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1 Introduction

Let C = IP” be a reduced, irreducible, non-degenerate curve, not contained in a sur-
face of degree <s; when d = deg C is large with respect to s, the arithmetic genus
p4(C) is bounded by a function G(d, r,s) which is of type Z—j + O(d).

The existence of such a bound for C < IP? was announced by Halphen in 1870
and proved by Gruson and Peskine in [6] for d > s* — s; for curves in IP’, r > 4, the
bound is stated and proved in [2] (for d > 2 T]=7((r — 1)ls) Vr=1=iy

The existence of curves of maximal genus, i.e., curves, the genus of which attains
the bound, is known in P for d > s> — s, in IP* for d > 12s% and in IP", r > 5, at least
for d > s. [6] contains a precise description of those curves in IP* which do not lie on
surfaces of degree <s and whose genus is maximal: they are arithmetically Cohen—
Macaulay, lic on a surface S of degree s and they are directly linked to plane curves.
[1] contains the description of curves in IP* of maximal genus G(d, 4, s).

The complete description of curves C = IP°, not contained in a surface of degree
<s, whose genus is G(d, 5, s) has been given by the author in her PhD dissertation [3].
The main result of this note is the classification Theorem 1.1, which holds for s > 9.
Due to the long list of cases, some proofs are given only in some specific examples. We
already know [2] that such curves must be arithmetically Cohen—Macaulay and they
must lie on a surface S of degree s, whose general hyperplane section I' is
a “Castelnuovo curve” in P, i.e., a curve in P* of maximal genus. When s > 9 the
surface S lies on a rational normal 3-fold X of degree 3 in IP°, which can be singular.
Analogously to [6] and [1], we describe our curves C of genus G(d,5,s) in terms of
the curve C’ obtained by linking C with S and a hypersurface F of minimal degree
passing through C and not containing S.

We state now the main theorem. In Propositions 4.1, 4.2 and 4.3 we will give a
closer description of Cases (2), (3) and (4) of the theorem.

Theorem 1.1. Let C = IP° be an integral non-degenerate curve of degree d not con-
tained in a surface of degree <s and let s = 9. Suppose that the arithmetic genus of C is
maximal among those curves not contained in a surface of degree <s, i.e., p,(C) =
G(d,5,s). Assume d > % 3 (4ls) e,
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Then C is arithmetically Cohen—Macaulay and lies on an irreducible surface S of
degree s contained in a cubic rational normal 3-fold X < 1P°.

Putd—1=sm+e0<e<s—lands—1=3w+0v,v=0,1,2; if e < w(4 —v),
write e =kw+0,0 <o <w;ifezw@d—v),writee+3—v=k(w+1)4+5,0<<
w+ 1.

Then C is contained in a hypersurface F of degree m + 1, not passing through S. If
C' is the curve linked to C by F and S, we have:

1

) when k =3, then C' = (J; i.e., C is a complete intersection on S;
2) when k = 2, then C’ is a plane curve;
)

)

(
(
(3) when k =1, then C' lies on a surface of degree 2,
(4) when k =0, then C’ lies on a surface of degree 3.

The proof is based on the analysis of the Hilbert function of a general hyperplane
section Z of C. The main technical problem that one does not find in the previous
cases (r = 3,4) is that for describing C’ we have to perform a linkage by a complete
intersection on the scroll X, which is in general, if X is singular, a non-Gorenstein
scheme. To this purpose the author has proved in [4] and [5] some general results to
which we will refer in these note.

In the last section we prove the following result.

Theorem 1.2. For all s,d with s > 4 and d > %H?:1(4!s)1/(47i), there exists a smooth
curve C < IP° of degree d and arithmetic genus G(d,5,s) which does not lie on a sur-
face of degree <s. Moreover C is contained in an irreducible surface S of degree s.

It should be observed that in [1] the authors do not analyze the regularity of the
produced extremal curves in P* and that in [2] the produced examples of curves of
maximal genus G(d,r,s) in P" for d > s are in general singular.

With the same techniques used for the classification in IP° it is possible to classify
curves in IP” of maximal genus G(d, r,s) for every r and s = 2r — 1. In [5] the author
has given an example of the classification procedure for curves of maximal genus
G(d,r,s) in IP" and of the construction of such smooth extremal curves.

Acknowledgments. The paper has been written while the author was supported by
a Post-Doc scholarship of Universita di Roma Tre. The author thanks Ciro Ciliberto
for his patience and help.

2 Weil divisors on X

We will see in the next section that curves C = IP°> of maximal genus G(d, 5, s) which
we want to classify lie on a cubic rational normal 3-fold X < P> about which we need
to fix some notation and mention some results. A rational normal 3-fold X < IP° is
the image of a projective bundle 7 : IP(§) — P! over IP!, via the morphism j defined
by the tautological line bundle Op(s)(1), where & is a locally free sheaf of rank 3 on
IP! of one of the following three kinds:
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(1) & = Op1 (1) ® Opi (1) ® Opi(1). In this case X = P! x P? is smooth and it is
ruled by co! disjoint planes; we put X = S(1,1,1).

(2) € =0p @ Op1(1)® Opi(2). Here X is a cone over a smooth cubic surface in
IP* with vertex a point ¥ and it is ruled by oo! planes intersecting at V; we put
X =5(0,1,2).

(3) & = Op1 @ Op1 ® Upi(3). X is a cone over a twisted cubic in P* with vertex a
line /, and it is ruled by co! planes intersecting at /; we put X = S(0,0, 3).

Let us write IP(§) = X. The morphism j: X — X is a rational resolution of sin-
gularities, called the canonical resolution of X'. It is well known that the Picard group
Pic(X) of X is isomorphic to Z[H]| ® Z[R], where [H] = [03(1)] is the hyperplane

class and [R] = [n*Opi(1)] is the class of the fiber of the map 7 : X' — IP!. The inter-
section form on X is determined by the rules:

H?*=3, R-H*=1, RP-H=0, R'=0. (2.1)
The cohomology of the invertible sheaf Og(aH + bR) associated to a divisor ~
aH + bR in X can be explicitly calculated using the Leray spectral sequence. In par-

ticular, for @ > 0 and b > —1, the dimension 4°(Cy(aH + bR)) does not depend on
the type of the scroll and it is given by the formula ([4] 3.5):

ho(ai(aH+bR))=3(“:2)+(b+1)<“;2>. (2.2)

Let H and R be the strict images in X of H and R respectively, i.e. the scheme-

theoretic closures j(H|;-1y,) and j(R);1x,), where X5 denotes the smooth part of X.
Let us consider on X the direct image of Oy (aH + bR), for every a,b € Z:

Ox(aH + bR) := j.Og(aH + bR).

If the scroll X is smooth, then the sheaves Ox(aH + bR) are the invertible sheaves
associated to the Cartier divisors ~ aH + bR, while when X is singular this is no
longer true. In this case we have the following proposition which has been proved
in [4] (Lemma 2.14, Cor. 3.10 and Theorem 3.17). The reader may refer to [10] for a
survey on divisorial sheaves associated to generalized divisors, in particular to Weil
divisors.

Proposition 2.3. Let X < P> be a rational normal 3-fold and let j: X — X be its

canonical resolution. Let CI(X) be the group of Weil divisors on X modulo linear

equivalence. Then the following holds:

« If X is smooth or X = S(0,1,2) we have CI(X) = Z[H] @ Z[R]. The divisorial sheaf
associated to a divisor ~ aH + bR on X is Ox(aH + bR) for every a,b € Z.

* If X = 5(0,0,3) we have that H ~ 3R and CI(X) = Z[R|. The sheaves Ox(aH + bR)
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with 3a+b =d and b < 3 are all isomorphic to the divisorial sheaf associated to a
divisor ~ dR.

Remark 2.4. Since R'j.0y(aH +bR) =0 for i >0 and for all ae Z and b > —1,
Formula (2.2) holds for 4°(COy(aH + bR)) too. In particular we can use Formula
(2.2) to compute dim|D| for an effective divisor D ~ aH + bR in X = S(1,1,1) or
X =5(0,1,2) with b = —1. When X = S(0,0, 3) by Proposition 2.3 we can write the
divisorial sheaf associated to D ~ dR in the form Oy(aH + bR) with 0 < b < 3;
therefore we can use Formula (2.2) to compute dim|D| for every effective divisor D
in X = 5(0,0,3).

When X is smooth or X = S(0, 1,2) the intersection form (2.1) on X determines
via the isomorphism Pic(X) = CI(X) of Proposition 2.3 the intersection form on
X. In particular we use the intersection number D - D’ - H of two effective divisor
D ~aH + bR and D' ~ a’H + b’'R with no common components to compute the
degree of their scheme-theoretic intersection D N D’.

When X = S(0,0,3) the computation of deg(DN D’) is more complicated and it
is explained in detail in [4]; here we want just to state the results that we need. So let
us first introduce the integral total transform of an effective Weil divisor D ~ dR:

Definition 2.5. Let X' = §(0,0,3). Let D = X be an effective Weil divisor. Then the
integral total transform D* of D in X is:

D*:=D+ [q|E

where D ~ aH + bR is the proper transform of D in X, E ~ H — 3R is the excep-
tional divisor in X and [q¢] is the smallest integer > ¢ := 2.

Then let us introduce, for every effective Weil divisor D in S(0,0, 3), the rational
number ¢ := [¢| — ¢q. We can compute the degree of the intersection scheme DN D’
of two effective divisors D ~ dR and D’ ~ d’R with no common components using
the following formula which has been proved in [4] Proposition 4.11:

D*-D"-H if e4+¢&]=0,

* 1% 17 / : no__ (2'6)
D*-D* -H+3e+e —-1)+1 if ge+¢&]=1.

deg(DND') = {

By abusing notation we will write the degree deg(D N D’) as the intersection number
D - D' H. Moreover we compute the intersection multiplicity m(D, D’;[) of D and
D’ along the singular line / of X as follows:

m(D,D";1)=D-D'-H—-D-D'-H. (2.7)

Remark 2.8. To prepare the proof of the main theorem and of Propositions 4.1, 4.2,
4.3 we briefly describe all possible planes and surfaces of degree 2 and 3 contained in
a rational normal 3-fold X < IP°.
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1. When X = S(1,1,1). The only planes contained in X are the ones in the ruling
of X, otherwise the linear system |Ox(R)| would cut on a plane = < X, which is not
in the ruling, a pencil of lines which of course intersect each other, while the planes
in |Ox(R)| are pairwise disjoint. The surfaces of degree 2 contained in X are either
reducible and hence linearly equivalent to 2R, or irreducible and hence degener-
ate, therefore linearly equivalent to H — R. A reduced surface Y ~ 2R is the disjoint
union of two planes in IP°>. A surface Q ~ H — R is a smooth quadric surface; the
two systems of lines on Q are cut by the linear system |0y (R)| (lines of type (1,0) on
Q) and by the linear system |Oy(H — R)| (lines of type (0,1) on Q). The surfaces
of degree 3 contained in X are either reducible in the union of three planes and hence
linearly equivalent to 3R, or reducible in the union of an irreducible quadric surface
and of a plane, hence linearly equivalent to H — R+ R ~ H, or finally irreducible,
therefore degenerate, and so linearly equivalent to a hyperplane section H. A reduced
surface ~ 3R is the disjoint union of three planes in IP>. A reducible hyperplane sec-
tion of X is the union of a smooth quadric surface and of a plane meeting along a line
of type (1,0). An irreducible hyperplane section of X is a smooth rational normal
surface in IP*. Lastly we recall that a surface ~ aH + bR on X is irreducible when
a=0andb=1,ora>0and b > —a (by [9], V, 2.18, passing to general hyperplane
sections).

2. When X = S(0,1,2), a plane contained in X is either one of the ruling of
X, therefore linearly equivalent to R, or it is the plane p ~ H — 2R, i.e., the plane
spanned by the vertex ¥ of X and by the line image of the section defined by
Proj Opi(1) — IP(&). The reducible surfaces of degree 2 contained in X are either
linearly equivalent to 2R (when reduced they are the union of two planes meeting at
the point V), or linearly equivalent to H — R (the union of p and of a plane = ~ R
meeting along a line passing through V), or linearly equivalent to 2(H — 2R) (the
plane p counted with multiplicity 2). The irreducible ones are linearly equivalent to
H — R. An irreducible surface Q ~ H — R is a quadric cone with vertex V/; the pencil
of lines on Q is cut by the linear system |0y (R)| (or equivalently by the linear system
|Ox(H — R)|). The surfaces of degree 3 contained in X are either reducible in the
union of three planes and hence linearly equivalent to 3R (when reduced they are the
union of three planes meeting at the point V), or to 2R + H — 2R ~ H (when reduced
each plane ~ R meets the plane p along a line passing through the point V), or to
R+2(H —2R) =2H — 3R, or to 3(H — 2R) (in the last two cases the surface is not
reduced). They may be also reducible in the union of an irreducible quadric cone and
of a plane, hence linearly equivalent to H — R + R ~ H (the cone and the plane meet
along a line passing through V), or to H — R+ H —2R = 2H — 3R (the cone and
the plane p meet at the point V). Finally they can be irreducible, therefore degener-
ate and so linearly equivalent to a hyperplane section H, which is a rational normal
surface in P*. As in the previous case, since a general hyperplane section of X is
smooth, we have that a surface ~ aH + bR on X is irreducible when ¢ =0 and
b=1,ora>0and b > —a.

3. When X = S(0,0, 3) the situation is simpler since C1(X) = Z[R]. A plane con-
tained in X is a plane of the ruling. A surface of degree 2 contained in X is always
linearly equivalent to 2R and it is always reducible in the union of two planes meeting
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along the line / (the vertex of X). A surface of degree 3 contained in X is linearly
equivalent to 3R and it is reducible in the union of three planes meeting at / if the
proper transform is linearly equivalent to 3R, or it is irreducible, and hence a singular
rational normal surface in IP*, if the proper transform is linearly equivalent to H. In
this case, since a general hyperplane section of X' is singular, by [9] V, 2.18 we have
that a surface S « X is irreducible if its proper transform is S ~ aH + bR, witha = 0
andb=1,ora>0and b = 0.

Remark 2.9. Finally we want to describe how plane curves contained in X look like.
Since X is an intersection of quadrics in IP°, a plane curve of degree >3 contained
in X must lie in a plane of X. Therefore we are interested just in lines and conics.

1. Let X = S(1,1,1). A line r = X which is not contained in a plane 7 ~ R of the
scroll is the base locus of a pencil of quadric surfaces ~H — R, i.e., it is a line of type
(0,1) (take the pencil of hyperplane sections passing through r and a fixed plane ~ R
intersecting r). A conic C = X which does not lie on 7 ~ R is contained in a quadric
surface Q ~ H — R (take a hyperplane section passing through C and a plane ~ R
meeting C) Therefore it is a hyperplane section of Q, i.e., a curve of type (1,1) on Q.

2. Let X = 5(0,1,2). Every line r = X is contained in a plane of the scroll. In fact
if r passes through V', then it is obviously contained in some plane = ~ R. If r does
not pass through V', then the plane spanned by r and V' is contained in X. A conic
C < X which is not contained in a plane of the scroll and that passes through V is
reducible in the union of two lines. If C does not pass through 7, then the cone over
C with vertex V' is a quadric cone Q ~ H — R, therefore C is a hyperplane section
of Q.

3. Let X = 5(0,0,3). A line r « X is always contained in a plane of the scroll
7 ~ R. In fact it is contained in the hyperplane section passing through r and the
singular line / of X, which splits in the union of three planes ~R. A conic C = X
which does not lie on 7 ~ R is a hyperplane section of a surface ~2R, i.e., it is the
union of two lines meeting at a point.

3 Preliminaries

We start by recalling a few results of [2]. From now on, let C be an integral,
non- degenerate curve of degree d and arithmetic genus p,(C) in IP°, with
d>% Hl 1(4')1/ . Assume C is not contained in a surface of degree <s and de-
fine m &,w,v,k,0 as in the statement of Theorem 1.1.

Then the genus p,(C) is bounded by the function:

G(d,5,s) :l+g(m+w—2)—mT—H(W—:%)Jr%(W+1)+p,

where p=2(w—0) if e<w@—v) and p=5—-50B—v)—3(w—05+1) if &>
w(4 —v) ([2], Section 5).

If Z is a general hyperplane section of C and /i is the Hilbert function of Z, then
the difference Az must be bigger than the function A/ defined by:
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0 fn<OQorn>m+w+e,
3n+1 fos<n<w,

Ah(n) =<'s if w<n<m,
s+k—3mn—m) ifm<n<m+9d,

s+k—-3m—m)—1 ifm+d<n<m+w+e,

where e = 0 if ¢ < w(4 — v) and e = | otherwise.

Proposition 3.1. If p,(C) = G(d,5,s), then Ahz(n) = Ah(n) for all n and C is arith-
metically Cohen—Macaulay. Moreover Z is contained in a reduced curve T of degree
s and maximal genus G(s,4) =tw(w —1)(w —2) + wv in P* (Castelnuovo’s curve).
Since d > s>, T is unique and, when we move the hyperplane, all these curves T patch
together giving a surface S < P° of degree s through C.

Proof. See [2] 0.1, 6.1, 6.2, 6.3. O

S is a “Castelnuovo surface” in IP°, i.e., a surface whose general hyperplane sec-
tion is a curve of maximal genus in IP*. These surfaces are classified in [7).

Proposition 3.2. S is irreducible and when s = 9 lies on a cubic rational normal 3-fold X
in P> where it is cut by a hypersurface G of degree w + 1. As a divisor on X the surface
S is linearly equivalent to (w+ 1)H — (2 —v)R (or wH + R if v =0).

Proof. S is irreducible because C is irreducible and is not contained in a surface of
degree <s.

If a general hyperplane section I' of S is a special Castelnuovo curve in P* of
degree s, then it lies on a rational normal cubic surface W in P* which is the inter-
section of the quadric hypersurfaces containing I', hence also Z; since C is arith-
metically Cohen—Macaulay these quadrics must lift to quadric hypersurfaces in P>
containing C, hence also S. The intersection of these quadric hypersurfaces is a
rational normal cubic 3-fold X in P> whose general hyperplane section is .

Moreover I lies on a hypersurface of degree w + 1 which does not contain W¥; such
a hypersurface must lift to a hypersurface G of degree w + 1 in IP°, containing C,
hence containing S since d > s, and not containing X O

Proposition 3.3. There exists a hypersurface F of degree m + 1, passing through C and
not containing S.

Proof. For a general hyperplane section I" of S, the Hilbert function Ar is known
(see e.g. [8]); in particular we have Ahr(n) = Ahz(n) when 0 <n < m and hence
h°(Sc(n)) = h°(Fs(n)) when 0 < n < m. For n = m + 1 one computes Ahz(m + 1) <
Ahr(m + 1) and this implies /°(Ic(m + 1)) > h%(Fs(m + 1)). O

We recall here the definition of geometrical linkage.
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Definition 3.4. Let Y7, Y;, Y be subschemes of a projective space IP. Then Y; and Y;
are geometrically linked by Y if

(1) Y, and Y, are equidimensional, have no embedded components and have no
common components, and

(2) YUY, =Y, scheme theoretically.

Definition 3.5. Call C’ the curve residual to C on S by F; degC' =s—¢— 1. Call C”
the curve residual to C on X by F and G.

We note that C’ is well defined since S is irreducible and F does not contain S,
degC' =s(m+1) —d =5 —&— 1. Moreover since deg C’ < deg C the curve C’ does
not contain C, which is irreducible; therefore C and C’ are geometrically linked by
SNF. Also C" is well defined and C’' = C”:

If s=3w+3 (v=2), then

c"=C".

If s=3w+2 (v=1), we can choose the plane p; ~ R linked to S on X by G such
that it is not contained in F, then

C/l _ Cl+ C]7

where C) < p) is a plane curve of degree m + 1.

If s=3w+1(v=0) and S~ (w+ 1)H — 2R, we can choose the divisor ~ 2R
linked to S on X by G such that it is the union of two distinct plane p; and p; not
contained in F, then

Cc" = C/-i-Cl + (s,

where C; < p; and C, < p; are two plane curves of degree m + 1.
Ifs=3w-+1and S ~wH + R, we can choose the divisor ¢ ~ H — R linked to S
by X and G such that it is not contained in F, then

C"=C'+C,,

where C, is the intersection of ¢ and F.

C and C” are geometrically linked by X N F N G since they are equidimensional,
have no common components (C is irreducible and C” does not contain C) and with
no embedded components (X N FN G is arithmetically Cohen—Macaulay).

Definition 3.6. Call Z,Z', Z" W general hyperplane sections of C,C’,C", X respec-
tively.

The next result is Lemma 4.4 of [5]. It is the main tool in the classification
procedure.
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Lemma 3.7. Let C" = X and Z" = W be as in Definition 3.5 and Definition 3.6
respectively. Then for i < min{w, m}:

B en (H + R)) = W G+ R) =3 A(r).

r=m+w—i+1

Moreover if h®(Izr w((i—1)H +R)) =0 and h°(Iz:w(iH+ R)) =h>0, then
ho(jcl/‘x((l. — l)H + R)) =0 and ]’lo(jcu‘X(l.H + R)) =h.

The next result is a formula which relates the arithmetic genera of the curves C, C”
and Y =XNFNG.

Lemma 3.8. Let X be smooth or X = S(0,1,2). Let C, C" and Y = XNF NG be as
usual. Then we have the following relation:

Pa(C") = pa(C) = pa(Y) 4+ (m+w—1) - deg C" + deg(Rjcv) + 1 (3.9)

Proof. We apply [5] Proposition 4.6. O

4 The classification

At this point we are able to prove the main theorem. The techniques that we use to
prove Theorem 1.1 are the same for the three cases: X = S(1,1,1), X = 5(0,1,2)
and X = S(0,0,3); therefore we do not want to give a proof for all cases. On the
other side the analysis is slightly different case by case, therefore, to be impartial, we
will give the proof of Theorem 1.1(2) in case X = S(0, 1, 2), of Theorem 1.1(3) in case
X =8(1,1,1) and of Theorem 1.1(4) in case X = S(0,0,3). For a complete proof
the reader may consult [3]. We will give a more precise description of such curves
C' in the next propositions. The reader may go back to Remark 2.8 where we have
described planes and surfaces of degree 2 or 3 contained in X, and to the previous
section where we have introduced some notation.

Proof of the Theorem 1.1. (1) Let k = 3. This happens if and only if ¢ = s — 1. It fol-
lows deg C' =5 — ¢ — 1 = 0 and we are done.

(2) Let k =2 and let X = S(0, 1,2). We treat separately the cases v =0, 1, 2.

Let v=2,1e., S~ (w+1)H. Then e =1 and we have e+ 1 =2(w+ 1) 4+ J with
0 <0< w+1. By Lemma 3.7 we compute

W (S x (R) = 1.

Hence C’ is contained in a plane 7 ~ R and has degree w+1>degC’' =
3w+2—e=1.

Let v=1, ie, S+p ~Ww+1)H. If e=0 (ie, if ¢<3w) we have ¢=
2w+d with 0<d<w. By Lemma 3.7 we compute h%(Jcrx(R)) =0 and
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h°(Jcn x(H+ R)) =3. Since (H+ R)-p1-H=1and degCi =m+1> 1, all the
surfaces ~ H + R containing C” split in the plane p; > C; and in surfaces ~ H
containing C’. Therefore

W (I x(H)) =3,

i.e.,, C' is contained in a plane 7 and has degree w+ 1 > degC' =3w+1—¢ > 1.
When v = 1 we have e = 1 only if ¢ = 3w. In this case deg C' = 1, i.e., C' is a line.

Let v =0, then e =0 and we have ¢ = 2w+ with 0 <J < w. By Lemma 3.7
we compute 1°(Icr x(R)) =0 and h°(Jcr x(H + R)) =2. In case S+ pj + py ~
(w+1)H, since (H+R)-p1-H=(H+R)-p-H=1 and degC) =degC, =
m+ 1> 1, we find that

h'(Ierx(H = R)) = 2.

If 6 <w—1, then degC'=3w—e=w—-0>1; since (H—R)-(H—-R)-H=1,
the linear system [.¢c/x(H — R)| has a fixed part which is necessarily the plane
p~H-—2R If 6 =w—1, then C’ is a line. Therefore C’ is contained in the plane
p~H-—2Roritis a line.

In case S+ ¢~ (w+1)H, since (H+R)-q-H =3 and degC, =m+1> 3, we
find that

h'(Icr x(2R)) = 2.

Therefore C’ is contained in a plane 7 ~ R, which is the fixed part of |7/ | x (2R)|.
(3) Let k =1 and let X be smooth.
Let v =2 and e = 0; we have ¢ = w+J with 0 <J < w. By Lemma 3.7 we com-
pute h°(Jc1 x(R)) = 0 and

h'(Ierx(H + R)) = 3.

Since degC’'=s—e—1=5 and (H+R)-(H+R)-H =5 we deduce that the
linear system |fc/y(H + R)| has a fixed part which has degree at most 2 as
one can easily verify (if we suppose, for example, that the fixed part is L ~ H,
then 7°(Ox(H + R— L)) = h°(Ox(R)) =2, and we have a contradiction since
h°(Jc|x(H + R — L)) = 3). Therefore the fixed part can be of the following types:

(a) # ~ R. In this case C' is the union of a plane curve C| on 7 and of a curve C;
contained in the base locus of a net of hyperplane sections, i.e. in a plane . If 6 ~ R,
then the fixed part of |f¢/x(H + R)| is ~2R and we are in the next Case (b). The
other possibility is that o does not belong to X. Since degC’ > w+3andzn-S-H =
w + 1 this is possible only when deg C’ = w + 3, i.e., 0 =w — 1 and Cj is a curve of
type (1,1) on a quadric surface ~ H — R. In this case C’ is contained in the surface
of degree two 7U g.

(b) Y ~2R. Then |Jo | x(H + R)| = Y + |Ox(H — R)| (in fact h°(Oy(H — R)) =
3). Since |Ox (H — R)| is free, C’ is contained in the surface of degree two Y ~ 2R.
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(c) Q~H—R,ie., |[Zox(H+ R)| = Q+ |Ox(2R)|. Since |Ox(2R)| is free C' is
contained in the smooth quadric surface Q.

When v = 2, then ¢ = 1 only if ¢ = 2w, i.e., deg C’ = w + 2. In this case we write
¢+1=w+ 140 withé = w. By Lemma 3.7 and we compute 1°(S¢c/| x(R)) = 0 and

h°(Jcr x(H + R)) = 4.

Since degC' =w+2 >4 and (H+ R)- (H + R) - H =5 we deduce that the linear
system |f¢c:| x(H + R)| has a fixed part which is, as one can easily verify, 7 ~ R. In
this case C’ is the union of a plane curve of degree w + 1 on z and of a line.

Let v = 1. Then e = 0 and we have ¢ = w46 with 0 <J < w. By Lemma 3.7 we
compute 1°(Scr | x(R)) = 0 and h°(Icr y(H + R)) = 2. With the same computation
we have done previously (case k = 2 and v = 1) one can deduce that

h(Jer x(H)) = 2.

Since deg C' > w+ 1 >3 and H* =3 the linear pencil |fc/x(H)| should have a
fixed part, which can be of the following types:

(a) # ~ R. In this case C' is the union of a plane curve of degree w+ 1 =7n-S-H
on 7 and of a line, which is the base locus of a pencil of quadric surfaces ~H — R.
This is possible only when deg C' = w + 2, i.e., 0 =w — 1.

(b) O~ H—R, ie., [Iox(H)| = Q+ |Ox(R)|. Since |Ux(R)| is free C’ is con-
tained in the smooth quadric surface Q.

The fixed part of |.¢/|x(H)| cannot be ¥ ~ 2R since in this case we would have
|Jo x(H)| =Y + |Ox(H — 2R)|, while h°(0x (H — 2R)) = 0.

Let v =0, then e =0 and we have ¢ =w+J with 0 <6 < w. By Lemma 3.7
we compute h°(Jcn x(R)) =0 and h°(Jen x(H + R)) = 1. In case S+ pi + ps ~
(w+ 1), one easily deduces that

h'(Jer x(H = R)) = 1,

i.e., C’ is contained in a smooth quadric surface Q ~ H — R. In case S+¢ ~
(w+ 1)H, one finds that

h’(Jcx(2R)) = 1,

therefore C’ is contained in a reducible surface of degree two Y ~ 2R.
(4) Let k = 0 and let X = S(0,0,3). Then e = 0 and we write ¢ = with 0 <J < w.
Let v = 2. By Lemma 3.7 we compute

1O (Se ¢ (4R)) = 2.

Since deg C' = 2w+3>7 and 4R-4R- H = 6 by (2.6), we deduce that the linear
system |.#c/| x (4R)| has a fixed part.

We exclude that the fixed part is 7 ~ R. Indeed in this case C’ would be the union
of a curve contained in = of degree at most 7-S- H =w+ 1, and of a curve con-
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tained in the base locus of a pencil of hyperplane sections of degree at most H> = 3.
But this is not possible since deg C’ > w + 5.

Also Y ~ 2R is not possible. In fact in this case C’ would be contained in Y (since
the reduced singular line of X, which is the base locus of the residual system
|Zcr x(4R)| = Y = |Ox(2R)]|, is contained in Y). This cannot happen since this
would imply dim(|.#¢/|x(4R)[) = dim(Y + |Zc/ ¥ (2R)|) = 2 while we know that
dim(|fc x(4R)|) = 1.

(a) The only possibility is that the fixed part is L ~ 3R. In this case we claim that
C' is contained in L. In this case we prove that C’ is contained in a surface of degree
3 which is a hyperplane section of X. C’ is the union of a curve contained in L and
possibly of the reduced singular line / of X, which is the base locus of the residual
system |.F¢cr|x(4R)| — Y = |Ox(R)|. If L is reducible, then / = L and we are done. If
L isirreducible, i.e., L does not contain /, then C” would contain / with multiplicity 1,
but this is not p0551ble as the following computation shows. Let S~ w+1-— a)H +
3aR(0<a<w) and F~ (m+1—hb)H+3bR (0 <b <m) be the proper trans-
forms of S and F in X. When @ > 1 and b > 1 by (2.7) C’ contains / with multiplicity
m(F,S;[) = 3ab.

Let v = 1. By Lemma 3.7 we compute

h®(Ien x(4R)) = 1.

Since by (2.6) 4R - p; - H =2 and degC; =m+ 1 > 2, a surface ~ 4R which con-
tains C” splits in the union of p; ~ R and a surface ~ 3R ~ H which contains C’.
Therefore we have:

ho(e¢C1‘X(H)) - 1
Let v = 0. By Lemma 3.7 we compute

ho(j(vrlw(7R)) =4 |if E=W— 1,
ho(jc/r|W(7R)) =3 ife<w-—1.

Since by (2.6) we find 7R-p; - H=7TR-py-H =3 and degC, =degC, =m+1 >
3, we deduce that

W(Jew(5R) =4 ife=w-—1,
ho(jc/|W(5R)) =3 ife<w-1.

We claim that the linear system |.7¢c/ |y (SR)| has a fixed part. To prove the claim
we need first to analyze when C’ may contain the singular line / of X as a component.
Let S~aH +(3w—3a+1)R(0<a<w) and F~(m+1—-bH+3bR(0<h<
m) be the proper transforms of S and F in X. When b > 1 by (2.7) C’ contains / with
multiplicity m(F, S;1) = 3b(w —a) + b = b. On the other hand C’ is contained in
the scheme SN D for some D € |/ (5R)[; since SN D contains / with multiplicity

m(D,S;l)=2(w—a)+1 if D~ H+2R or m(D,S;l)=5(w—a)+2 if D~ 5R,
then m(F, S;/) should be less or equal than these values. Therefore when b > 1, since
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3b(w—a) + b > 2(w —a) + 1, we exclude the possibility D ~ H + 2R; when b > 2
since 3b(w — a) +b > 5(w — a) + 2, we exclude the possibility D ~ SR. Hence C’
may contain / only if » =1, i.e., F ~ mH + 3R, and the divisors in the linear sys-
tem |.Zc/ x(SR)| are all reducible in the union of five planes. In this case C’ con-
tains / with multiplicity m(F, S;/) = 3(w — a) + 1, which has to be less or equal than

m(F,5R;1), that is 5 by (2.7). This is possible only if either a =w —1, or a =w.
When a = w — 1 we have S ~ (w — 1)H + 4R and C’ contains / with multiplicity 4.
When a = w we have S ~ wH + R and C’ contains / with multiplicity 1.

Now we are able to prove that |.#¢/| y(SR)| has a fixed part. Let us suppose first
that C’ contains /. In this case if the linear system |.7¢/| x (SR)| has no fixed part, then
C' is supported on the line /. Our previous computation implies that deg C’ < 4,
while we know that deg C" > 7. Therefore |#¢:|x(5R)| has a fixed part as claimed.
Let us suppose that C’ does not contain /. If |#c/| x(5R)| has no fixed part, then
the generic element D in |¢C/| x(5R)| is irreducible and has proper transform D ~
H + 2R, therefore for D, D' in the linear system we have m(D, D';[) = 1. In this case,
since by (2.6) SR - 5R - H = 8, the base locus of a pencil in |JC/|X(5R)| not supported
on / has degree 7. Since deg C’ > 7 and 1°(J¢/| x(5R)) = 3 we have a contradiction.
Therefore |7/ x(5R)| has a fixed part.

We claim first that this fixed part cannot be 7 ~ R. In this case C’ would be the
union of a curve C{ = and of a curve Cj contained in the base locus of a linear
subsystem |a| = |Zc/ y(4R)| of projective dimension 3 if e=w —1,2 if e <w — 1.
We want to prove that |« has a fixed part. Let us suppose first that C’ contains /,
with multiplicity 4 (if a=w —1) or 1 (if a = w) by our previous computation. If
|a| has no fixed part then C} is supported on /, and since the component of C| dis-
joint from the line / has degree equal to 7 - S H =a, we should have deg C' =
44w—-1=w+3({fa=w—1)ordegC' =1+ w (if @ = w), but this is not possible
since degC' =s—¢—1=3w—¢& > 2w = w+ 3. Therefore we have a contradiction
and || has a fixed part. With similar arguments it is easy to prove that |«| has a fixed
part if we suppose that C’ does not contain /. The fixed part of |.7¢/| y (SR)| can be of
the following types:

(a) Y ~2R. In this case C' = C{ U C}, where C| < Y and C} is contained in the
base locus of a linear system || = |0x(H)| of projective dimension 3 if e=w — 1,2
ife<w—1.Ife=w—1, then C] is a line r ¢ = ~ R. Therefore C’ is contained in
the cubic surface YUn ~ 3R. If e <w — 1, then C; — o is a plane curve contained
in a plane ¢. If C’ contains /, the divisors in |f| are reducible in the union of 3
planes, therefore o ~ R is a fixed part for |#¢/| y(5R)| and we are in the next Case
(b). If C’ does not contain /, then degC| < 2w; therefore if ¢ <w —3 we have
deg C} = 3 which implies ¢ ~ R. If ¢ =w — 2 and deg C| = 2w (i.e., S~ wH + R),
then deg C} =2 and ¢ may be a plane not contained in X. C’ is contained in the
cubic surface Y Uao.

(b) L ~3R. Here we must put ¢e<w—1, since for e=w—1 we have
h°(Jcr x(5R)) = 4, while h°(Ox(5R — L)) = h°(0x(2R)) = 3. In this case C’ is con-
tained in a cubic surface L ~ 3R, a hyperplane section of X. O

In the next propositions we give a closer description of Case (2), (3) and (4) of
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Theorem 1.1. We omit the proofs which are quite long and repetitive, the reader may
look at [1] Proposition 8 and Proposition 9 to have an idea of the general arguments
used. When X = S(0, 1,2) we use the genus Formula (3.9) to understand whether the
curve C’ does pass through the vertex V' or does not; when we don’t specify, it means
that C’ may indifferently pass or not through V. In case X = S(0,0, 3), when it is not
specified otherwise C’ does not contain / as a component. If C’ contains /, the explicit
computation for the multiplicity of the singular line / as a component of C’ is similar
to the one appearing in the proof of Theorem 1.1 Part (4). For some notation used in
the statements of the following propositions the reader may go back to Remark 2.9.

Proposition 4.1. Let k = 2. Then C' is a plane curve of degree s — & — 1 and we have
the following possibilities:

1. Whenv=2orv=0and S ~ wH + R, then C’ has degree 1 <degC' <w+ 1
(resp. 1 < degC’' < w) and it is contained in a plane n ~ R. If X = S(0,1,2) and
v =2, C' does not pass through the vertex V of X.

2. Whenv=1:

(@) If X = S(1,1,1), then C’ has degree | < degC' < w+ 1 and it is contained in
a plane w ~ R. If deg C' =1 there is the further possibility that C' lies on a plane o
which does not belong to the scroll, i.e., it is a line of type (0,1).

(b) If X = S(0,1,2) and 1 < degC’ < w, ie., 2w < & < 3w, then C’ lies either in
n~Rorinp~H-—2R. IfdegC' =w+1, ie,e=2w, then C' = n ~ R and passes
through the vertex V of X.

(c) If X = S(0,0,3) and 1 < deg C' < w, then C' is contained in a plane n ~ R. If
e =2w (deg C' = w+ 1) there are no curves of maximal genus on S(0,0, 3).

(d) If deg C" = 2 there is the further possibility that C' lies on a plane o which does
not belong to the scroll. In this case C' is a conic hyperplane section of a quadric
surface ~ H — R.

3. Whenv=0and S ~ (w+ 1)H — 2R:

(@) If X=S(1,1,1) and e =3w—1, then C' is a line of type (0,1), while if
¢ # 3w — 1 there are no curves of maximal genus on S(1,1,1).

() If X =S(0,1,2) and 1 <degC' <w—1(ie.,2w < e <3w—1), then C' is con-
tained in p ~ H —2R. When deg C' =1, i.e., if ¢ = 3w — 1, there is the further possi-
bility that C' is a line contained in a plane = ~ R and passing through V. If ¢ = 2w (i.e.,
deg C' = w) there are no curves of maximal genus on S(0,1,2).

Proposition 4.2. If k = 1, then C' is a curve of degree s — ¢ — 1 contained in a surface
of degree two and we have the following possibilities:

I.Ifv=2o0rv=0and S ~ wH + R, the surface may be reducible in the union of
two planes 1y ~ R and y ~ R. In this case C' = C{ U C}, where C| is a curve of degree
2w+ 1 —¢eif v =2 (resp. of degree 2w — ¢ if v = 0) on 7, and Cj is a curve of degree
w+1 (resp. w) on mp. If X = S(0,1,2) and S ~ wH + R, then C' passes through the
vertex V. If X = S(0,0,3), C{ intersects C5 in 2w + 1 — ¢ (resp. 2w — &) points on l.

2.If X =5(0,0,3),v=1and e > w (i.e., deg C' < 2w + 1), the surface is reducible
in the union of two planes n; ~ R and my ~ R. In this case C' = C{ U C;, where Cj is
a curve of degree 2w + 1 — ¢ on my and Cj is a curve of degree w on . C| intersects
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Cyin2w+1—¢pointson l. If v=1 and ¢ = w there are no curves of maximal genus
G(5,d,s) in X = 5(0,0,3).

3.)If X =85(0,1,2), S + wH + R and ¢ # w,w + 1 the surface may be reducible in
the union of a plane m ~ R and of the plane p ~ H — 2R meeting along a line r. In this
case C' = C{ U Cj, where C| is a curve of degree w + 1 on mw and C} is a curve of degree
2w—e—1+von p. C{ and C; meet each other in 2w — ¢ — 1 + v points over r.

4. If X =S(1,1,1) or X =5(0,1,2), S+ wH+ R and ¢ =w,w+ 1 the surface
may be an irreducible quadric surface Q ~ H — R. In this case if X = S(1,1,1) and
e=w, then C' is a curve of type (w—1+v,w+ 1) on Q, (resp. of type 2w +v) if
X =5(0,1,2)); if e=w+1 then C’ is of type (w—1+0v,w) on Q (resp. of type
2w —1+4v)).

5.(a) When v =2 and ¢ = 2w — 1 the surface may be the union of a plane n ~ R and
a plane o not contained in the scroll X. In this case C' = C{U C}, where C' < has
degree w+ 1 and C} < o is a hyperplane section of a quadric surface ~H — R (~2R,
if X =5(0,0,3)).

(b) When X = S(1,1,1),v=2and e =w orv=1 and ¢ =2w — 1, as in the previ-
ous case C' = C{U Cj] where C} is a line of type (0,1).

6. If Xx=S0,1,1), v=1and e #w,w+1,2w—1 or S~ (w+1)H —2R and
e # w,w+ 1 there are no curves of maximal genus G(5,d,s) on X.

Proposition 4.3. If k = 0, then C' is a curve of degree s — & — 1 contained in a surface
of degree 3. We have the following possibilities:

1. The surface is a hyperplane section L of X. More precisely:

(a) if e =0, then C' is linked to a line by the intersection SN L;

(b) if e = 1, then C' is linked to a conic by the intersection SN L;

(c) if e > 1 we have these cases:

i If X=S(1,1,1), then L splits in the union of a smooth quadric surface
O ~ H — R with a plane n ~ R. If S + wH + R, C’ is the union of a curve C{ < Q of
type (w+ 1,w — 1 +v) and of a plane curve Cj — 1 of degree w — & > 0 that intersect
each other in w — ¢ points over the liner = QNn. If v=0and S ~ wH + R, C' is the
union of a curve C{ < Q of type (w,w+ 1) and of a plane curve C} = m of degree
w —¢&— 1 that intersect each other in w — ¢ — 1 points over the line r (in this case, if
e=w—1, C' is contained in the smooth quadric Q).

ii. If X =2S5(0,1,2), then L may split in the union of an irreducible quadric cone
Q ~ H — R with a plane = ~ R, and we have a similar description of C' as in the pre-
vious case. Otherwise L may split in the union of three planes my ~ R, my ~ R and
p~H-2R If S¥wH+R and ¢ <w—2+wv, C' is the union of a plane curve
C| © m of degree w + 1, of a plane curve C < m of degree w + 1 and of a plane curve
Cicpofdegreew—e— (2—v)(ifv=1ande=w—10orv=0ande=w—2 then
C' is contained in the union of two planes). C| intersects Cy in w — ¢ — (2 — v) points
along ry = m N p. Cj intersects Cy inw — & — (2 — v) points along ry = > N p. If v =10
and S ~wH + R, C' is the union of a plane curve C| < m of degree w, of a plane
curve Cy < my of degree w and of a plane curve C; < p of degree w — ¢. C| intersects
C} in w — & points along v\ and C} intersects Cj in w — ¢ points along r,.

iii. If X = S(0,0,3), then L splits in the union of three planes r; ~ R (i = 1,2,3). In
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this case, when v =2 the proper transform of S is S ~ (w+ 1 — a)H + 3aR with 0 <
a <w—e. C'is the union of the line | counted with multiplicity 3a, of a curve C|  m
of degree w + 1 — a, of a curve Cy < m; of the same degree, and of a curve C; < 3 of
degree w — & — a. C| and Cj intersect each other in w + 1 — a points on I. C{ and C,
both intersect C} in w — ¢ — a points on |.

When v=1 the proper transform of S is S~ (w—a)H + (3a+2)R with
0<a<w-—e¢—1. C is the union of the line | counted with multiplicity 3a+ 2, of a
curve C{ < my of degree w — a, of a curve Cj < my of the same degree, and of a curve
C}; c m3 of degree w —a — e — 1. C| and Cj intersect each other in a points on I. C|
and Cj both intersect Cy in w —a — & — 1 points on .

When v =0 the proper transform of S'is S ~ wH + R. If e = w — 1, then C' is the
union of a curve C|{ < m; of degree w, of a curve C} < my of the same degree, and of
a curve C§ < i3 of degree w — ¢. C| and Cj intersect each other in w points on I. C{
and Cj both intersect Cj in w — ¢ points on I. If ¢ < w — 1, then C' may contain | with
multiplicity 1. In this case C' is the union of I, of C|, of C3, and of a curve C; < 73
of degree w — ¢ — 1. C{ and Cj intersect each other in w points on I. C| and C5 both
intersect C} in w — ¢ — 1 points on I.

2.If X =S(1,1,1) or X = 8(0,1,2), v =0 and S ~ wH + R the cubic surface may
be non-degenerate and ~3R. In this case C' is the union of a plane curve C{ < m; ~ R
of degree w— ¢, of a plane curve Ci < my ~ R of degree w and of a plane curve
Ci cm3 ~ Rof degree w. If X = S(1,1,1) and e = w — 1 there is the further possibil-
ity that C| is a line which does not lie on a plane ~ R, i.e., it is of type (0,1).

3.0/ X =5(0,1,2),e >0, v=0and S ~ (w+ 1)H — 2R the cubic surface may be
non-degenerate and ~2H — 3R. In this case C' is the union of a plane curve C{ < p of
degree w — ¢ and of a curve C5 < Q of degree 2w on a quadric cone Q.

4.IfX=S1,1,1)or X =85(0,1,2),v=0,S ~ (w+1)H —2Rand ¢ = w — 2, the
surface may be reducible in the union of a quadric surface ~H — R (if X = S(0,1,2) it
may be the union of a plane n ~ R and the plane p) and of a plane o not contained in
the scroll. C' is the union of a curve C{ of type (w + 1,w — 1) in Q and of a conic in o.
If X =S(1,1,1) and e = w — 1, C" is the union of C| and of a line of type (0, 1).

5Ifv=0,S ~wH+ R and ¢ = w — 2 the surface may split in the union of a plane
71 ~ R, of a plane my ~ R and of a plane o which is not contained in the scroll. C' is
the union of a curve C| < m of degree w, of a curve C < m; of the same degree, and of
aconicino. If X = S(1,1,1) and e = w — 1, C' is the union of C{, C; and of a line of
type (0,1).

5 The existence

Lastly we need an effective construction for curves of degree d, genus G(d, 5, s) in IP°,
not lying on a surface of degree <s. It should be noted that in case k = v = 1 it is not
possible to construct curves of maximal genus on a smooth rational normal 3-fold (see
Proposition 4.2 Case 6)). In this case the construction is possible only on a rational
normal 3-fold whose vertex is a point. Before the construction we state the following
result (see [11] Lemma 1 p. 133), that we will use. Since [11] is an unpublished work
we give a quick proof.
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Lemma 5.1. Let X be a smooth 3-fold. Let X be a linear system of surfaces of X and let
y be a curve contained in the base locus of X. Suppose that the generic surface of X is
smooth at the generic point of y and that it has at least a singular point which is variable
in y. Then all the surfaces of T are tangent along 7.

Proof. Let m: X — X be the blowup of X along y and let E be the exceptional divi-
sor. Let T be the linear system in X of the proper transforms {S =7n*S— E}g.5. Let
Y’ be the linear system in E given by X/ = {S NE}s.s. Let S e X be a surface and let
X1, ..., X, be the points of y where S is singular with multiplicities r;,...,r,. Let S’ =
S ﬂE = D+ > [ riE; be the corresponding divisor in E, where E; is the fiber of E
over x; and D is the curve that is unisecant £ and that represents the tangent plane to
S in the generic point of y. The lemma is proved if we show that D is fixed when S
moves in 2.

Let =" the movable part of X’. Every curve in £” contains the fiber of E over the
singular point of S that moves in y. By Bertini’s theorem the generic curve in " is
irreducible or X" is composed with a pencil. In the first case we conclude that D is
part of the base locus of £’ and we are done. We show now that the second case
is impossible. In fact two curves of £” intersect each other because they both contain
a unisecant and a fiber, moreover by hypothesis the fiber moves, therefore the inter-
section points move and describe a curve. This is not possible since two generic divi-
sors of a system composed with a pencil intersect each other only in a finite number
of fixed points. O

Proof of Theorem 1.2. 1. Let k = 3. In this case take S to be the complete intersection
of a smooth rational normal 3-fold X < IP> and a general hypersurface G of degree
w + 1 in IP°. The complete intersection of S with a general hypersurface F of degree
m + 1 gives the required curve C.

2. Let k =2 and v = 2. In this case we have e + 1 =2(w+ 1) +0 with 0 <5 < w.
Let = be a plane contained in a smooth rational normal 3-fold X in ]P5 and let
D < 7 be a smooth plane curve of degree w + 1 > degD = ¢ — 2w — 1 > 0 (possibly
D = (). Let us consider the linear system |.#p|x(w + 1)|, which is not empty since
it contains the linear subsystem L + |Ox(w)|, where L is a hyperplane section of X
containing the plane n. This shows also that [.#p|y(w 4 1)| is not composed with a
pencil because in this case every element in the system would be a sum of algebrai-
cally equivalent divisors, but, for example, the elements in L + |0y (w)| are obviously
not of this type. Since deg D < w + 1 the linear system |p,(w + 1) is not empty
and its base locus is the curve Dj this shows that the base locus of [#p|x(w + 1)| is
exactly the curve D, because |0y (w)| is base points free. Therefore by Bertini’s theo-
rem the general divisor in |.#p| x (w + 1)| is an irreducible surface S of degree s, which
is smooth outside D. We claim that S is in fact smooth at every point p of D. To see
this, by Lemma 5.1, it is enough to prove that for every point p € D, there exists a
surface in |#p| x(w + 1)| which is smooth at p, and that for a generic point ¢ € D,
there exist two surfaces in [.#p| y (w 4 1)| with distinct tangent planes at ¢. Indeed, for
every p € D we can always find a surface T in the linear system |@y (w)| which does
not pass through p, therefore the surface L + T is smooth at p with tangent plane 7.
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Moreover a generic surface in the linear system |.#p| x(w + 1)| which cuts D on 7 has
at p tangent plane 7, # 7.

Let C’ = = be the linked curve to D by the intersection of S and #. Let us consider
the linear system |f¢c:g(m +1)|. Since degC' =s—&—1<m+ 1, with the same
arguments used above it is easy to see that [/ g(m + 1)| is not empty, is not com-
posed with a pencil and has base locus equal to the curve C’. Therefore by Bertini’s
theorem the generic curve C in the movable part of this linear system is irreducible
and smooth. Moreover C lies on a smooth surface S of degree s = 3w + 3 and it has
the required numerical characters, as one may easily verify using the genus Formula
(3.9), pa(C")=1Bw+2—e—1)3w+2—&—2) (computed by Clebsch’s formula)
and deg(RN C’) = 0.

3. Let k =2 and v = 1. In this case we have ¢ = 2w +J with 0 <J < w. Let X and
7 < X be as in the previous case and let p; # 7 be an other plane contained in X. Let
D < 7 be a smooth plane curve of degree 0 < degD =¢—2w < w+ 1 on 7. In this
case by Bertini’s theorem we can find an irreducible surface S ~ (w+ 1)H — R of
degree s = 3w 4 2 in the movable part of the linear system |.#p,, | x (w + 1)|, smooth
outside D. With the same argument used in the previous case we prove that SU p,
is smooth at every point of D. Namely, for every p € D, a generic surface in the lin-
ear system L+ L; + |Ox(w — 1)|, where L =7+ Q and L; = p; + Q; are reducible
hyperplane sections containing respectively = and p; and such that p ¢ QU Qy, is
smooth at p with tangent plane 7z, while a surface in the linear system L; + |#p | x (w)]
which cuts D on x has tangent plane 7, # n. Since DN p; = ¢J this implies that S is
smooth.

Let C’ be the linked curve to D by the intersection 7N S. By Bertini’s theorem the
linked curve C to C’ by the intersection of S with a general element F},, in the linear
system |Zcrs(m + 1)] is smooth of degree d. Moreover it lies on a smooth surface
S of degree s = 3w + 2 and it has the required genus, as one can compute by using
Formula (3.9), where the curve C” is the union of C’ and of the curve C; < p; cut on
p1 by Fy, and deg(RN C”) = 0.

4. Let k =2 and v = 0. In this case we have ¢ = 2w +J with 0 <J < w. Let X and
7 < X as before and let ¢ be a smooth quadric surface contained in X, intersecting n
along a line r. Let D < 7 be a smooth plane curve of degree 0 < degD =& —2w < w
on 7 (when deg D = 1 we suppose that D does not coincide with the line r). In this
case by Bertini’s theorem we can find an irreducible surface S ~ wH + R of degree
s = 3w+ 1 in the movable part of the linear system |#py,| x (w + 1)[, smooth outside
D. As in the previous cases we claim that S is smooth. Namely, for every p € D, we
can find in the movable part of our linear system |#py,(w + 1)| a surface which is
smooth at p with tangent plane equal to 7 (take a surface of the form L4z’ + T,
with L as usual, 7’ ~ R a plane of X disjoint from z and T a surface in |Ox(w — 1)H|
that does not pass through p), and a surface with tangent plane 7, # 7 (take a sur-
face of the form n’ 4+ V, where V' is a divisor in .#p| x (w) which cut D on 7).

Let C’ be the linked curve to D by the intersection 7N S; we have deg C' = 3w — &.
The linked curve C to C’ by the intersection of S with a general element F},;; in the
linear system |/ s(m + 1)| is smooth of degree d and lies on the smooth surface
S of degree s = 3w+ 1. Its genus is maximal as one can compute by using For-
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mula (3.9), where the curve C” is the union of C’ and of the curve C, < ¢ of type
(m+1,m+ 1) on ¢, intersecting each other in 3w — ¢ points along r. In this case
deg(RNC"y=m+ 1.

5. Let k=1 and v = 2. In this case we have ¢ = w+ 0 with 0 <J < w. Let n; be
a plane contained in a smooth rational normal 3-fold X in P> and let D  7; be a
smooth plane curve of degree 0 < degD =¢—w < w+ 1 (possibly D = ). In this
case by Bertini’s theorem we can find an irreducible surface S of degree s = 3w + 3
in the linear system |.#p|x(w + 1)|, which is also smooth (by using exactly the same
argument used in case k = v = 2). Let 7 be an other plane contained in X but not
contained in S and let C’ be the linked curve to D by the intersection SN (7; Uny).
Therefore C’ is the disjoint union of a plane curve of degree 2w + 1 — ¢ on 7; and of
a plane curve of degree w + 1 on 7,. Let us consider the linear system |-/ g(m + 1)),
whose base locus is the curve C’. Therefore by Bertini’s theorem the generic curve
C in the movable part of this linear system is smooth, of degree d, lies on a smooth
surface S of degree s = 3w + 3 and it has the required genus as one may easily verify
using the genus Formula (3.9).

6. Let k =1 and v = 1. In this case ¢ = w+J with 0 < J < w. Let X be a rational
normal 3-fold singular at a point V, i.e., X = S(0,1,2). Let p; ~ R be a plane in
the ruling of X intersecting the plane p ~ H — 2R along a line r;. Let D < p be a
smooth plane curve of degree 0 < deg D = ¢ — w < w contained in the plane p and
not passing through the vertex ¥ of X (in particular when deg D =1, the curve
D cannot be the line r1). By Bertini’s theorem we can find an irreducible surface
S~ (w+1)H — R of degree s = 3w+ 2 in the movable part of the linear system
|-Zpup, | x (W + 1)| smooth outside D and V. With the same argument used in case
k =2 and v = 1 one can say that S is smooth outside the vertex J of X. Let # ~ R
be an other plane in the ruling of X and not contained in S; let C’ be the linked curve
to D by the intersection SN (pUn). Therefore C' is the union of a plane curve C, of
degree 2w — ¢ on p which does not pass through 7/, and of a plane curve C,. of degree
w + 1 on 7 passing once through ¥, that meet each other in 2w — ¢ points on the line
r of intersection between p and #. Let us consider the linear system |.Zc|g(m + 1),
whose base locus is the curve C’. Therefore by Bertini’s theorem the generic curve
C in the movable part of this linear system is irreducible, of degree d, lies on an
irreducible surface S of degree s = 3w + 2 and it is smooth outside V. But since V'
does impose just one condition on the linear system |.#¢/|g(m + 1), namely the one
imposed by C;, it follows that C does not pass through ¥, hence C is smooth. The
genus of C is maximal and can be computed by using Formula (3.9), where the curve
C” is the union of C’ and of a plane curve C; = p; of degree m + 1 intersecting along
2w — ¢ points on the line r; = 7N p;, and deg(RNC") =2w — e+ L.

7. Let k=1 and v = 0. In this case e =w+J with 0 <J < w. Let X be again
a smooth rational normal 3-fold in IP>. Let ¢ ~ H — R be a smooth quadric sur-
face contained in X and let 7; ~ R be a plane of X intersecting ¢ along a line 7.
Let D < m; be a smooth plane curve of degree 0 < degD =¢— w < w contained
in 7; (when deg D =1 we suppose that D does not coincide with the line ;). With
the same argument used in case k = 2 and v = 0 we find an irreducible smooth sur-
face S ~wH + R of degree s = 3w + 2 in the movable part of the linear system
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|-Zpug| x (W + 1)|. Let 13 ~ R be an other plane of X not contained in S; let C’ be the
linked curve to D by the intersection SN (7; Uny). Therefore C’ is the disjoint union
of a plane curve of degree 2w — ¢ on 7; and of a plane curve of degree w on ;. Let us
consider the linear system |.#¢ ¢(m + 1)|, whose base locus is the curve C’. Therefore
by Bertini’s theorem the generic curve C in the movable part of this linear system is
smooth, of degree d and lies on a smooth surface S of degree s = 3w + 1. The genus
of C is maximal and can be computed using Formula (3.9), where the curve C” is the
union of C’ and of a curve C, < ¢ of type (m + 1,m + 1) on ¢, intersecting at 2w — ¢
points on the line r; =7 Ng and at w points on the line r, = 7, Ng. Moreover
deg(RNC"y=m+ 1.

8. Let k =0 and v = 2. In this case we have that 0 <& < w. Let X be a smooth
rational normal 3-fold in IP°> and let 7 be a plane of X. Let D — x be a plane curve
of degree 0 < degD =¢+ 1 < w+ 1 in n. With the same argument used in case k =
v =2 one can prove that the general divisor in the linear system |.7p|y(w + 1)] is
a smooth surface S of degree s = 3w + 3. Let L be a general hyperplane section of
X containing 7, i.e., the union of a smooth quadric surface Q and 7 meeting along
a line r. Let C’ be the linked curve to D by the intersection SN L, i.e., C’ is the union
of a curve Cj = Q of type (w+ 1,w+1) and of a plane curve C; = = of degree
w — &, meeting at w — ¢ points. Let us consider the linear system |J¢/|g(m + 1)|. By
Bertini’s theorem the generic curve C in the movable part of this linear system is
smooth of degree d. Moreover C lies on a smooth surface S of degree s = 3w + 3
and it has the required numerical characters, as one may easily verify using p,(C’) =
wr+I(w—e—1)(w—e—2)+w—¢—1 (computed by Noether’s formula) and
deg(RNC') = w+ 1 in the genus Formula (3.9).

9.Letk=0and v = 1. Again we have 0 < ¢ < w. Let X, 7 < X and p; be as in the
case k =2 and v = 1. Let D = z be a smooth plane curve of degree ¢ + 1. With the
same argument used in the case k =2 and v = 1 we find an irreducible smooth sur-
face S in the movable part of a general divisor in the linear system |.Zpy,, |x(w + 1)|.
Let L =7nU Q be a general hyperplane section of X containing the plane 7, which
intersects the plane p; in a line r; of type (1,0). C’ is the linked curve to D by the
intersection S' N L; therefore C’ is the union of a curve Cé = Q of type (w,w+ 1) and
of a plane curve C. & of degree w — ¢, meeting at w — ¢ points. The generic curve
C in the movable part of the linear system |¢:g(m + 1)| is smooth of degree d.
Moreover C lies on a smooth surface S of degree s = 3w + 2 and it has the required
numerical characters as one may easily verify using Formula (3.9). In this case C” is
the union of C’ with a plane curve of degree m + 1 on p; meeting at w + 1 points,
and deg(RNC") =w+ 1.

10. Let k=0 and v=0. Wehave 0 <e<w. Let X, < X and L=7nUQ as in
the previous case. Let ¢ ~ H — R be an other smooth quadric surface contained in X
which intersects Q along a line r of type (0, 1) and = along a line s of type (1,0). Let
D < 7 be a smooth plane curve of degree ¢ (Wwhen deg D = 1 we suppose that D does
not coincide with the line s). With the same argument used in case k =2 and v =0
we find an irreducible smooth surface S is the movable part of a general divisor in the
linear system |.#pyy| x (w4 1)|. C” is the linked curve to D by the intersection SN L;
therefore C' is the union of a curve Cj, = Q of type (w + 1,w) and of a plane curve
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C! < 7 of degree w — ¢ — 1, meeting at w — ¢ — 1 points. The generic curve C in the
movable part of the linear system |#¢/|g(m + 1) is smooth of degree d. Moreover
C lies on a smooth surface S of degree s = 3w + 1 and it has the required numerical
characters as one may easily verify by using Formula (3.9). In this case C” is the
union of C’ with a curve of type (m + 1,m + 1) on ¢ meeting at w + 1 points along
the line r and at w — & — 1 points along the line s, and deg(RNC") =w +m+ 1.

U

References

[1] L. Chiantini, C. Ciliberto, Curves of maximal genus in IP*. In: Zero-dimensional schemes
(Ravello, 1992), 81-88, de Gruyter 1994. MR 95h:14026 Zbl 0827.14017

[2] L. Chiantini, C. Ciliberto, V. Di Gennaro, The genus of projective curves. Duke Math. J.
70 (1993), 229-245. MR 94b:14027 Zbl 0799.14011

[3] R. Ferraro, Curve di genere massimo in IP° and explicit resolutions of double point sin-
gularities of surfaces. Tesi di Dottorato, Universita di Roma “Tor Vergata” 1998.

[4] R. Ferraro, Weil divisors on rational normal scrolls. In: Geometric and combinatorial
aspects of commutative algebra (Messina, 1999), 183—-197, Dekker 2001. MR 2002a:14005
Zbl 0986.14031

[5] R. Ferraro, Linkage on arithmetically Cohen—Macaulay schemes with application to the
classification of curves of maximal genus. Submitted to Journal of Pure and Applied
Algebra. http://arXiv.org/abs/math.AG/0211331

[6] L. Gruson, C. Peskine, Genre des courbes de ’espace projectif. In: Algebraic geometry
(Tromse, 1977), volume 687 of Lecture Notes in Math., 31-59, Springer 1978.

MR 81e:14019 Zbl 0412.14011

[7] J. Harris, A bound on the geometric genus of projective varieties. Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4) 8 (1981), 35-68. MR 82h:14010 Zbl 0467.14005

[8] J. Harris, Curves in projective space, volume 85 of Séminaire de Mathématiques Supér-
ieures. Presses de I'Université de Montréal 1982. MR 84g:14024 Zbl 0511.14014

[9] R. Hartshorne, Algebraic geometry. Springer 1977. MR 57 #3116 Zbl 0367.14001

[10] R. Hartshorne, Generalized divisors on Gorenstein schemes. In: Proceedings of Confer-
ence on Algebraic Geometry and Ring Theory in honor of Michael Artin, Part I1I (Antwerp,
1992), K-Theory 8 (1994), 287-339. MR 95k:14008 Zbl 0826.14005

[11] E. Rogora, Metodi proiettivi e differenziali per lo studio di alcune questioni relative alle
varieta immerse. Tesi di Dottorato, Universita degli Studi di Roma “La Sapienza”, 1996.

Received 1 August, 2001; revised 22 November, 2002

R. Ferraro, Dipartimento di Matematica, Universita di Roma Tre, Largo San Leonardo
Murialdo, 1-00146 Roma
Email: ferraro@mat.uniroma3.it


http://www.ams.org/mathscinet-getitem?mr=95h:14026
http://www.emis.de/MATH-item?0827.14017
http://www.ams.org/mathscinet-getitem?mr=94b:14027
http://www.emis.de/MATH-item?0799.14011
http://www.ams.org/mathscinet-getitem?mr=2002a:14005
http://www.emis.de/MATH-item?0986.14031
http://arXiv.org/abs/math.AG/0211331
http://www.ams.org/mathscinet-getitem?mr=81e:14019
http://www.emis.de/MATH-item?0412.14011
http://www.ams.org/mathscinet-getitem?mr=82h:14010
http://www.emis.de/MATH-item?0467.14005
http://www.ams.org/mathscinet-getitem?mr=84g:14024
http://www.emis.de/MATH-item?0511.14014
http://www.ams.org/mathscinet-getitem?mr=57:3116
http://www.emis.de/MATH-item?0367.14001
http://www.ams.org/mathscinet-getitem?mr=95k:14008
http://www.emis.de/MATH-item?0826.14005

