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ON THE DIRICHLET KERNELS WITH RESPECT
TO THE WALSH-KACZMARZ SYSTEM

K. NAgy

ABSTRACT. In this paper we give a form of the Dirichlet kernels D} with

respect to the Walsh-Kaczmarz system. Define the operator of Sunouchi U* f :=
Ke_ K2 1
>0, w)i (f € L') with respect to the Walsh-Kaczmarz system. We

prove that the operator U” is not of type (H?!, L1).

Let P denote the set of positive integers, N := P U {0}. Let denote by Zs the
discrete cyclic group of order 2, respectively, that is Zo = {0,1}, where the group
operation is the modulo 2 addition and every subset is open. Haar measure on Z is
given in the way that the measure of a singleton is 1/2. Let G be the complete direct
product of the countable infinite copies of the compact groups Z,. The elements
of G are of the form » = (z¢, z1, ..., Tk, ...) with z; € {0,1} (k € N). The group
operation on G is the coordinate-wise addition, the measure (denoted by p) and
the topology are the product measure and topology. The compact Abelian group
G is called the Walsh group .

A base for the neighborhoods of G' can be given in the following way:

IO(':C) = G’ In(ZL') = {y €G: Yy = (l'07 "','Tn—hyruyn-i-l'“)}

(x € Gon € P). Let 0 = (0 : 4 € N) € G denote the nullelement of G,
I, := 1,(0) (n € N). Furthermore, let L?(G) (1 < p < o) denote the usual
Lebesgue spaces (||.||, the corresponding norms ) on G, A,, the o-algebra generated
by the sets I,,(z) (z € G) and E,, the conditional expectation operator with respect
to A, (n € N)(f € LY(Q)).

Define the Hardy space H' as follows. Let f* := SUP,en | En f| be the maximal
function of f € L}(G). Set H' := {f € L}(GQ) : f* € L'(Q)}, H' is a Banach space
with the norm [|f||z := ||f*|]1. A good property of the space H'(G) is the atomic
structure ([SWS]). A function a € L*°(G) is called an atom if either a = 1 or a
satisfies the following three properties:

(i.) supp a C I,,
(ii.) llalloo < 1/p(I,) and
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(iii.) [, a 1, @ =0, for some interval I,.

A function f belongs to the Hardy space H if there exist A\; € C and a; atoms
(¢ € N) that >..2 |Ai| < oo and f = Y ;2  Aja;. H is a Banach space with the
norm || f||g := inf >°:° | \;|, where the infimum is taken over all decompositions of
=320 Nia;. Moreover H' = H(G) and ||f||z: ~ ||| &

For k € N and = € GG denote r; the k-th Rademacher function:
rp(z) == (=1)" (z € G,k € N).
Let n € N. Then n = Y ;2 n;2* can be written, where n; € {0,1} (i € N), i.e. n is
expressed in the number system based 2. Denote by |n| := max{j € N : n; # 0},

that is, 21"l < n < 2l71+1,
The Walsh-Paley system is defined as the set of Walsh-Paley functions:

H ) = (—1)Zite M (z € Gyn e N).

The Walsh-Paley system can be given in the Kaczmarz enumeration as follows:

n|—1
tin (T) 1= 7|n| (1) H (Tn)—1-x(2))™*
=7 (z) (-1 1) S50 mein-imk,

for z € G, n € P), ko(x) =1 (z € G). Let the transformation 74 : G — G be
defined by

TA(.I‘) = (xA—lva—% <y L1, L0, LA, LA+, ) € G7 (A € N)
T4 is measure-preserving and such that 74(74(z)) = . We have
b () = 7)) (2)wn (10 (z))  (n € N,z € G).

For a function f in L'(G) the Fourier coefficients, the partial sums of the Fourier
series, the Dirichlet kernels, the Fejér means, the Fejér kernels and the maximal
functions of Fejér means are defined as follows.

n—1 n—1
= [ g sir = 3 F s, D= Y e,
G k=0 k=0

1 & 1 —
onf =5 D Sif Ko=) Dy 0% f i= sup o f|
k=1 k=1 ne

and D§ = K§ := 0, where « is either w or k.

The behavior of the Fourier series with respect to the Walsh-Kaczmarz system
was studied by a lot of authors. Skorcov proved that the Fejer means converges
uniformly to the function f for continuous functions f [SK1], G. Gat proved for
the integrable functions that the Fejer means converges almost everywhere to the
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function [G4t] and he also proved that the maximal operator o** is of type (p,p)

for all 1 < p < oo, of weak type (1,1) and of type (H!, L) [GN]. Wo-Sang Young
and F. Schipp proved that the Walsh-Kaczmarz system is a convergence system
[Y], [Sch].
The Dirichlet kernels D} has of the following form stated in Theorem 1.
Theorem 1: If n € P, then

n|

Dy (x) = njn| Dy () + 7y (T Zn|n| 3H7“|n|"} Tin) () D5ln1—; (1)) (2))-

Proof of Theorem 1: n can be written in the form n = ZL"'O nJ2J

21l 2in= 2l i 2™ T e, o272
Dy (z) = D3y (2) + Z kg (r) + Z ki (1) + ...
k=2In E=2nl4mn, 12/t

= Ny D5t () + 1) =17 0| (T)Watnl (Tjn) (2)) D=1 (T)n) (7))

+ 1|27 ) (2)wain) (T () )Wy, _ 21011 (Tn) (2)) Dijai—2 (Tn) (7)) + -
Thus the n-th Dirichlet kernels with respect to Walsh-Kaczmarz system can be
written in the form

n|

Dy (x) = njn D5 () + 7)) (T Zn|n| ]HTM 1 (T (2)) D51 = (T (2)). O

The sum 27" Zz JUIDY ||l was studied by N. J. Fine [F], he has shown that
this is greater than cn Wlth a constant ¢ > 0 (n € N).

Corollary 2: If n € N, then

2n
27" Dkl = en,
k=1

with some absolute constant ¢ > 0.
Proof of Corollary 2: Let J|tn| ={reqG: Tinl—t—1 = LZjp—t = 0,0, T jp =1 =
0} for |n| > ¢. For a fix n the sets J|t , (In] > t) are disjoint. For all z € me

we have the equality | D} ()] = | X1 =i THZ0 77 (7 () Dgli—; (7l ()]
(In| > t). Using this we may write

2N 1 [n|

2NZ||Dk||1>2N > Z/ Dy )l

ntzl,nt_1:0

N—1 2N_—1
22V Y [ piw)is
t=1 n—at+1 /Iy,
N—-1 1
> 9N Z Zzc(N—l).
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This completes the proof of Corollary 2. [
We say that the operator T': L'(G) — L°(G) is of type (p,p) if

||Tf||p < Cp”f“p

for all f € LP(G) (1 < p < oo) for some constant ¢, (¢, depend only on p). The
operator T is said to be of type (H!, L) if there exists a constant ¢ such that

ITfll < el Flla

for all f € H(Q). Introduce the Sunouchi operator for any function f in L'(G) by

e (EZ“Wf %;ﬂf(ﬂ> wea

where « is either w or k. G. I. Sunouchi has proved [Sul] that U¥ is of type (p,p)
for all 1 < p < oo and is not of type (1,1). P. Simon proved [S] that the Sunouchi
operator U¥ is not of type (H!, L1).

Corollary 3: The operator U* is not of type (H!, L1).

Proof of Corollary 3: In order to prove Corollary 3, let

Fn = D2n+1 - l)zn7

then
n+1__
Izc on 11@"% IN|>n
SnFn—onFo =0 Y, ke IN|=n
0 |IN| < n.
This implies that
1 1
0o 20—1 P |2 2 2" —1 1 2" +k 2
K 2’+k RIS (7
v - (LY T 2| 2 sl 2wl
1=0 k=0 k=0 j=2n
2n I 2n 2n I
> cz—";1 Dji + oo (DE = Kp)| > 27" (kX_jllDZI - ’;Q—HIK;;I) -

Thus,
2" 2"
U Fnlls > ¢ (2_" Yo IDE =27y kll&?lll)
k=1 k=1

holds. (For more details see P. Simon’s method [S].) The fact that ||Kj ||y < C (k=
1,2,...) (see [G&t]) and Corollary 2 give Corollary 3. O



ON THE DIRICHLET KERNELS WITH ... 13

REFERENCES

N. J. Fine, On the Walsh functions, Trans. Amer. Math. Soc. 65 (1949), 372-414.

G. G&t, On (C, 1) summability of integrable functions with respect to the Walsh-Kaczmarz
system, Studia Math. 130 (2) (1998), 135-148.

G. Gat, Investigation of certain operators with respect to the Vilenkin system, Acta Math.
Hung. 61 (1-2) (1993), 131-149.

G. Gat, K. Nagy, Césaro summability of the character system of the p-series field in the
Kaczmarz rearrangement, (submitted ).

P. Simon, (Ll,H)—type estimations for some operators with respect to the Walsh-Paley
System, Acta Math. Hung. 46 (3-4) (1985), 307-310.

F. Schipp, Pointwise convergence of expansions with respect to certain product systems,
Analysis Math. 2 (1976), 63-75.

V. A. Skvorcov, On Fourier series with respect to the Walsh-Kaczmarz system, Analysis
Math. 7 (1981), 141-150.

V. A. Skvorcov, Convergence in L' of Fourier series with respect to the Walsh-Kaczmarz
system, Vestnik Mosk. Univ. Ser. Mat. Meh. 6 (1981), 3-6.

G. I. Sunouchi, On the Walsh-Kaczmarz series, Proc. Amer. Math. Soc. 2 (1951), 5-11.

G. L. Sunouchi, Strong summability of Walsh-Fourier series, Tohoku Math. J. 16 (1964),
228-237.

F. Schipp, W. R. Wade, P. Simon and J. Pal, Walsh Series. An Introduction to Dyadic
Harmonic Analysis, Akadémiai Kiad6, Budapest, and Adam Hilger, Bristol and New York,
1990.

W. S. Young, On the a.e. convergence of Walsh-Kaczmarz-Fourier series, Proc. Amer.
Mat. Soc. 44 (1974), 353-358.

Received December 12, 1999.

INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCES
COLLEGE OF NYIREGYHAZA

H-4400 NYfREGYHAZA, P.O.Box 166.

HUNGARY

E-mail address: nagyk@agy.bgytf.hu



