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LOCAL EQUIVALENCE OF SOME MAXIMALLY SYMMETRIC
(2,3,5)-DISTRIBUTIONS II

MATTHEW RANDALL

ABSTRACT. We show the change of coordinates that maps the maximally

symmetric (2,3, 5)-distribution given by solutions to the k = % and k = %

generalised Chazy equation to the flat Cartan distribution. This establishes
the local equivalence between the maximally symmetric k = 2 and k = %
generalised Chazy distribution and the flat Cartan or Hilbert-Cartan dis-
tribution. We give the set of vector fields parametrised by solutions to the

k= % and k = % generalised Chazy equation and the corresponding Ricci-flat

conformal scale that bracket-generate to give the split real form of go.

1. INTRODUCTION

Let D be a maximally non-integrable rank 2 distribution on a 5-manifold M.
The maximally non-integrable condition of D determines a filtration of the tangent
bundle TM given by

D C[D,D] C [D,[D,D]=TM.

The distribution [D, D] has rank 3 while the full tangent space TM has rank
5, hence such a geometry is also known as a (2, 3, 5)-distribution. Let Mgy .pq
denote the 5-dimensional mixed order jet space J>°(R,R?) = J2(R,R) x R with
local coordinates given by (z,y,2,p,q) = (2,y,2,y’,y") (see also [29], [30]) and
Dy(a,y,2,y ) denote the maximally non-integrable rank 2 distribution on Mzy.p,
associated to the underdetermined differential equation 2’ = ¢(x,y, z,y’,y"). This
means that the distribution is annihilated by the following three 1-forms

wy =dy — pdx, wy = dp — qdx, w3 =dz —p(z,y,z,p,q)dx.

Such a distribution Dy (4 . 274 is said to be in Monge normal form (see page
90 of [29]). The historically important example is the 1-forms associated to the
Hilbert-Cartan distribution obtained when ¢(x, v, 2, p, q) = ¢* [8]. This distribution
gives the flat model of a (2, 3, 5)-distribution and is associated to the Hilbert-Cartan
equation 2z’ = (y")? (see Section 5 of [I8] for a discussion of this equation).
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10 M. RANDALL

In Section 5 of [18], it is shown how to associate canonically to such a (2, 3, 5)-distri-
bution a conformal class of metrics of split signature (2,3) (henceforth known as
Nurowski’s conformal structure or Nurowski’s conformal metrics) such that the
rank 2 distribution is isotropic with respect to any metric in the conformal class.
The method of equivalence [§] (also see the introduction to [4], Section 5 of [I8] and
[27]) produces the 1-forms (01,02, 03,04,05) that give a coframing for Nurowski’s
metric. These 1-forms satisfy the structure equations

dfy =01 A (291 +Q4) + 02 AQo + 03 Ay,
d92:91/\Qg+92/\(91+2Q4)+93/\95,
d93:91/\Q5+92/\QG+93/\(91+Q4)+94/\95,

4
d04:01/\Q7+§93/\Qﬁ+04/\91+05/\92,

4
d95=92/\97—593/\95-‘1-94/\934—95/\94,

where (Q1,...,97) and two additional 1-forms (Qg,{9) together define a rank
14 principal bundle over the 5-manifold M (see [8] and Section 5 of [1§]). A
representative metric in Nurowski’s conformal class [I8] is given by

4
(1.1) g = 20105 — 2050, + 59393 .

When ¢ has vanishing Weyl tensor, the distribution is called maximally symmetric
and has split G5 as its group of local symmetries. For further details about the
curvature invariant, see the introduction to [4] and Section 5 of [18]. For further
discussion on the relationship between maximally symmetric (2, 3, 5)-distributions
and the automorphism group of the split octonions, see Section 2 of [29].

For example, when ¢(x,y, z,p,q) = ¢, we obtain the distribution associated to
the equation 2’ = (y”")™. For such distributions, Nurowski’s metric [I8] given by
has vanishing Weyl tensor precisely when m € {—1, %, %, 2}. For the values of m =
-1, % and % these maximally symmetric distributions are all locally diffeomorphic
to the m = 2 Hilbert-Cartan case. This means that for the distributions of the
form p(z,y, z,p,q) = ¢™, with m € {—1, %, %}, we can redefine local coordinates
to obtain the Hilbert-Cartan distribution (see for instance [12]).

(2,3, 5)-distributions also arise from the study of the configuration space of two
surfaces rolling without slipping or twisting over each other [3], [5] and [6]. The
configuration space can be realised as the An-Nurowski circle twistor distribution
[3] and in the case of two spheres with radii in the ratio 1 : 3 rolling without
slipping or twisting over each other, there is again maximal G5 symmetry.

In the work of [26], a description of maximally symmetric (2, 3, 5)-distributions
obtained from Pfaffian systems with SU(2) symmetry was discussed and its relation-
ship with the rolling distribution was investigated. In particular, the An-Nurowski
circle twistor bundle can be realised by considering the Riemannian surface element
of the unit sphere arising from one copy of SU(2) and the other Riemannian surface
element with Gaussian curvature 9 or § from another copy of SU(2). Both Lie
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algebras of su(2) are parametrised by the left-invariant vector fields. See [26] for
further details.

In [25], using a parametrisation of the Lie algebra of sly given by the second
prolongation of the group of unimodular fractional linear transformations, a Monge
normal form for the rolling distribution in the case of hyperboloid surfaces is obtai-
ned. Using this, the author in [T9] was able to derive the analogous parametrisation
for a complexified su(2) in the sphere rolling distribution and find a change of
coordinates that bring it into the Monge normal form with

1
2\/qx

Here o is a complex number, and the maximally symmetric case is obtained
whenever o = —é or a? = —9.

In the aforementioned maximally symmetric case, we found in [I9] the change
of coordinates that maps the rolling distribution into the flat Cartan distribution,
and therefore as a corollary into the Hilbert-Cartan distribution. This establishes
the local equivalence between the maximally symmetric rolling model and the
flat Cartan or Hilbert-Cartan distribution. The vector fields that bracket-generate
to give the split real form of the Lie algebra of g, were also found, with two of
the vector fields in the bracket-generating set given by the span of the rolling
distribution. They were presented in Theorems 4.1 and 4.2 of [19].

In this article we continue our investigations into the maximally symmetric
(2, 3,5)-distributions given by solutions to the k = % and k = % generalised Chazy

)?.

So(xayvzvpvq) :q22 ( qz —

o<2+1

equation. We consider distributions of the form ¢(z,y, z,p,q) = w7+ T The Weyl

tensor vanishes in the case where H (x) satisfies the 6th-order ordinary differential
equation (ODE) known as Noth’s equation [4]. The 6th-order ODE can be solved
by the generalised Chazy equation with parameter k = % and its Legendre dual is
another 6th-order ODE that can be solved by the generalised Chazy equation with
parameter k = 2 [20].

For such maximally symmetric distributions described locally by a certain
function p(z,q) = 7+ Ty where H(x) satisfies Noth’s equation, it was found in [24]
the corresponding Ricci-flat representatives in Nurowski’s conformal class. This
involves solving a second-order differential equation (see equations (1.2) and (1.5)
of [24]) to find the conformal scale in which the Ricci tensor of the conformally
rescaled metric vanishes, which turns out to be related to the solutions of Noth’s
equation. The second-order differential equation that determines the conformal
scale for Ricci-flatness involves solutions of the generalised Chazy equation with
parameter k = 3 and in the dual case kK = 2. These are the results of Theorems 3.1
and 3.2 of [24].

Once the Ricci-flat representatives are found, the metric is both Ricci-flat and
conformally flat and the challenge is to redefine local coordinates to obtain the flat
Cartan distribution. This can be quite easy to find for some distributions such as
those of the form ¢(z,v,2,p,q) = ¢™, with m € {-1, 1 55 3} but can also take a
longer time to obtain for the ones that we consider here.
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In this article we find the change of coordinates that maps the maximally
symmetric generalised Chazy distribution into the flat Cartan distribution, and
therefore as a corollary into the Hilbert-Cartan distribution. This establishes the
local equivalence between the maximally symmetric generalised Chazy model
and the flat Cartan or Hilbert-Cartan distribution. For the maximally symmetric
generalised Chazy distribution, we write down the vector fields that bracket-generate
to give the split real form of the Lie algebra of go, with two of the vector fields in the
bracket-generating set given by the span of the maximally symmetric generalised
Chazy distribution. These are presented in Theorems and They depend on
solutions of the generalised Chazy equation with parameters k = % and k = % and
their corresponding Ricci-flat conformal scale. We then give as corollaries to the
theorems in Corollary [5.2] and [7.1] the examples when we take the solutions of the
spin % Lamé equation and solutions of the spin 4 Lamé equation. These results
involving the Lamé parametrisation can potentially be used to find the associated
contact structures of type Gs.

This article can be viewed as a sequel to [19], both common in the purpose of wri-
ting down the vector fields associated to maximally symmetric (2, 3, 5)-distributions
that bracket generate split go. It can also be seen as a sequel to [24], since the tech-
nical details are similar and we make use of the results about the conformal factor
for Ricci-flatness derived there. Nonetheless, we also try to make this article as
self-contained as possible, since the theme of integrable differential equations appear
here and also so that readers do not have to rely too much on cross references.

The computations here are done utilising heavily the DifferentialGeometry
package in MAPLE 2018.

2. FLAT CARTAN DISTRIBUTION

This section is reproduced from Section 2 in [I9], in order to make the article
self-contained. We recall that the coframe data of the canonically maximally
symmetric (2, 3, 5)-distribution is given by

doy =03A04, dOs=035N05, dO3=0,A05, d8,=0, dbs=0.
This is the historic case studied by Cartan ([7], [8]) and Engel ([I3], [14]). There
are local coordinates (ai,as,as, as, as) (see pages 159-160 of [§]) such that

1
(2.1) 0, =day + (a3 + §a4a5)da4,
1
(22) 92 = da2 + <a3 — 5@4@5)(1&5,
1 1
(23) 03 = das + §a4da5 - 5(15d6l4,
0y = day,
05 = da5 .

For non-zero constant k, the non-homogeneous rescaling

3 3 2
(a1,a2,a3,a4,a5) — (k’a1,k”as, k*as, kay, kas)
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preserves 01, 6 and 63. We shall refer to this distribution annihilated by the 1-forms

{61,02,05} in (2.1)), (2.2)), (2.3) as the flat Cartan distribution. To facilitate our
writing of the vector fields that bracket-generate the Lie algebra of split go, let us
pass to the 1-forms

©1 = decy — 2c4deg — 4ezdey
Oy = dcg + 2¢5dces + 4esdes
O3 = des + csdey — cqdes
by taking the change of coordinates
(c1,¢2,c3,¢4,C5) = (6a1 — 2azay + a2as, 6ay — 2azas — a4a§, 2a3, —ay, a5) .
It follows that
01 = 601 + 2a403, ©Og =662 + 2a503, Oz = 203,

so the 1-forms {O1, ©3, O3} are in the span of {61, 02, 03}. Using the notation in [I3]
and [14], if we take v, = ¢5,t, =ca, t3 =3,y = %(62 +3czcs), ts = %(cl —3cscy),
then the 1-forms

de; + ¢, dr, — v,de, = O3,
1 1
dev, + §(t3dtl —t,dey) = 5@2 ,
1 1
des + i(tzdts —tyde,) = 5@1 ,
obtained are those annihilating the flat Engel distribution as given in [I3] and [I4].
Let us write down the vector fields
Z' = 803 + 265802 — 2648cl R
22 = 864 + 403861 - 20586
A 805 + 264803 — 4e30,

3

2

and define
Sl=2724es2', S?2=2%—cy 2",
(2.4) S% = —c1Z% + 2 2% — (c1e5 + caca + Cg)Zl .

The vector fields S' and S? are in the span of the distribution and are annihilated
by the 1-forms {©1,02,O03}. We say that the vector fields {S*, $2, 53} pairwise
bracket-generate the Lie algebra of split go if the following holds: defining

St =181, 8%, S°=1[8%95%, S°=1[9% 5,

L12[517S4]7 L3:[52,Ss}, L5:[53,S6],

112:[‘512,54]7 L4=[53,55}, LGZ[Sl,SG]
and

H=1[5%5%, h=[S*5%,
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we require that the set of vector fields

\/g

{51 52,53 54 g5 66 1(h H), (h+H) LI,LQ,L:’,L‘l,LS,LG}

form the 14-dimensional Lie algebra of spht go with the Cartan subalgebra spanned
by +(h — H) and 1—‘/23(11 + H) and the root diagram given by the picture below
with respect to this choice of the Cartan subalgebra. Further details about the
formulas for the remaining vector fields and commutator relations can be found in
the Appendix.

L2
3 S2 s Lt
S5 st
L4 SS 56 LG
L5

Proposition 2.1. The vector fields given in (2.4) pairwise bracket-generate the
Lie algebra of split go.

Since S* and S? are spanned by the distribution, which is already given as part
of the data, the non-trivial part in determining the generating set of the Lie algebra
of split go for a maximally symmetric (2,3, 5)-distribution is to find 3. The way
to find it is outlined as above. We find the change of coordinates that bring the
1-forms annihilating the distribution to the span of 6;, 65, 83 in the flat Cartan
distribution. Then we determine the functions (c1, ¢a, ¢s, ¢4, ¢5) and write down the
vector fields Z', Z2, Z3, which now determine the bracket-generating set of vector
fields S', S2, S3 compeletely. The Lie algebra of split go that arises in this way
can be viewed also as the symmetry algebra of the (2,3, 5)-distribution annihilated
by the 1-forms {6, 6,05} where

~ 1

01 =da; + (dg + §d4(~15>dd4 )
~ 1

0, = das + (s — 5asis )das
~ N 1. 1.
03 = das + —aqdas — —asday,

2 2
under the transformation

(@1, a2, a3,a4,a5) = (a1 + asaa, az + azas, —as, a4, as) .

The vector fields in the symmetry algebra are precisely the ones for which Lie
derivative of 6, 05, A5 with respect to these vector fields are in the span of
{61,05,05}. See [30] for more explanation.
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To illustrate the procedure for writing down the Lie algebra of split go, let us
look at the example of the Hilbert-Cartan distribution. To map the Hilbert-Cartan
distribution given by the annihilator of the 1-forms

dy —pdz, dp—gqdz, dz-—¢*dz,
into the flat Cartan distribution, we take
a1 =22 +2¢%c —4pq, as =2y, a3=2p—qr, ais=2q, a5=—x.
This gives
01 = 2(dz — ¢?dx) — 4q(dp — qdz), 6y =2(dy — pdz), 65 =2(dp — qdz).
We determine
c1 =122 — 32pq + 12¢%x, o = 12y + 4dpx — 4qz? |
c3=4p—2qr, c4=—-2q, c5=-—x.

Finding the basis of vector fields O,,, O¢,, Ocs, Ocy, Ocs, We Obtain
1

A Z((‘?p — 20y +490,) ,
1
Z% = % (9 — 20, +490.) = 50, .

Z3 = —(0y + pd, + ¢20. + q0,) — g(ap — 20, + 4q0.) ,

so that
1
St = —58,1,

(25)  S%=—(0; +pdy, + ¢*0. + qdy),
5% = %(122 — 32pq + 12¢%2)0y — (2p — qx)*(9, — 20y + 4g0%)
— (12y + dpx — 4q2®) (0. + POy + ¢°0- + 40,) .

The vector fields S* and S? are in the span of the Hilbert-Cartan distribution and
together with S® they pairwise bracket-generate to form a split go Lie algebra. In
this paper we compute the bracket-generating set of vector fields for the maximally
symmetric distribution determined by solutions of the k& = % and % generalised
Chazy equation as discussed in [24] and [20]. Together with [19] this establishes the
equivalences of the maximally symmetric rolling distribution, maximally symmetric

generalised Chazy distribution and the Hilbert-Cartan distribution to one another.

3. GENERALISED CHAZY EQUATION AND THE RELATIONSHIP
TO LAME EQUATION

It was shown in an earlier work [20] that the generalised Chazy equation with
parameters k = % and k = % occur in (2,3, 5)-distributions with maximal Gj
symmetry. In the subsequent sections we shall make the link explicit by showing
the coordinate changes that map such (2,3, 5)-distributions to the flat Cartan

distribution. The Lie algebra of vector fields is then the push-forward of the go
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vector fields associated to the flat Cartan distribution via the inverse of this local
coordinate diffeomorphism. This allows us to write the vector fields that bracket
generate g in terms of the generalised Chazy distribution. In this section we first
give the background material on the generalised Chazy equation, then give the
parametrisation of the solutions for k = % and k = % in terms of Lamé functions.
This parametrisation will be used subsequently in Section [5] to establish Corollary
[b.2] and in Section [7] to establish Corollary [7.1]

The generalised Chazy equation or Chazy XII equation with parameter k is

given by

(3.1) y" = 2yy" +3y"* — 6y —y*)* =0

4
36 — k2
and Chazy’s equation or the Chazy III equation
(3‘2) y/// o 2yy// + 3y/2 =0

is obtained in the limit as k tends to infinity. We may refer to equation as the
generalised Chazy equation with parameter k = oo. Here ’ denotes differentiation
with respect to z. The generalised Chazy equation was introduced in [9], [10] and
studied more recently in [I], [2] and [I1]. For our purposes here, we use the Lamé
parameterisation of solutions of the generalised Chazy equation, following [I1] and
[23]. For the generalised Chazy equation written as a first order system, see [21]
and [20].

The generalised Chazy equation can also be solved in terms of hypergeometric
functions [22], [20]. The solutions of the generalised Chazy equation with parameters
k=2 k=3 k= % and k = % given by hypergeometric functions have already
been explored in [22] and in the examples later on, it can be checked that the
results hold as well for the hypergeometric parametrisations.

Taking P = y, the generalised Chazy equation with parameter k is equiva-
lent to the following non-linear first order system of differential equations

dP 1
= — (P?_
dQ 2

. —~ —Z(PQ —

(3.3) 1 3( Q- R),
dR k2 )
dx*PR+36—k2Q'

For brevity call o = We will be interested in the case where k = %, which

k2
k2—36"
gives o = 71—15, and k = %, which gives o = — <.
We shall discuss a method introduced in [I1] of integrating the solutions to

obtain the Lamé form of the solutions. For further details about Lamé equations
see [28]. See also Section 2 of [23]. Let A = e2J iz, Integrating the second and
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third equations of the system (3.3) gives us
2
Q=A% (/—fRA_%dx + cl) ,
3
R=Az (/—aQQA_%dac + 02) .

Let us denote p = AQT —c, V= A% — co. We obtain the differential equations
3 2

2 1 2 1
W= —gRA_§ = —g(l/ + co)A%

V= —a@Q?A"7 = —a(p+ cl)QA% .

We now introduce the new coordinate z = fA%dx, which gives dZ = Asdz or

% =A"% %, so that the equations become

2
pz = —g(l/ +c2),

vz = _O‘(/jf + 01)2 )

or that
2 2
pzz = go(pter)”
Hence some multiple of u satisfies the Weierstrass differential equation with go = 0,
and by translation we shall set ¢;, or equivalently g; = 0. Specifically, p = %p

where the Weierstrass g function satisfies the Weierstrass differential equation

(pz)? = 49" — g3
We also obtain v = —%gog — ¢o. The coordinate Z here is different from the
coordinate labelled z in M,y pq. in the theory of (2,3,5)-distributions, and this
complex coordinate will show up again subsequently only in the context of discussing

solutions to the spin % and spin 4 Lamé equations in Sections [5 and |7| respectively.

Now take ® = A™. Using A’ = 2PA, we find
®: = mATE(2PA)A™ ! = 2mPA™ T,
N <2mP’Am*% " Qm(m B é)P@PA)Am,g)
I
(b o ans
1

We therefore eliminate terms involving P2 if we take %m+4m(mf %) =4m?— sm =
0, or m = 1—12 This gives the Lamé equation for ® to satisfy. We obtain

1 1 1
LR ——p®.

1 ,
Po=——QA T =—— ==
369 36 A% 36" 1o

We have the following:
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Theorem 3.1. Given a solution to the Lamé equation
(k+6)(k—6)
4k2
where o = (2,0, g3), the solution to the first order system (3.3)) associated to the

generalised Chazy equation with parameter k can be parametrised by
9(k? — 36) 27 k% — 36
k2 2 k2

where the independent variable is taken to be v = [ édé.

P+ p® =20

p®47 -

(P.Q, R) = (602, p:0°),

When the Lamé equation is written in the form
(bgg — n(n + 1)@@ = 07

the value n is called the spin of the Lamé equation. The Lamé equation that we
consider in this article is called equianharmonic since go = 0 and the equation also
has zero accessory parameter. The correspondence between the Chazy parameter k
and spin n is as follows:

1 3 1 3
niiiié or nff§+%.
Restricting to positive values of k£ and values of n > —%, we have the following
correspondence between the spin of the Lamé equation and the generalised Chazy
parameter. For n = —%, we obtain the critical Lamé equation. This corresponds
to the case where k = oo, or the Chazy equation (see also Section 2 of [23]). For
half-integer spin, we have the following values for k. When n = %, we have k = 3.

When n = %, we have k = 3. For these values of n, the corresponding Lamé

equation was studied in part swo/ Section 3 of [23]. For integer spin, we have the
following values for k. When the spin n = 1, we have kK = 2. When n = 2, we have
k::g.Whenn:?),wehavek‘:g.Whennzél,Wehavek:g:%.lnthis
article we are interested in the cases where k = %, %, 2 and 3 which corresponds to
spin 4, %7 1 and % respectively. We give the solutions to the spin % Lamé equation

in Section [5] and solutions to the spin 4 Lamé equation in Section [7}

4. LOCAL EQUIVALENCE OF THE MAXIMALLY SYMMETRIC k = % GENERALISED
CHAZY DISTRIBUTION TO FLAT CARTAN DISTRIBUTION

We consider the rank 2 distribution Dy, 4) on Mgy .p, associated to the underde-

11\2
termined differential equation z’ = p(z,y”) where p(x,y”) = 1(}/”():1:) and H" (z) is
a non-zero function of x. This is to say that the distribution D, ) is annihilated

by the three 1-forms

w1 =dy — pdz,
(4.1) wo =dp — qdx,
2

w3 =dz — qidac.

H//($)
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In [24], it was shown that the three 1-forms can be completed to a coframing
(01,62,05,04,05) on My,.pe and this coframing gives a metric

4
g = 29195 — 29294 + 59303

in Nurowski’s conformal class [I8]. The metric g is conformally flat, i.e. the metric
¢ has vanishing Weyl tensor if and only if H(z) is a solution to the 6th-order
nonlinear differential equation

(4.2)
1OH//3H(6) _ 7OH//2H///H(5) — AQH'2 F12 + oOR0H" H'"2 H'"" — 175H///4 —0.

This equation is called Noth’s equation [4]. Making the substitution H” = e3 S Pdz
we obtain the k = % generalised Chazy equation for P(z). In this case the distribu-
tion of the form Dy, 4 is maximally symmetric and in [24] the explicit form of
the metric given by the distribution Dy, ) is written as well. It was also found
in [24] that rescaling the metric § = 273 H”3 g further by a conformal factor €,
we obtain a Ricci-flat representative in Nurowski’s conformal class. That is to say
Ric(Q%g) = 0. We find that Q2?7 is Ricci-flat when Q satisfies the second-order
differential equation

2 1 1
4.3 Q"0 —207 - PO — —P?Q? - —Q0% =0.
( ) 3 18 30Q
We make the substitution Q = %eié J P to obtain
1
4.4 "n_ _
(4.4) P 5@ =0,

where Q = P? — 6P’ as in the first equation of and the solution p(x)
given in Theorem 3.1 of [24], involving both the solutions of the k = 3 and k =
generalised Chazy equation.

When

is
3
2

q2

o(r,q) = W7

we can map the 1-forms given in (4.1) into the 1-forms (2.1, (2.2) and (2.3)

associated to the flat Cartan distribution as follows. We define

X = /QQH”dJ:.
Let us take
ool
L= i (QH" +4Q'H") |
M = ﬁ (UH"HYW — H") + Q'H"H" + 3Q"H").
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It can be checked that we have

XIZQQHN7
Qo

K =3—K - 1L,
Q

(LX/)/ — X/M + Q//.

Define
_
ay = 16 Y,
a2zz+(M2 5XLM+12QM+QQX

4
/2L3 + ﬁX/LQ + (499//

1 H<5> 2 )
5 H//2 Q2 (Q///QQ IOQQ/Q” + 309/3)),!/2
+ (L*x — LQ)p* + K*x¢® + (2LMx — 3QM — Q'L

+2K(Mx — x'L+Q)yq + 2K (Lx — Q)pq,

1 1 1 11 1
(= My+-> ’Lfo’) (7977 L) oK
asg ( 1 X+2X 9 y+ B 4X p 4X q,

1
a4:§X7
as =4My +4Lp+4Kq.

- Q"K)yp

We find for this set of functions,

0, = _%Qxlwl ’
HO) x* o , Q"
6, = <(H”2 o LSL(M = L)\ +22M Y ~4K (10

2\

3402) L oL
Q/3 "
~305 — )

Q/Q
- 4(17— - 2Q”)L)y — (V'K + QL+ QM)p+ 2K (Y — x’L)q> W

+ (2L — Q"K — 3QM — 3Q' L)y — 2QKq)w; + ws

Yyq
02”3 bl z 204 [!'5 dex ’
Q
93 = (X/L — Q’)w1 + 5&12 y

where

by = 10H?Q"Q —

20H”2Q/2 _ 1OH//H///QQ/ + 3HIIH////QQ _

5H///2 Q2
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and
by = ( o H//3H(6) + 8H//2H///H(5) + 8H//2H////2 _ 43H//H///2H//// + 30H1/14)Q4
+ (_4HIIQQ//N + 14H//HIIIQ/I/ _|_ 26H//H////Q// _ 5OHNIQQ//)HUQQB
+ (4H//2H(5) —40H"H'" H"" + 50H///3)H//Q/QS + 38H//4Q//2Q2
+ (24H//QQ/Q/// _ 98H//HIIIQ/Q// _ 44H//H////Q/2 + 100H/IIZQ/2)H//QQQ
- 40(4H”Q” o 3H///Q/)H/IBQ/2Q 4 120H//4Q/4 .
The equation b; = 0 is precisely the equation for Ricci-flatness (4.3)) upon substitu-
ting H(z) = [/ 3 S P@de g, Solving b; = 0 for Q" and substituting it into the
equation by = 0 gives Noth’s equation
H(G)H//S _ 7H//2H///H(5) _ %H/QH///Q + oORH" H"?2 " — %
It follows that 61, 65 and 03 are in the span of wq, we, w3 if and only if both (4.2)
7 p ) ) y

and (4.3)) hold. We now assume that it is the case where b; = 0 and by = 0. The
equation for " is equivalent to the equation

O L2
L'=—gL+7—2M.

H///4 =0.

Consequently, we also find that

2 K3 Q K2 02K Q3 QK KK 10 H”
To derive the vector fields that bracket-generate go, we compute

M’:K(

(c1,c2,¢3,c4,¢5) = (6a1 — 2azaq + ajas, 6as — 2azas — asa,2as, —ay, as) -
We have
Q'K =2L% —3QM — 30'L.

Substituting this and its differential consequence into (c1, ¢2, 3, ¢4, ¢5) and using
the formulas for K’, L’ and M’ gives

2 3 /!
C1=%(My+Lp+KQ)—%((X’L—Q')yﬂtﬁp)—%Qy,
¢ =62+ 6x(My+ Lp+ Kq)* —16(My + Lp + Kq)((X'L — ')y + Qp)

1H(5) H/// L3 L2 Q/ L Q/ 2
-5 ()

sam g 7 B T

Q

QM+KQ(

+ 24(%/)3)>y2 +6QLp? + 120Myp

c3 = *%(MQ+LP+KQ) + (XL =)y + W,

1

Cq = _§Xa

s =4(My+ Lp+ Kq).



22 M. RANDALL

Assuming b; = 0 and by = 0, the 1-forms given by 01, ©2 and O3 are in the span
of wy, we and ws3. This set of functions allows us to write down the split go Lie
algebra of vector fields readily following Section 2.

We now pass to the generalised Chazy equation by making the substitution

Q- %exp(—% / P(z)dz) and H(z) = / / exp(% / P(2)dz)dadz,

where P(x) satisfies the k = % generalised Chazy equation and we make use of the
first-order system

Pr= (P - Q).

2
Q = Z(PQ-R),

/o i 2
R = PR+ =Q°,

along with the fact that p(x) satisfies the second-order differential equation (4.4)

1
//
——Qp=0.
p 4562/)
Let us take
/
gzﬁa
P
so that
p:efﬁda:.
We find
1
X:/—dm
2
and define
J=My+Lp+ Kgq.
We obtain
2 7ldew( 2 Q P2 3
sy (§ - e )
J = 3pe e +2(Py = 3p)E — g5 — 13 )V ~ PP+ 54
which gives
2
— X X —ldex( P ) 3 —ldeI
_7J A 3 3 ) — I, 3
&1 =g +8pe y§+3y P) = 55¢ Y,

16 . _1 . P
co =62+ 6xJ? + —Je SIPd <3y§+fyfp>
p 3
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dex( A(6€ + P)p* +2(36§ +8P§——Q+ PQ)

(7253+24P52+ °p2 - <P3+ PO+ R)) )

P
3= —fJ ° 3fpdm(3yf+ Y- p)
o — _1
4= 8X
J
Let us take
(4.5) Xt =9,,
(4.6) X% =0, +pd, +q0, + q267% fpdmaz ,

to be the vector fields that span the k = 3 generalised Chazy distribution, which
are also annihilated by the 1-forms in (4.1)). We also take

X3 = 4p3xe_%fpdz (3y£3 + 3<§y —p)fQ — (((% - %2)3/ + PP)§

2;0( @+ Ry - 112(132+ 1Q5) )8 _pxesdem(a +3(P+9§)a”>
Q P?

+dpes ) i (3y£2 + 2(§ p)E — g((@ — 5y +pP - 3Q)><‘9

+ pet de:”@p .

This choice of X3 allows us to write Z', Z2 and Z3 in terms of the vector fields

X', X? and X? in the following fashion:
peé [ Pdz 0
6 15

P
Z2:£1X178P2X2 Spe 3de:L’(9 €2+6( Y — p)g

Q —5P? 3 3
(G
( Go YT IPT ol

1
73 =l X! — gXX3,

where the functions ¢; and /5 are given by

7' = ((36§2+12P§+P2 )p X — 4P—24§)X1 X3,

0 = 9(36§2+12P§+P2 Q)<9y§2+6(§y—p)£

- (Q_ﬁiglﬂ)y —Pp+ gq)x

+ ( - 144y§3+16( _ L??wap)g%g ((%Q— ?Pz)y 4 28Pp— 30q)§
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+ é((ER_ Ipsy %QP);N— (7p* + éQ)p— 24Pq))

9\\15 3
1
o} [ Pz , 0
= 12P¢ + P2+ =) p*\? —4(P 2y +12).
=" ((36¢2 + 12P¢ + +15) X = AP+ 66)p*x + 12)

Our preference for ordering the terms is given by p?x, &, y, p, ¢. Finally, we obtain

St=—p’ (481153 + 48<§y fp)EQ - 16((627675132)@/ +pP — gq>§

4 2 2 Q 1 2 v 2
(4.7) —g(g(PQ—i-R)y—l—(P +B)p—6Pq))X _8p2X2,
1 | Pdz
2 _ €3f 1
(4.8) S == X',
These two vector fields lie in the span of X' and X2 and together with
1
3 __ 1 4.2 2 _ _ (= _
S° = 13X +73p (px <9y£ +2(Py — 3p)§ (60 12)@/
3 3, P 9\ o
— Pp+ §q) +5p x(3y€+ gy—p) - §y)X
2
eSS P Q P 3
—T(p X(9y€ +2(Py—3p)€—(@—ﬁ)y—Pp+ 5(1)
2
(4.9) +9y£+Py—3p) X2,
where
L | Pdx
_Peaf 2 AV T 2
f=— ((36§ +12PE+ P +15) X — 4P 24§)c3
1
N P , Q- 5P’ 3
R PR (48¢ y+48(§y—p)€ —16((760 )erpriq)ﬁ
472 5, @
—g(E(PQJrR)er(P +1—5>p—6Pq))cl,

they bracket-generate the Lie algebra of split go. This proves the following result.

Theorem 4.1. For the mazximally symmetric distribution spanned by the vector
fields X' in and X2 in where P(x) satisfies the generalised Chazy
equation with parameter k = % and annihilated by the 1-forms in , the Lie
algebra of split go is obtained from the pairwise bracket-generating set {S1, 5%, 53}

where S, S? and S® are given in (4.7), (4.5), (4.9).

5. EXAMPLES: HILBERT-CARTAN EQUATION AND SPIN % LAME EQUATION

Specialising to the Hilbert-Cartan distribution obtained when (P,Q,R) =
(0,0,0), we see that there are non-constant conformal rescalings of the flat metric
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to itself given by p = ax + 3, where o and (8 are arbitrary constants both not
simultaneously zero. In this case, we have

1 1 «

1 = =— = .
(5.1) X /(ax+ﬁ)2dx aloz 1 5) +c¢ and £ P
This gives

X! = Oq »

X2 = a:v +p8y + qap + qzaz 5
X =12p°x€*(y€ — p)0: — p*x(0y + 36Dy) + pdy, + 4p(3y€? — 2p€ + )0 .
We obtain the following corollary:

Corollary 5.1. There is a three parameter family of vector fields {S*,S?,S3}
associated to the Hilbert-Cartan distribution that bracket-generates the Lie algebra
of split go. They are given by

St = —24p*(26%(y — p) + ¢€) X' — 8p*X?,

1
52:7)(1
4p" 7
9 1 31
S3 =t X" + ;(p4x2 (3y£2 —2p¢ + §q) — Syt §p2x(3y€ - p))X2
1 1 2
- pj(p2x(3y£2 —2p€ + iq) + 3y —p) X?
with
2
X 2 X 3
— X (6ye2 — 4 X (3yE —p) — —v,
1= "o (6y¢ p§+q)p+8p( Y& —p) 577

¢y = 62 + 6xp* (6y€> — 4p€ + q)* + 16(6y&> — 4p€ + q)(3y€ — p)
— 24¢(p® — 3&yp + 36%y%)

c3 = —gp(6y€2 —4p€ +q) — %(31/5 - D),

1
by = p(6£°p°x — 4€)c3 + et 24p° (28%y — 26%p + q€)en

and where p = ax + (8, x and & are given as in (5.1]).

The vector fields (2.5|) are recovered up to a constant multiple when we specialise
toaz&ﬁz—%,c:o, so that £ = 0.

Turning to the spin % equianharmonic Lamé equation, recall that Halphen’s

solution to the spin % Lamé equation (again with go = 0)

15
(5.2) sz — Zp(éa 0,93)® =0
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is given as follows, see pages 379-380 of [I5] and also page 92 of [23]. Let w = p (%)
The solution to (5.2)) is given by

& = Y(w) (2)

Y (w) :aw+ﬂ<w3 + ‘%3)

lw

where

Since
v (3) = Viwr =g,
we therefore obtain
_ow+ Bw? +g3/2)  ow+ B(w? + g3/2)
(¢ (2/2))2 (4w? —gg)f

From Theorem (see also [23]), we can parametrise the solutions of the k = 2
Chazy equation by solutions of the spin % Lamé equation as follows:

4
(P.Q.R) = (62:3, 13508*, 2 0.0°)

where

We have do = édi. We obtain the parametrisation of H”(x) by the new inde-
pendent variable Z as follows:

2 2 Pz
H'"(z) = exp ( -3 /de) = exp ( - 5/ Edé)
=exp(—4In®) = o1,
This allows us to parametrise the 1-forms in (4.1)) as

2
q .- q
@dz, dz — a
We actually want to work with the independent coordinate w, so we make a further

change of coordinates, using

P . -
dy—@dz, dp — dz.

dw = %p’(2/2)d2

or equivalently,
2
dZ = ———=dw.
¥ (2/2)
It follows that

(¢')*(2/2)dw = (4w® — gs)dw.

Y (w)?
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By making this change of coordinates, we obtain the Pfaffian system given by the
1-forms

2
w1 =dy — Y—Z;(le3 — g3)dw,
2q 3
(5.3) we =dp — W(élw —g3)dw,
2 2
wy =dz — %(411)3 — g3)dw,

where Y = aw + B(w? + £).
To find the vector fields parametrised by solutions of the spin % Lamé equation
that bracket-generate the split Lie algebra of go, we make the further substitution

 (yw+8)'(2/2) B 2w 2 2E/2) pu
= e s = Gt =T

oaw + B(w? + g3/2) o2 [ Pda

=92,
'(z/2)%2 7

o=

Observe that the solution of the spin % Lamé equation is given by ® = (yw +

8)¢'(3/2)" 7 (see [23]), so that p can be viewed as a quotient of the spin 1 solution

over the spin % solution, and x can be viewed as the independent variable of the

generalised Chazy equation with parameter k = 3 (which corresponds to spin %)

This agrees with the result of Theorem 3.1 in [24]. For simplicity, we now specialise

to the case where v = 0 and take the constant of integration ¢ = 0, so that y = 5%10.
We have

_ 1 3 393 20,3
1= 5593 < 2Y (aw + 3 ﬁ)y—l—Y (8w” + g3)wp
(5.4) + 2w? (4w? — gg)2q> ,

3 1202 (16w® + 5
g?ﬁ)y2 + ( . 93)p2
16 Y

(4w — g3)tw , n 6w (B(8w? + g3) — S8aw)

cog =6z — 125(0&1} +

+12 V6 q v yp
4(4w® — g3)?(2a — 3pw? 5w® + g3)(4w® — gs)?
(5.5) _ (4w° — g3) ga pw )yq+16( w 93)(4w 93) nq,
Y Y
1 /1
(5:6)  en =55 (5077 — (20 +90)Y % — wldw’ - ga)%).
1
64:7@’11)7

60 2
s = 33 (6wY3y +4w?Y?%p + §(4w3 — g3)2q) )
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This gives
1 3 1 w(4w? — g3)
01 =~ g (0w + s Jon + g5y
B 3 24w 3 (3Bw? + ) (4w — g3)?
O = (—6B(aw+ ZﬁQS)?J—T(Oéw +Zﬁ93)p—4 Ve q |wr
6(4w® — g3) dw?  4(4w? — g3)?
# (ﬁwy + 7]? - Tq)wg + 6ws ,
o 1 2 41,1)3 — g3
O3 = %(044'35“1 Jwi + oy w2

where w1, we and ws are the 1-forms in (5.3). Using this set of functions as a basis,

we find

Zl = 5‘63 + 2058(:2 — 264(9(31
26w 46(4w — g3)?

5(B(8w3 + g3) + 4aw) 126Y3w?

82 a - )
q0: + 2(4w? — g3) P (4w — g3)3 !

and the corresponding formulas for Z2 and Z3, which we do not display here. We
have the following corollary of Theorem

Corollary 5.2. Consider the mazimally symmetric (2, 3,5)-distribution given by
the span of

Xt =9,,

y? (4w3 - 93)3
X2 =574 2 9w 2 Z s
2(4w3_g3)8 + p0y + q0p + vi q°0
where Y = aw + B(w? + £). This is annihilated by the 1-forms {w1,ws, w3} in
(5.3)). Then the vector fields

gl = 630%Y3 245%wY? 1262 (a(8w?® + g3) + 9Bg3w?) X!
~ @t — g Gt —ge” (4w~ gs)Y !
852 (4w — g3)
— TX ,
S? v Xt

404w’ — g3)?
S3 = 70151 + 0252 — C%Zl s
where

20w 46 (4w? — g3)?

5(B(8w3 + g3) + 4aw) 126Y3w?
0, Op — 0y
T W - ) T g

and c1, co and cg are given in (5.4)), (5.5) and (5.6), pairwise bracket-generate the
Lie algebra of split go.
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6. LOCAL EQUIVALENCE OF THE MAXIMALLY SYMMETRIC k = %

GENERALISED CHAZY DISTRIBUTION TO FLAT CARTAN DISTRIBUTION

The function H(z) is related to another function F(Z) by a Legendre trans-
formation [4], [20]. We say that F(Z) is the Legendre dual of H(x) determined
by the relation H(z) + F(Z) = xZ. This implies & = H'(z) with dZ = H"dx and
H'" = % We can make use of this transformation to write do = F;;zdZ. The
Legendr?dual of the distribution D, 4) is therefore given by the annihilator of

the three 1-forms

wi = dy — pFzzdz,

wy =dp — qFz;d7,

wy = dz — ¢*F2.dz
on the mixed jet space with local coordinates (Z,y, z,p, ¢). Relabelling & with z,
we have

wy =dy — pF"dzx,
(6.1) wy =dp — qF"dzx,

wy =dz — ¢*F"dx.
Here F now becomes a function of x, and ’ denotes differentiation with respect to
2. These three 1-forms are completed to a coframing (01,62, 03,04, 05) for a metric
(1.1) in Nurowski’s conformal class, as was done in [24]. The condition that the
metric g is conformally flat, i.e. the metric g has vanishing Weyl tensor, occurs
when F(x) is a solution to the nonlinear differential equation

(6.2)
10F//3F(6) _ 80F//2F(3)F(5) _ 51F//2F////2 + 336F//F///2F//// _ 994 "4 — 0.

This equation appears in [4] and we can call it the dual of Noth’s equation. If

we replace F"(x) = ef %P(Z)dw, then equation is reduced to the generalised
Chazy equation for y = P with parameter k = %

The metric g = 2%(F”)_%g can again be rescaled by a conformal factor to
obtain a Ricci-flat representative in the conformal class [24]. We find that the Ricci
tensor of 2§ is zero when 2 satisfies

(6.3) 40970 — 80QY% — 6Q° P + Q?P% = 0.

If we make the substitution ) = %, then we obtain the differential equation

1
L e
(6.4) n 4OQ77 0

where Q = P? — 6P’ and the solution 7 was obtained in Theorem 3.2 of [24]. It
involves both the solutions of the K = 2 and k = % generalised Chazy equation.
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We can map the 1-forms given by (6.1) into the flat Cartan distribution as
follows. Let us take

:/dex,

)ald
K="—
Q )
1, F" Q’
().
1
M=— P (Q(F”F(4) _ 2F///2) +AQ FE SQ//F//2) )
It can be checked that we have
I _ 02 Q/
Y =0 K =35 K - QKL.

Define the functions mapping into the 1-forms (2.1f), (2.2)), (2.3) annihilating the
flat Cartan distribution by taking

QM 1FG 2 5 109 ,  /5Q" Q2
(or I+ (555 +2705 )L

1 Q’” Q/Q// Q/B
—W(Q+5m+2293))>y +(LX LQ) 2+K2xq2
Q/ Q/Q Q//
+ (2 -son 28 v (155~ o) )
/

I Q
+2K(MX QK+QK)yq+2K(LXfQ)pq,

- (— EMXJF%é— %ézf;.)y—l- (%Q—EXL)I?—%XK(L

1
a4:§X7
as =4My +4Lp + 4Kq.

We find for this set of functions,
1

_ 2
=Tt en
F®) LM O M L3 QL2 9'2 Q"N L
0y = <( o+ 20— 145? 1075 +405 7 - (10855 o oﬁ)ﬁ
1 Q/S Q/Q// Q'” Q/ Q’2 Q// 1
7o (5 0r + 20 g+ )y (QM+2QK (4(23_(22>K)p

— 2(QL— g)q> wﬁ—((QQJ; 4%/? —30M
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Q/Q Q// 2
(15~ ) o)y 29K0Jon +on + bisbte + it
Hszl(QL—Q/ )w1+Qw2,
2\ K QK 2
where

bl — _IOF/IQQ//Q + 20F1129/2 _ 4F”l2Q2 _|_ SF//F//HQQ
and
by = (_F//3F(6) + 7F//2F///F(5) + QR M2 _ oo ! 12 i + 12F///4>Q4
+ (4F//4Q//// + 1OF1/3F////Q// _ 1OF//3F///Q/// _ 10F1/2F1//2Q//)QS
+ (QOF/IQF///ZQIQ _ 20F1/3F1///Q/2 _ 24F//4Q/Q/// + 50F//3F///Q/Q//
o 38F//4Q//2)QQ _ 40F//3F///QQ/3 + 160F//4QQ/2Q// . 120F”4Q/4 ,

so that 67, 65 and 63 are in the span of wy, we, w3 precisely when b; = 0 and
ba = 0. The equation b; = 0 is again the equation for Ricci-flatness . Solving
the equation by = 0 for Q" and substituting it into by = 0 gives the dual of Noth’s
equation

10F(6)F//3 _ 80F1/2F///F(5) _51F"2 2 + 336E" F"2F" — 994 F" — ().
We have

Q' Q// Q/Q
! 72 . Y B
L' =QKM L)+3QL+QQ 4937
L3 Q O L2 02 L 2803 F®)
=6QLM — 497 — 21— M + 24— 42— - )
=6 oM TR B K K 10K20°

Now assuming b; = 0 and by = 0, to derive the vector fields that generate gs,
we compute

2 2
(c1,c2,¢3,¢4,¢5) = (6a1 — 2azas + ajas, 6az — 2asas — asaz, 2a3, —ay, as)

and find
2

1 1 30
My+ILp+ K — (Vy — QP (pK + L - =
= s(My+Lp+ a)x° +8QK( y— O (pK + Ly))x N

!

0
_ 2., _ - _
cg =62 +6(Kq+ Lp+ My)“x 16‘(Kq+Lp+My)((Q - m,)y+ﬂp)

3 FO 12 303 i 02 s
<593K3+92K2(2§2 L = 120217 +210L 5 — U )

O\ M\ ,
~ 30 (QL - 45) K)y + 6QLp? + 12QMyp,

!

1 L
1

Cy = —=

4 8X,

s =4(My+ Lp+ Kq).
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The 1-forms given by ©1, © and O3 are in the span of wy, ws and w3 precisely

when both b; = 0 and the dual of Noth’s equation by = 0 are satisfied.
‘We now make the substitution

1
Q= ; an // exp(= / x)dz)dzdz,

where (P, @, R) satisfies

and use equation ((6.4)

——Q@n=0
U Al
Let us again denote
,r]/
g =
Ui
so that
n=e [ gda
We get

and we obtain
J = My+Lp+Kq = ge*% deI((Gf +P)2 4 %)y - g(8§+P)p+ne% J Pz,
and

1/1 1
Ix? - 2 (p (6£+P)65de””y> X - e [Py,

1
-8 8 \n 813

cg=6z+6xJ2—16<np—77(6§+Pe 3 [ paz )J

—4(6¢ + P)p? + 2(66 + P)2e 3 S Py, (6§+P - [ pdwy2
Q 1 Pde R [pax o
Pp? 4 X il
+ F'p +106 yp+306 ye,
1 dem
c3=—5Jx+ p—*(6§+P Y,
2 no2n
o L
4 — 8X7

C5=4J.
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Let us write

(6.5) X' =9,,
(6.6) X2=90, + e%fpdﬂfpay +e%dexq8p vl Pdz 2
and take
X = iyt P, X (6e 1 P)o, 0,
(1252 +3P¢ + P2 - %) )a

+n( ((6£+P)2+20) 3 [ pae, 8£+P)p+4e2fpd””>8z.

This allows us to write Z', Z2 and Z3 in terms of the following combination of
X', X? and X3

7 = e 2fpdm<(6§2+gpg+112(1ﬂ %))nx 4§—P>X1+X3

1 de:c
2 _ 1 e2v2 1 2y
72 = 0, X' — 82X 2n<3((65+P) 20)
— (8¢ + P)p + 2¢? dewq)X?’,

1
73 =X — gXX3,
where the functions ¢; and /{5 are given by

0 =2¢” fp‘“(6§2 + 2P§+ E(zﬂ - 1%))

Q)y B (85+P>6§f1t>dacp+ 26f szq) TI4X

P)? 4
><< (6€ + 20

—(144£3+68P£ + = (P2 Q)f-i- (P3+ ﬁPQ+ R)) 20~ ) Pdey
+(11252+28P5+ 2P - Q) Py a0e 4 Py,

_ o3 ) Pdz [ = e _ ,Q . ,i i
= 4] <8<6£2+2P£+12(p2 10))’75%2 16(8§+P)77X+477>'
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We have chosen the preferred ordering of terms according to n?y, e 2 J Pdwy, P,
1
ez fpqu, £. We obtain in the end

(6.7)
2 Q 3PQ R —dea:
1_ . 2f= 3 2 2 | < 3
[ — (9(2165 + 108P¢ +18(P +20)§+P + 5) y
72<24§2+6P§+1( Q))e szd“fp+24§q X' —8n?X?,
3 10
(6.8)
-1 [ Pde
2_67 1
S° = p X .

These two vector fields lie in the span of X! and X? and together with

S3:£3X1+(( ((6£+P) 20) —4 [ Pdsy,

1 Ll 1 e
— 5(8€+P)p+e2fpd q)n3x2+ (5(6£+P)6 3 [ pa y—p)nx

(6.9) - %e‘% de“;,) X% 2x3,
where
1
1 [ pax 3 1 et [Pl
by =ne3 ) Pe ((6§2+2P§+12(P2 1%))?7)( 46—* )C§+ e
2 Q 3PQ | R\ _ [ Pda
2f 4 3 2 2 Y 3
+n <9<216£ +108PE +18( P2 + 5§+ PP+ s + 2 e y
—2(2452+6P§+ (Pz—l%)) 3 [ P +24£q)01,

they bracket-generate the Lie algebra of split gs.

Theorem 6 1. For the mazimally symmetric distribution spanned by X', X? as
given in and ( where P(x) satisfies the generalised Chazy equation with
pammeter 2 and anmhzlated by the 1-forms in , the Lie algebra of split gs is
obtained from the pairwise bracket-generating set {S*, 5%, 53} where S, S? and

S3 are given in , , -

7. EXAMPLE: SPIN 4 LAME EQUATION

We now give the bracket-generating set of the Lie algebra of split go when
we take solutions of the generalised Chazy equation with parameter % using a

parametrisation involving the second-order spin 4 equianharmonic Lamé equation
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Again take w = (%) and let u = 4w® — gow — g3. The algebraic form of the Lamé
equation (with accessory parameter 0) is given by

1
UD oy + iuuﬁbw —n(n+1)wd=0.

When g = 0, n = 4, we obtain the solutions

o =aP} (,/1—M>ﬁ+ﬂcg% (,/1—41”3>ﬁ
gs g3

given by associated Legendre functions. They turn out to be algebraic and can be
reexpressed as

Plé(x)z—M(1+x)é(3x—1)
and
Lo ml-x)b (1-2)s@z+1) 1. o
Ql( )_3\/§<$—1)F(5/3) ( (1+.’E)% 2(]-+ ) (3 1)) .

Here the branch cut is taken along (—oo, —1) U (1,00). If we introduce the new
independent variable r by taking

1/3
. 93/7"

T (34 1)2/37
then the algebraic form of Lamé’s equation with spin 4 is
(r® +1)°®,, + 2r°(r® + 1)@, + 20r® = 0,
which has solutions
2r3 — 1 32
&= o 2" 5 r(r ) .
(r3 +1)4/3 (r3 +1)4/3
The solution to the spin 4 Lamé equation can also be derived from the Hermite-Krichever
solution ([16] and [I7]), and can also be related to hypergeometric functions and

Schwarz triangle functions obtained in [22] and [20].
We find that

1
dZ = —————dr
g3/°(% + 1212

so that taking k = f—}ﬁ gives
93

k
do = —2(7’3 " 1)2/3‘1)2 dr.
To determine the solution to ([6.4), we change the independent coordinate x to r

1/3
and substitute in QQ = —720%@4 and find that the general solution is given
by

_ y(r3 4+ 1)+ dr(r® +1)
Ca2r3 = 1)+ pr(r3 —2)°
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This gives
/ L, / ((r® +1)Y/39)2 k
= —dadxr =
o (% + 12y +6r)2 2% + 12502

k
= / 72(7 m 6r)2dr
k

G I
Observe that the spin 1 algebraic form of Lamé equation for the same parameter r
is

dr

(r* + 1)2®,, + 2r*(r® + 1)@, + 2r® =0,

which has solutions

0Tty

T (3 +1)/B7
so 711 can be viewed as a quotient of the spin 4 solution over the spin 1 solution, and
x can be viewed as the independent variable of the generalised Chazy equation
with parameter 2 (which corresponds to spin 1). Again this agrees with the result
of Theorem 3.2 in [24]. We shall restrict to the case where y = r by taking § = 0,
v = +/k/2 and the constant of integration ¢ = 0. This gives us

2 (B(r8 + 8r3 — 2) +9ar?)(B(r* — 2r) + a(2r® — 1))
k (r3+1)3 '
We also have the parametrisation

24 (213 — 1) + Br(r® — 2)

52_

pP= % 1) (arQ(rg—S) —ﬁ(57‘3—1)) ,
Q= " gy (0@ = 1+ are = 2))"
R= 8Z§OM(a(2r3 —1)+8r(r® —2))°.
Substituting F" = &3 into , the (2, 3, 5)-distribution is in this case given by
w; =dy — 12)(1_:6;12)2/3dr,
(7.1) wp =dp — g(lfﬁ,)mdﬁ
w3 =dz — (]22(14]5?:)2/3dr’
where
®=a (T,ij I)i S+ (:gi 5333 and k= —v

93
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Let us take
Y =a(2r - 1)+ 8r(r? —2).
We find
(72) 3 ﬂ r(38rt + a(4r® +1)) 2k r?y?
' - VkS ] Pr6 s 1t
B 288 5 8 (6(71"4 +47) + (87 +5))(B(2r® — 1) + 3ar?) ,
(7.3) 2 =062 Y + v 1) D
3k ryt o, 96 (38rt + a(4r® + 1))r
B +1e? TR 1
48 r?Y? ya+ 8 (a(5r3 +2) + B(4r* + r))Y2pq
k (r3+1)3 (r3 +1)4 ’
2 V2k  rY?
(74) 3= —\/;(57"4'@)17— qua

T’

3ar? + 3(2r3 — 1) Y?
=4 8 2V2k————q.
@ 8\/1&”+ \[ N (3 +1)37

This gives
2
ﬁ w1 + ]{7 3 + 1 rwa,
B 12 3a + B(rt + 4r))r r?Yy?
Oz = —48 <k3 P Re . PRy
12Yr 2Y (3ar? + B(2r3 — 1)) Y3
+ 2(;3 y 3 2 P=73 19 ) w2
k2(r3 + 1) E(r3+1) (r3+4+1)
+ 6(,«)3,

/2 2
O3=6 TW1+\/;3+1 wa .

Using this set of functions as a basis, we find

Zt = 803 + 265802 - 2648C

\/§k3/2ra 2V/2k
_4(r3+1) Y 41)3 ( k(

kard +1 \F(r?’ﬂ) (6ar? + B(5r° — 1))

and similar formulas for Z2 and Z3. We have the following corollary:

+1)%p + Y?¢)0.
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Corollary 7.1. Consider the mazimally symmmetric (2,3,5)-distribution given
by the span of

LGNSR S S S S
K3+ 127 T P T e 1T (3 )

Xt=9,, X’= =q20.

where Y = (213 — 1) + Br(r3 — 2). This is annihilated by the 1-forms {w1,ws,ws3}
in (7.1). Then the vector fields

8(r® +1)3 4(r3 +1)%r(a + pr) 9ar? + B(rS + 83 — 2)
L _ 94 X!
s ( Ky? Y Y2 P (P +1)Y )
4k(r® +1)% _,
oy X

SQ — \/5(7‘3 + l)sxl
4V/kY? ’
S% = —c1 St + S - 37,

where

AR

V2R 5 2v/2k (_ 23
AP+ )Y T3 &
k4r® + Ly 2\/5(7"3 +1)3(6ar? + B(5r° — 1),

2 vy 7 k Y3 a

(r* +1)*p+ ¥?q) 0.

and c1, co and c3 are given as in (7.2), (7.3), (7.4), pairwise bracket-generate the
Lie algebra of split go.

The consequence of Theorems [£.1] and [6.1] in this paper is that we obtain
additional split go Lie algebra of vector fields besides those given in . It would
be interesting to investigate the parametrisations of the split real form of the other
exceptional Lie algebras (Fy, Es, F7 and Eg) based on the vector fields that we
obtain here.

Furthermore, we can use the parametrisations by Lamé equation in Corollaries
[6-2] and [7]] to find the corresponding contact structure of type G through the
double fibration transform.

In part two of [23] and later in [2I], the automorphisms of the generalised
Chazy equation with parameters % and % were studied. This gives us additional
parametrisations of the go vector fields based on a particular fixed solution. The
transformation to other parameters of the generalised Chazy equation were studied
as well, and it would also be interesting to see how it fits into the results obtained
in this context.



LOCAL EQUIVALENCE OF SYMMETRIC (2,3,5)-DISTRIBUTIONS II 39

APPENDIX A. SPLIT go LIE ALGEBRA OF VECTOR FIELDS

In this appendix we give the split go vector fields in terms of the coordinate
functions (c1, ¢2, 3, ¢4, ¢5). We have already determined in Section 2 the short roots

St=27%4¢52¢,

S§% =273 —c, 7%,

9% = —c1 8! + 082 — cg)Z1 .
Computing the commutator gives the remaining short roots
St = 2(0., + €40e, — 50c,)

2 1 1
S° = 2(cy + 3cseq) 2 — des Z3 4 6y (01861 + 20, — 5038,;3 — §C4864 — 505865>
—6(c1cs5 + cacy 4 €2)0ey,
2 1 1
S8 = —2(02 — 3CgC5)Z1 + 403Z2 + 6¢5 (Clacl + 62802 — 503803 — 304864 — 565805)

—6(c1c5 + cocy 4+ €3)0,, -
We obtain the long roots

L' = —60,,,

L? = 60,,,

L? = 6(c10c, — C40es)

* = 6(c1 — 2c3¢q)((e1 + 2¢3¢4)0¢, + (c2 — 2¢3¢5)0c, + €305 + €40c, + C50c5)
+6(cics + cacq + 3) (20300, — Oes)

L° = —6(cq + 2c3¢5)((c1 + 2¢3¢4)0¢, + (c2 — 2¢3¢5) 00y + €300, + €400, + ¢50c,)
+6(cics + cacq + 3)(2¢30¢, + 0ey)

LS = 6(c20., — c50c,)

and we also have

2 1 1
h = —6(61801 =+ 02802 + 503603 + 504804 + §C5aCS> 5

H= —6(02862 + %03803 - 304854 + 205865) .
Let h!' = 2(h — H) and h? = g(h + H). We have the commutation relations in
the table below, where the entries are given by the Lie bracket [X, Y], where X is
corresponding vector down the first column and Y is the corresponding vector along
the first row. We have displayed only the non-zero elements above the diagonal.
(By the anti-symmetry of the Lie bracket, the elements below the diagonal are just
the reflection of the upper diagonal entries with the signs reversed).
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X\Y At R2|Sst §? $3 54 55 56 L' L? L? s s LS
ht sto-1s2 _1g8 1gt 55 166 | 3Lt -3 3Lt 36
h? B2 _Bgs Yigh —Bg6 | Bt \Br2 s Bt \BL5 BLS
St 54 -85 L' h-H LS -652  —65°
S? S0 L? L? H —69°% —65t
s3 S L5 | —6S' —6S2
S -85% 8§t 65° 65
S5 —85% | 651 65°
56 65t 65°
Lt —6L% 6(2h—H) 6L°
r? 6L3 6(h+H)  —6L!
L3 —6L*  6(2H — h)
t 6L°
LS
LG
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