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FINITE INTERPOLATION ON SEQUENCES IN THE DISC

LAIA TUGORES

ABSTRACT. This note deals with interpolation of values of analytic functions
belonging to a given space, on finite sets of consecutive points of sequences
in the disc, performed by rational functions and polynomials. Our goal is to
identify sequences and spaces whose functions provide a bound of the error at
the first uninterpolated point that is as small as desired. For certain sequences,
we prove that this happens for bounded functions, Lipschitz functions and
those that have derivatives in the disc algebra.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let Z = (2;)$2, denote any sequence in the open unit disc D of the complex plane.
We write D(Z) = sup; ; |2; — z;| and choose the finite subset Z, = {z0,...,2x}
without losing generality for our purposes. Let H denote the space of all analytic
functions in D and let f*) denote the k-th derivative of a function f in H (f(©) := f).
For z, w € D, we write ¥(z,w) = (w — 2)/(1 — Wz), so that |[¢(z,w)| is the
pseudo-hyperbolic distance on D. It turns out that |¢(z,w)| < 1 and the diameter
of D for this distance is 1 ([4]). Let G(Z) = sup, ; [¢(2i, 2;)|. We put ¢ for positive
constants.

Let H denote the space of functions f € H such that

[fllee =sup|f(z)| <c
z€D

and let A be the disc algebra of functions in 7 that are continuous on D. For an
integer p > 0, let A? be the algebra of functions f such that f*) € A, k=0,...,p.

If f € AP, then
Zi — Zj —z;)P
S GEP| oz — 517

(0 |Fe) = fe) - e p!

uniformly in z;, z;. Let A> denote the algebra of functions f such that f k) e A
for all kK > 0. If f € A, then the estimate in holds for all p. Let AP be the
Lipschitz class of order p consisting of all functions f € AP~ (A? := A) such that

[fP0(z) = F7 D (w)| = O(lz — wl).

= ) (2) (2
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If f € AP, then

Z'—Zj

f(zi) = f(z5) = f(z5) = T

(20 — 2)P "
(p—1)!
uniformly in z;, z;. If s > 0 is not an integer and m = [s], let A® be the Lipschitz

class of order s consisting of all functions f € A™ for which

[fU(2) = F ()] = Oz = w]*~™).

In [3], A® is defined as the space of all jets f = (f©, ..., f(™)) of continuous
functions such that

= f(p—l)(zj) = O(|z; — 2 |?)

F®(z) = B (z5) = fEHD ()7 I!Zj B

(2) =O0(lzi — 2*7)

o pmy B %)
f (J) (m

uniformly in z;, z;, k =0,1,...,m.

Given a function f in H and a sequence Z, we denote by Q,,(z) a rational function
of degree at most n (Q, = 57 where p and ¢ are polynomials and degree (p) =
degree (¢) < n) interpolating f on Z,, namely, Q,(z) = f(z),i=0,...,n. We
put E[Q,] for the “error” at the first uninterpolated point of Z, that is,

E[Qn} - |Qn(zn+1) - f(Zn+1)|

Let R, (z) be the rational function defined, as in Newton’s divided differences ([2]),
by

n k—1
(3) Ru(2) = [20) + Y 20, 2] [ ¢(2.2), z€D,
k=1 §=0
where [z;] = f(z;), and
Zidly-e oy 2] — 26y 052521 o
(4) [Zi,...,zj]:[ + 1/5(]23,,[’51) ! }, i<j.
As a consequence of the Schwarz lemma, if f € H*, then
(5) |f(z) = fw)] < cl(z,w)],
so that [z;, z;] is bounded for any 4, j, but also all quotients [z;, ..., z;] in are
bounded (see ([6]). Thus,
n k—1
(6)  E[Rn] <clt(znsr20)[ + ¢ X [T 1¥(znt1,2)l < (04 Deltp(zas, 20)] -
k=1j=0

In [5], sequences that provide Q,, with E[Q,] < ¢(n) |zn41 — 2n| are given for the
Lipschitz class of order 1. This bound and that of @ facilitate a simple control of
the error, but they do not allow it to be as small as desired. The motivation of this
paper is to get the error so. Regarding this aim, we pose the following sequences Z
for a given subspace S of H.
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Definition 1.1. We say that Z is S-placed if for each f in S and ¢ > 0, there
exists n € N and a rational function @, such that @,, interpolates f on Z, and

ElQn] <e.

Definition 1.2. We say that Z is S-placed in the strong sense if for each f in
S and € > 0, there exists n € N and a polynomial P, of degree n, such that P,
interpolates f on Z, and E[P,] < e.

We distinguish between “placed” and “placed in the strong sense”, depending
on if the interpolation is performed by a rational function or a polynomial. We
determine different function spaces and sequences with these properties.

Definition 1.3. We say that Z is compatible for the distance d if for each n > 2,
(7) d(zn,2) < cd(zi,z5), 0<14,j<n,
where the constant ¢ is independent of n.

Our results, which will be proven in Section 3, are the following ones.
Proposition 1.1. If Z is compatible for the pseudo-hyperbolic distance and G(Z) <
%, then Z is H*® -placed. Besides, given f € H*>® and € > 0,

(i) For sufficiently large m, there exists a rational function Q, that interpolates
f on Z,,, satisfies E|Qn] < €, and, on a subsequence (z,,); of Z, also
satisfies
|Qm(2m) - f(zm)| <e€
for any n; > m.
(ii) If Qm is as in (i) for allm > N, then f is the uniform limit on the compact
set (zn,)i U{lim; 2y, } of a subsequence of (Qm)m>n-
Proposition 1.2. If Z is compatible for the Euclidean distance and D(Z) < %,
then there exists
a) so > 1 such that Z is A®-placed in the strong sense for all s > sq.
b) po > 1 such that Z is AP-placed in the strong sense for all p > py.
¢) qo > 1 such that Z is Al-placed in the strong sense for all ¢ > qo.

As an immediate consequence of Proposition ¢), we have the following result.

Corollary 1.1. If Z is compatible for the Fuclidean distance and D(Z) < %, then
Z is A*®-placed in the strong sense.

For example, Z = (3_(”1))5’2O is compatible for distances pseudo-hyperbolic
and Euclidean, and G(Z) = D(Z) = 1.

2. CRUCIAL LEMMA

We prove an estimate for a function in H* and all its derivatives up to any
order, which will be used in the proof of Proposition [[.1} For a fixed w € D, let
Tw(2) := (2, w) be the automorphism of I interchanging w and 0. We recall that
the Bell polynomials are

; N! 1\ Mt TN_j MN—j+1
/BN(:C1;~..7:EN*J+1) Zml!"'mN—j-l,-l! <1|> ((N-]-'—l)' 9
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where the sum is extending over all sequences mq,...,my_;41 of non-negative
integers such that

m1+...+mN_j+1 :j
miy+--+ (N =j+1)my_ji1 =N,

and the Stirling numbers of the second kind are S(N,j) = g3(1,...,1).

Lemma 2.1. Let

> i SOV (|wl = 1)7 f9 (w) .

A(J, N, w) = =

If f € H*®, then for all k € N,

k
8)  1f(z) = flw) = D A(f, N w)(w, 2)N| = O(|¢(w, 2)[F), w,z €D.

N=1

Proof. We write

T3:f(0,2) = f(O) + f(0)z + -+ =3 2

and define the function

f(2)=T, £(0,2) if 2 # 0;

PLEs] )
I e ez,
It is immediate to check that g is analytic and
/ [f®(0)]
lgrlloo < Wlfllse + £ O+ FO) + - 4+ === < (k +2)[| flloo -

Then,
|f(2) = Tuf(0,2)] < clz|FtT.

Replacing f by f o7y,
(9) |(f o 7w)(2) = Ti(f 0 7)(0, 2)] < e]2[*F.
We have

21 B (T(0), o (0)£9) (7 (0)
(foTw)(O Z + Z J ! N N
Replacing z by 7, (2) in @ and taking into account that

!—k—l 2 _ 1
() = Ml = 1)
(1 — wz)kJrl
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@ becomes
() = f(w)
b B ((wl? = 1), (N = G DN (] = 1)) £9) (w) N
-2 N Yw,z)
N=1
< clp(w, 2)[F+!
and follows. O
3. PROOF OF RESULTS
Proof of Proposition Let f € H* and € > 0. We define
an('z) = ZA(f7N7z)w(z>Zn+l)N7 ZEID),
N=1
where n will be determined later. We take [z;] = f(z;) — an(2), [2i,- .-, 2]

as in (@), and g, (2) as R,(z) in (§). Since [ (w)| = O((1 — |w[*)~7) for all
f € BMOA ([1]) and H>* < BMOA, note that |A(f, N,z)| = O(1) and then,
lan (2)] = O(|¢(2, 2n+1)|). We have that Q,, = g, + o, is a rational function of
degree at most n interpolating f on Z,. On the other hand,

(10)  E[Qn] = Elgu] < |f(20) = an(20) = f ()| + [ (ze1, 20)| Y205 - 28].

k=1
By (B), the first term in is O(|Y(2na1, 20)|"™1). By and (7),
|f(zi) — an(2i) = f(znt 1) + [f(z5) — an(z)) = f(zn4)]
(i, 25)]

<ec |¢(Zn+1, Zi)|n+1 + |¢(Zn+17 Zj)|n+1

B |9(2i, 25)|

< c([(zng1, 2)" + [W(2n41, 2)[") < cG(2)™.
Thus, by ,

ElQu<c[l+(1+2)+ -+ 142+ - +2"HG2)"

[z, 2] <

=c[2" — (n+2)|G(2)"T < c(2G(2))" .
Since 2G(Z) < 1, there exists N such that E[Q,] < € for all n > N.

(i) Condition G(Z) < % implies that the sequence Z is relatively compact in
D. So, let (zy,); be a convergent subsequence. Assume m > N and n; > m. Using
the fact that @Q,, is bounded independently of m, together with , and taking
m > n; with sufficiently large n;, we obtain

|Qm(zm) - f(zm)| < |Qm(zm) - Qm(zn]” + |f(zng) - f(zm)|

<clp(zn, 2n,)| < €.
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(ii) Since (Qm)m>n is uniformly bounded, by Montel’s theorem, it has a sub-
sequence (@, )r that converges uniformly to a holomorphic function @ on the
compact set K = (zp,); U {lim; z,,,}. Given z,, € K, choosing m;, such that
my > n;, we have

and |Q(zn,;) — Qm,, (zn,)| < € if my, is taken sufficiently large. So, @ = f on K and
(ii) holds. O
Proof of Proposition [1.2

a) The proof is quite similar to that of the Proposition Let € > 0. We define

)

" Zn4+1 — R N
(1) ) = 3 TR, e,

where n > 2 will be determined later. Suppose f € A®, where [s] = n. We take
[zi] = f(z) —a(zi), [#, ..., 2] asin , and the polynomial p,, of degree n defined
by

n k—1
Pn(2) = [20] +Z[207---7Zk] H(z —zj), z€D.
k=1 j=0

Note that |o,(2)] = O(|z — z,41]), because | £ (z)| = O(1). We have that P, =
Dn + @, is a polynomial of degree n interpolating f on Z, and

(12)  E[P] = Elpa] < |f(20) = an(20) = f(zns1)| + lzn1 = 20l D _[20,-- - 2]
k=1

By (2)), the first term in is O(J#zn+1 — 20/®). By and (7)),
[f(zi) = an(zi) = FGnr)| +1£(25) = an(2) = f(zn1)l

|zi — 2]
|znt1 — 2il* + [2n41 — 7]
|2 — 251

Thus, by and continuing as in the proof of Proposition
E[P,] < c(2D(Z))"!.

[z, 2| <

<ec < CD(Z)571 .

Since 2D(Z) < 1, choosing n sufficiently large, it follows E[P,] < e.
To prove b) and c), take a,,(2) as in , p — 1 =mn and ¢ = n, respectively,
and proceed as in the proof of a). O

Remark 3.1. Regarding this topic, we believe that it could be interesting to
identify more S-placed sequences and S-placed sequences in the weak sense.
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