator perturbed by adding a Cauchy-
type operator acts unitarily on L2(C). After transferring to the unit disk D with the conformal
mapping, we find a generalization of the Grunsky inequalities in the setting of the space LZ(D);
this generalization seems to be essentially known, but the formulation is new. As a special case,
the generalization of the Grunsky inequalities contains the Prawitz theorem used in a recent paper
with Shimorin. We also mention an application to quasiconformal maps.

1. Introduction

Beurling and Fourier transforms. In this note, we shall study a perturbation
of the Beurling transform in the complex plane C. The Fourier transform of an
appropriately area-integrable function f is

3116 = / e B f(2) dA(2), €€ C,

C

while the Beurling transform is the singular integral operator

Bol/le) = v [ Ao daw), e

c (w—2)
here “pv” stands for “principal value”, and
dxd
dA(z) = 2 =t iy,
T
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is normalized area measure. The two transforms are connected via

3Bclf)(6) = —gsm(f), cec.

By the Plancherel identity, § is a unitary transformation on L?*(C), which is supplied
with the standard norm

Hma@aﬁwm%mn

It is clear from this and the above relationship that B¢ is unitary on L?*(C) as
well. We recall that an operator T acting on a complex Hilbert space 77 is unitary
if T*T = TT* = id, where T* is the adjoint and “id” is the identity operator.
Expressed differently, that 7" is unitary means that 7' is a surjective isometry.

The Cauchy transform. The Cauchy transform €¢ is the integral transform

eelfl(e) = [ 2 i)

w R
defined for appropriately integrable functions. It is related to Beurling transform
B via
Bolf)(z) = 0.€c[f](2),

where both sides are understood in the sense of distribution theory. Here, we use

the notation
L9 9N 5 _1(9 ;9
2\0r oy) 7 2\o0x  oy)

The perturbed Beurling transform. For real 0, let L2(C) denote the Hilbert
space of square integrable functions on C with norm

10 = [ IFERIEFAAG) < +oo.

Moreover, let T denote the operator

Tolhl(2) = - Colh](2),

for suitably integrable functions h. It turns out that it is enough to require that
h € L3(C) for some positive 6 for Tc[h] to be well-defined. We also need the
operator T, as defined by

el () = ee| 2] )

z

We introduce, for 0 < 6 < 1, the perturbed Beurling transform

(1.1) B = Be + 0%,
while for —1 < # < 0, we instead write
(1.2) B, = Be + 0T

Theorem 1.1. For —1 < 0 < 1, the operator B acts unitarily on L2(C).
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The proof of this theorem is supplied in the next section.

Acknowledgement. The author thanks Lennart Carleson for suggesting the ap-
plication to quasiconformal maps.

2. The perturbed Beurling transform

For N =1,2,3,..., let @y denote the N-th roots of unity, that is, the collection
of all « € C with ¥ = 1. Forn = 1,..., N, we consider the closed subspace
L?% ~(C) of L*(C) consisting of functions f having the invariance property

(2.1) flaz) =a"f(z), z€C, ac dy.
It is easy to see that f € L y(C) if and only if f € L*(C) is of the form
(2.2) fz) =2"g(z"), z€C,

where g some other complex-valued function.
We shall now study the Beurling transform on the subspaces L2 y(C).

The Beurling transform and root-of-unity invariance. Fix an N =
1,2,3,...and ann =1,...,N. We suppose f € L2 (C). Then, by the change of
variables formula,

[ fw) o
Bolfl(:) = pv | 2 dA(w) = v | s ) dA(w)
=a"?B¢[f](az), z€C,
for a € &7y. Taking the average over @y, we get the identity
1 a”
B Z) = — pv — f(w)dA(w z € C.
D) =5 v [ 3 = ) dA(w), = e

aEdN

A symmetric sum. Next, we study the sum

This sum has the symmetry property
F(Bz) = " F(2), B € dh,
which means that F' has the form
F(z) = 2N""G(2N).

The function G then has a simple pole at 1, and is analytic everywhere else in the
complex plane. Moreover, F' vanishes at infinity, so GG vanishes there, too. This
leaves us but one possibility, that G' has the form

G(Z) = Y
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where C' is a constant. It is easily established that C' = 1. It follows that

(2.3) o=ty o
. Z) = — = z .
N 1—az 1-—2N7
aEAN
As a consequence, we get that
1 a”
_ / _ ’r
H(z) = F(2) + 2F'(2) = [2F(2)) = & ezd Aoy
acadN

= Z —_
(1—2N)2  1—-2N]’

where the left hand side identity is used to define the function H(z). This allows
us to compute the sum we need:

1 o 1 w N2V n—1
_ —:_H - — n—2  N—n . .
N Z (ow —z)? 22 (z) = v {(ZN—wN)2 ZN—wN}

aEY N

For f € L2 (C), we thus get the representation

Belfl(e) = = by [ { i — s fut ™ fw)dA(w), s€C

Let f and g be connected via (2.2), and implement this relationship into the above
formula:

(2.4) Bo[f](z) = "2 pv /

C

{( N e — }ng(wN)dA(w), zeC.

N _wN)Z 2N N

A similar expression may be found for the Cauchy transform as well:

N
N w
(25) Q:C[f](z) =2z" N-1 /C; mg(wN) dA(UJ), z e C.
It is easy to check that with
hz) = 29(2)

222N
where ¢ is connected to f via (2.2), we have
Bo[f](z) = N2 BEV RN, zecC

The fact that B¢ is an isometry becomes the norm identity

(2.6) /C ()2 |22 dA(z) = /C 1B 1) (2)| |2 dA(2),

where we suppose that § = (n — 1)/N. However, fractions of this type are dense
in the interval [0, 1], so that (2.6) extends to all # with 0 < # < 1. In other words,
for 0 < 6 < 1, the operator BY, is unitary on the space L(C), which was defined
earlier. But then, considering that

BL =M BLIMT, —1<0<0,
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which follows immediately from the fact that

1 N 6 oz 1 . 0+1
(w—2)2 ww—-2) w|(w—2)2% zw-z2)/
we conclude that B, is unitary on L3(C) for —1 < § < 0 as well.
This completes the proof of Theorem 1.1.

Remark 2.1. It is known [8] that B¢ is a bounded operator on L;(C) for
—1 <6 <1 (but not for § = £1). This means that for —1 < § < 1, both terms in
(1.1) are bounded operators on Ly(C). We suspect that the second term in (1.1),
the operator T, is compact on L2(C) with small spectrum for 0 < 6 < 1. The
analogous statement for T is essentially equivalent.

Extension to real §. We first note that 91,, multiplication by the independent
variable, is an isometric isomorphism L3, ,(C) — L3(C) for all real 6. Therefore,
for integers k and 0 < 6 < 1, the operator

0 —kepb
BLF = m_FBLomk
is unitary on L3, ,(C). It supplies an extension of B to all real 6 which coincides
with the previously defined notion for —1 < 6 < 1.
3. Applications of Beurling transforms to conformal mapping

Grunsky identity and inequalities. It was shown in [1] that if p: D — Q
is a conformal mapping where 2 = ¢(D) C C, then

AR
B111(:) = o [ I f(w)dAw). zeD.

is a contraction on L?*(D); as a matter of fact, this follows from the fact that B¢ is

unitary on L?(C). Moreover, it was shown that if e denotes the function e(z) = z,
so that

B =pv [ o fw)dA(w), €D,

p (w—72)

we have the Grunsky identity

(3.1) B, — B, =PB, =B, P =PB.P,
where 9 and P8 are the associated Bergman projections

‘B[f](z):/]j%d/l(w), zeD,

and

‘B[f](z)z/D(f&dA(w), 2z eD.

1 — zZw)?
As B and B are contractions on L?(D), we find that
(32) ||(%<P - iBe)[f]HLQ(D) < HfHLQ(D)’ f € LQ(D)
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In [1], it is explained how (3.2) expresses the Grunsky inequalities in a compact
manner.
We shall now try to carry out the same considerations in the weighted situation.

Transfer to the unit disk. We need to introduce some general notation. Let
Mp denote the operator of multiplication by the function F. We also need the
Hilbert space L2(X) with the norm

10112505, / ()P =7 dA(:),

where X is some Borel measurable subset of C with positive area. In the sequel,
we restrict 6 to the interval 0 < 6§ < 1. Fix a simply connected domain €2 in C,
which contains the origin and is not the whole plane, and let ¢: D — ) denote
the conformal mapping with ¢(0) = 0 and ¢’(0) > 0. Let f € L*(Q), and extend
it to the whole complex plane so that it vanishes on C\ Q. Let Bgq[f] denote the
restriction to € of Bg[f], and do likewise to define the operators €q, Tq, To, BY,
as well as %59. We introduce transferred operators on spaces over the unit disk in
the following fashion. First, we suppose f € L2(€2). Then the associated function

(3.3) 9(z) = ¢'(2) {@—rfo o(z), z€D,

z
belongs to L3(D), with equality of norms:

HQHLg(D) = Hf“Lg(Q)
The transferred Cauchy transform is defined as follows:

30 @l = [P esiop = [ [LEO]e@ gy anw

zp(w) ] p(w) —¢(2)
The transferred perturbed Beurling transform is defined analogously:

0
B = ') | 22| 0 o)

= #@[P2] {malfiopte) + S ealflow(o)}

— BL0g)(=) + 0 % &lg)(2),

where

oor iy oo [ [2e() " (2)¢ (w) Al
B b= =p /Dme)] (o(w) — gz 4 () AW

It is clear that B is a norm contraction on Lj(D). Let 9By be the integral operator

Bl1G) = [ | + 1o | F) oPaAw)

l—zw)?2 1-zw
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it is the orthogonal projection to the subspace of analytic functions in L3(D). As
both BY and Py are contractions on LF(D), so is their product PeBY. It remains

to represent the operator ’B@%i in a reasonable fashion. The main observation is
that

we(x)]" YEYw 1 TP 1] 1
Erol e mere el [ R rerigay
near the diagonal z = w, so that

we(2)]” ¢'(2)¢ (w) ¢'(2) [wez)]" ¢ (w)
[w(w)} o) -2 o) [ } o

1 0
T (w—2z2)? * 2(w — 2) +00),

(3.5)

again near the diagonal. We observe that in view of (3.5), we get the Grunsky-type
identity
(36) mg%i = %?0 —Bp + ‘Bg%D + 9‘39‘3:]3 — 6%p.

To make the involved operators PByBp and PyTp appearing in the right hand side
of (3.6) more concrete, it is helpful to know that for A € D,

_ ! 0
Bolfr](2) :)\|/\|29/0 {(1_1%)2 + 1_1%} t'dt,  fa(z) = Aiz,
while
— [ )2])|20-2 ' 1 0 o 2) = 1
%G[QA](Z) =—0A |/\| /O |:(1 _t/_\z)Q + 1_t5\z:| t dtv gA( ) - ()\ _ 2)2'

In view of these relations, we quickly verify that

PBeBp + PeTp = 0.
The Grunsky-type identity (3.6) thus simplifies a bit:

(3.7) PBoB’, = B, — Bp — 6Ip = B, — BY,.
The corresponding Grunsky-type inequality reads

To get a concrete example of how the Grunsky-type inequality works, we pick

_ 1 0
iz) =z 29((1 5 1_2)\>, z € D,

and compute

(582, — B%)f](2) = [




592 Héakan Hedenmalm
We see that (3.8) in this case assumes the form (0 <0 < 1)

[A 90(2)]6( ¢'(2)¢' () 1

A) GOV - @R D=2
o) [2e)]’ P00 0 s,
(3.9) o) { (A )} o) —o(z) 20— 2) [2[dA(2)

2

[2[7*dA(2)

0
20
/’f IFlePdAC /‘ 1— 202 1- 2\

(1—|A| 21— IAI2

The special case A = 0 gives us the inequality of Prawitz (see [6] and [7]; we assume

#'(0) =1): .
ol

z

A dual version. We carry out the corresponding calculations on the basis of
the fact that %69 is unitary on Lz_e(C) for 0 < # < 1. In analogy with the above
treatment, we connect two functions f, g via

9
(3.10) o) =7 [22] fow), zep.

2
Then f € L?,(Q) if and only if g € L? ,(D), with equality of norms:

2 1

19llzz0) = [/l 230)-

The corresponding transferred Beurling transform assumes the form

z

= /@[] matsioote) - 06| L] o o)}

z

Bg)(2) = ¢(2) {*”(z)] B0 ()

= 8;0() - 00| 2] ),

where %;9’0 and @;9 are as before (just plug in —6 in place of # in the corresponding
formulze). It is clear that B is a contraction on L?,(D).
To cut a long story short, the Grunsky-type identity analogous to (3.7) reads

(3.11) BB, =B - By
Let B*, be the operator

Bl = B [ (g~ 1o ) o) dAw)

1—wz)? 1—wz
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it is a contraction on LZ(D), which can be written
Py = M2 P oM.po0,

where P_y denotes the orthogonal projection onto the antiholomorphic functions in
L? (D). By forming adjoints, we find that (3.11) states that

(3.12) BIP*, = B, — BY,.
We now combine (3.7) with (3.12), and arrive at the following.
Theorem 3.1. (0 < 6 < 1) We have the Grunsky identity

(3.13) %Z — B = ‘13953?0 = %Z,‘B*_e = ‘Bg%i‘}?}"‘_@.
Moreover, we also have the Grunsky-type inequality

1588 —B%) /)30 < 17300 1 € LE(D).

with equality if and only if o is a full mapping and f(z) is of the form |z|~%° times
an antianalytic function.

Remark 3.2. (a) It follows that (3.9) is an equality for full mappings.

(b) The above Grunsky-type inequality probably follows from the estimate men-
tioned by de Branges [2]| as his point of departure for obtaining the more general
results that led to the solution of the Bieberbach conjecture.

(c) It is possible to consider weighted L? spaces of the type L5(C), and ob-
tain norm estimates of perturbed Beurling transforms on such spaces from well-
known estimates of the Beurling operator on LP(C). This then leads to appropriate
Grunsky-type identities and inequalities in the weighted LP setting.

4. Applications to quasiconformal maps

Quasiconformal maps. Here, we suppose that ¢: D — () is quasiconformal,
which means that it is a homoeomorphism which is one-to-one and onto, with

(4.1) D.p(z) = p(2) Dup(2), = €D,

where p is an Borel measurable function on D with

|l ooy = ess sup{|u(z)] : z € D} < 1.

As before, €2 is a simply connected domain in C other than C itself, which contains
the origin. We assume that ¢(0) = 0 and that u vanishes on a (small) neighborhood
of the origin. The function ¢ is then analytic near the origin. In the sequel, we shall
think of the Beltrami coefficient p as fixed. We plan to derive some information
regarding the mapping ¢.

The mapping ¢ = ¢,. We extend p to all of C by declaring it to be

pu(z) = ﬂ@) z € D,,
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where

D.={z€C: 1<|z] <400}
is the (punctured) exterior disk, and by declaring it to vanish on the unit circle T.
Clearly, the extended p has compact support.

The material mentioned here is largely a condensed version of Section 1.7 of [3];
we refer to that book for details. Let F' = F),: C — C solve the equation

(id + BN, [F] = Be|ul;

A solution F' exists and is unique, and it belongs to LP(C) for p in some open
interval containing the point 2. We define

O(2) = 2 + €c[F(2) — Cc[F)(0),

and obtain a quasiconformal map ¢ = ®,: C — C which solves the Beltrami
equation

0.9(2) = u(2) 0.9(z), ze€C.

Here, €¢ is the conjugate Cauchy transform

- w
el = [ 2™ aaw). zec
A calculation shows that the related mapping
1

solves the same Beltrami equation
0.¥(z) = u(2)0.9(z), z¢€C.
As U—Iike ®—fixes the points 0 and oo, it follows that
U(z) =AP(z), z€C,
for some complex parameter A. Since we must have

O(2) 5 1
G~ 1@, seT
it follows that 0 < A\ < +00. As a consequence, we have that

$(2) = du(z) = VAD(2), 2 €D,

maps D onto itself, and preserves the origin. Moreover, ¢ solves the same Beltrami
equation (4.1) as does .

The induced transform. The parameter 6 is assumed to be confined to the
interval 0 < 6 < 1. It is easy to see that it is possible to define a single-valued
logarithm
o(2)

z 7

z e D.

log
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One just checks that the associated differential is exact. This allows us to define
real (and complex) powers of the function ¢(z)/z. Next, we suppose f € L3(Q),
and associate to it the function g:

0
_— plz
o) = (1= P2 0p(e) | 22 fopta), s e.
It is a consequence of the change-of-variables formula

(4.2) / F(z)PdA(z) = /D Foo(z)P (1 - lu(=)P) 19.0() dA(2)

that
HQHLg(D) = ||fHL3(Q)~
We define the transferred Beurling transform to be

0
B = (1~ WP 0.62) |22 Bl 0p(). <€D,

so that B2 acts contractively on Lj(D). In case § = 0, the formula simplifies
pleasantly:

1 — [p(w) )00 p(w)
%O,ug ) = 1—/,62 21/28z/(
W) = (L= )P, [ S=E
The differentiation is in the sense of distribution theory.

g(w)dA(w), ze€D.

The Grunsky-type identity and inequality. Since ¢ and ¢ have the same
Beltrami coefficient p, there is a conformal mapping ¥: D — € fixing the origin
such that ¢ =1 o ¢. Next, we connect h and f via

0
1) =) | "2 sou). sep.
so that
HhHLg(D) = HfHLg(Q) = HgHLg(D)
and
R N L O

9(2) = (1 = |u(2)") 72 0:0(2) | —=| hod(z), 2€D,

while

¢(2)

z

0
%z;“[gm:<1—|u<z>|2>1/2az¢<z>[ }%quﬁ(z), -eD.

To simplify the notation, let t%* denote the unitary transformation on L3(D) given
by

W15 = (- P00 | 22 goste). zeD,
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so that %i’“ = ﬂe’“%z. Next, let the orthogonal projection By, on L3(D) be
defined by
—1
Po, = U Py (UH) .

It now follows from the results of the previous section that

0.0 _ oo, 0,
(4.3) Po,. B, =B —B "
and since the left hand side is a contraction, we conclude that
0,
(4-4) H(%ZJ“ - %¢M) [Q]HLg(D) < ||9||L3(D), g e L%(D).
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