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A CENTRAL LIMIT THEOREM FOR RANDOM FIELDS

ISTVAN FAZEKAS AND ALEXEY CHUPRUNOV

ABSTRACT. A central limit theorem is proved for a-mixing random fields. The
sets of locations where the random field is observed become more and more
dense in an increasing sequence of domains. The central limit theorem con-
cerns these observations. The limit theorem is applied to obtain asymptotic
normality of kernel type density estimators. It turns out that in our setting the
covariance structure of the limiting normal distribution can be a combination
of those of the continuous parameter and the discrete parameter cases.

1. INTRODUCTION

In statistics, most asymptotic results concern the increasing domain case, i.e.
when the random process (or field) is observed in an increasing sequence of domains
T, with |T,,| — oco. However, if we observe a random field in a fixed domain and
intend to prove an asymptotic theorem when the observations become dense in
that domain, we obtain the so called infill asymptotics (see Cressie [4]). It is known
that several estimators being consistent for weakly dependent observations in the
increasing domain setup, are not consistent if the infill approach is considered.
In this paper we combine the infill and the increasing domain approaches. We
call infill-increasing approach if our observations become more and more dense in
an increasing sequence of domains. Using this setup, Lahiri [15] and Fazekas [8]
studied the asymptotic behaviour of the empirical distribution function. Practical
applications of this approach was given in Lahiri, Kaiser, Cressie, and Hsu [17].
Also in the infill-increasing case, consistency and asymptotic normality of the least
squares estimator for linear and for linear errors-in-variables models were proved
in Fazekas and Kukush [10]. In Putter and Young [22] the kriging was considered
using infill-increasing approach. General central limit theorems were obtained in
Lahiri [16] for spatial processes under infill-increasing type designs.

The main result of this paper is Theorem 2.1 in Section 2. It is a Bernstein
type central limit theorem for a-mixing random fields. It is analogous to Theorem
1.1 in Bosq, Merlevede and Peligrad [2]. The novelties of our theorem are the
infill-increasing setting and that it concerns random fields and not only random
processes. The detailed proof is given in Section 3. The method of proof is the well-
known big-block small-block technique often applied to obtain asymptotic normality
of nonparametric statistics (see, e.g., Liebscher [18]). In Section 4 we give an
application of Theorem 2.1. Theorem 4.1 states asymptotic normality of the kernel
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type density estimator (4.2) in the infill-increasing case. The underlying random
field is a-mixing. The conditions are similar to those of Theorem 2.2 (continuous
time process) and Theorem 3.1 (discrete time process) of Bosq, Merlevede and
Peligrad [2]. Our result is in some sense between the discrete and the continuous
time cases.

Kernel type density estimators are widely studied, see e.g. Prakasa Rao [21],
Devroye and Gyorfi [6], Bosq [1], Kutoyants [14]. Several papers are devoted to the
density estimators for weakly dependent stationary sequences (see, e.g., Castellana
and Leadbetter [3], Bosq, Merlevede and Peligrad [2], Liebscher [18]). In most of
the papers the goal is to find weak dependence conditions of asymptotic normality.
A few papers study the relation of the rate of dependence and the asymptotic
behaviour (see, e.g., Csorgdé and Mielniczuk [5]). The asymptotic normality of the
kernel type density estimator is well known for weakly depenedent continuous time
processes, too (see, e.g., Bosq, Merlevede and Peligrad [2]). The paper Guillou and
Merlevede [12] gives an estimator for the asymptotic variance. However, in the
continuous time case, if we calculate numerically the kernel type density estimator,
its asymptotic variance can be different from that of the theoretical one. To point
out this phenomenon is the goal of Theorem 4.1, and therefore we turn to so called
infill-increasing setup.

The results of this paper were announced at conferences, see e.g. Fazekas [9].

2. A BERNSTEIN-TYPE CENTRAL LIMIT THEOREM

The following notation is used. N is the set of positive integers, Z is the set of all
integers, N¢ and Z¢ are d-dimensional lattice points, where d is a fixed positive inte-
ger. R is the real line, R? is the d-dimensional space with the usual Euclidean norm
|Ix||. In R? we shall also consider the distance corresponding to the maximum norm:
o(x,y) = maxi<i<q |2 — |, where x = (M., 2@) y = (yM, ... yD).
The distance of two sets in R¢ corresponding to the maximum norm is also denoted
by 0: o(A, B) = min{p(a,b) : a € A, b € B}.

For real valued sequences {a,} and {b,}, a, = o(b,) (resp. a, = O(b,,)) means
that the sequence a,, /b, converges to 0 (resp. is bounded). We shall denote different
constants with the same letter ¢ (or C). |D| denotes the cardinality of the finite
set D and at the same time |T'| denotes the volume of the domain T

We shall suppose the existence of an underlying probability space (©, F,P). The
o-algebra generated by a set of events or by a set of random variables will be
denoted by o{.}. The symbol E stands for the expectation. The variance and
the covariance are denoted by var(.) and cov(.,.), respectively. The L,-norm of a

random (vector) variable 7 is ||n||, = {EHan}l/p, 1<p<oo.
The symbol = denotes convergence in distribution. MN(m, ) stands for the
(vector) normal distribution with mean (vector) m and covariance (matrix) 3.
Now we describe the scheme of observations. For simplicity we restrict ourselves
to rectangles as domains of observations. Let A > 0 be fixed. By (Z/A)? we denote
the A-lattice points in RY, i.e. lattice points with distance 1/A:

(f)dz{(’j\l]jf) : (kl,...,kd)ezd},

T will be a bounded, closed rectangle in R? with edges parallel to the axes and D
will denote the A-lattice points belonging to T', i.e. D = TN(Z/A)?. To describe the
limit distribution we consider a sequence of the previous objects. Le. let 11,75, ...
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be bounded, closed rectangles in R?. Suppose that
[ee]
(2.1) ThCcT,clsC..., UTz:Too
i=1

We assume that the length of each edge of T, is integer and converges to oo, as
n — oo. Let {A,} be an increasing sequence of positive integers (the non-integer
case is essentially the same) and D,, be the A,-lattice points belonging to T,.

Let {&, t € Too} be a random field. The n-th set of observations involves
the values of the random field & taken at each point k € D,. Actually, each
k = k™ € D, depends on n but to avoid complicated notation we often omit
superscript (n). By our assumptions, lim,,_, |Dp| = oo.

Define the discrete parameter (vector valued) random field Y;, (k) as follows. For
eachn =1,2,..., and for each k € D,

(2.2) let Y, (k) =Y, (k™) be a Borel measurable function of & ).

We need the notion of a-mixing (see e.g. Doukhan [7], Guyon [13], Lin and Lu
[19]). Let A and B be two o-algebras in F. The a-mixing coefficient of A and B is
defined as follows.

a(A, B) = sup{|P(A)P(B) —P(AB)| : A€ A, B e B}.
The a-mixing coefficients of {&; : t € T} are
OZ(T7U,U) = Sup{a(]_-fmj:fz) : 9(11712) Z T, |Il| S u, |12| S U}u

a(r) = sup{a(Fr,, Fr,) : o(l1,13) > r},
where I; is finite a subset in T,, with cardinality |I;| and F;, = o{& : t € L},
i =1,2. We shall use the following condition. For some 1 < a < oo

(2.3) / st*laaTil(s)ds < 00.
0

Now, we turn to the version of the central limit theorem appropriate to our
sampling scheme. Our Theorem 2.1 is a modification of Theorem 1.1 of Bosq,
Merlevede and Peligrad [2]. The novelties of our theorem are the infill-increasing
setting and that it concerns random fields.

We concentrate on the case when & and & are dependent if t and s are close
to each other. Therefore our theorem does not cover the case when Y, (k)’s are
independent and identically distributed. On the other hand, if & is a stationary
field with continuous covariance function and positive variance, then the covariance
is close to a fixed positive number inside a small hyperrectangle. We intend to cover
this case. Recall that D,, is a sequence of finite sets in (Z/A,,)? with

lim |D,| = occ.
n—oo

Theorem 2.1. Let & be a random field and let Yy, (k) = (Yn(l)(k), Ly (k)) be
an m-dimensional random field defined by (2.2). Let

Sn= Y Yu(k), n=12,....
keD,

Suppose that for each fived n, the field Y, (k), k € Dy, is strictly stationary with
EY, (k) = 0. Assume that

(2.4) 1Ya )| < My,
where M, depends only on n;

(2.5) sup ]E(Yrgr)(k))2 < 005

n,k,r
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for any increasing, unbounded sequence of rectangles G, with G, C T,

2.6 lim Y YD =0p,, ms=1,...,m,
e PORCALD ST Rt
€0n leg,

where G, = G N (Z/An)?; the matriz ¥ = (0v.s)1—, is positive definite; there
exists 1 < a < oo such that (2.3) is satisfied; and

a2
(2.7) M, < |T,|G=DE=D  for each n.
Then
1
(2.8) S, = N(0,%), as n— .

VAL Dyl
3. PROOF OF THE MAIN RESULT
The covariance inequality in the a-mixing case is
(3.1) | cov(X,Y)| < Ca (X, V) | X ] Y g
ift,p,g>1,1/t+1/p+1/q=1. We remark that for bounded random variables
[cov(X,Y)| < Ca(X,Y) | X|loo IV ]
is satisfied, see, e.g., Lin and Lu [19].

Lemma 3.1. Let D C (Z/A)? be a finite set and let &, i € D, be a strictly
stationary random field with zero mean and with |&| < M < 0o and a > 1. Then

4 R 1
(3.2) E(, &) <dDPA*M~% (),
if
(3.3) / 52d71aa%1(5,u,v)ds < 00

0

forpairsu =3, v =1 and u = v = 2, where a(s,u,v) denotes the mizing coefficient
of the field &;.

Proof of Lemma 3.1. The following calculation is similar to the ones in Lahiri [15]
and Maltz [20]. For simplicity, consider the case A = 1 (the other cases can be
reduced to this).

4
(3.4) JE{ ZieDfi} <
< C{ SOEG + Y EEG| + ) EGG+ > IBGGaAl+ > |E£i£jfk§1|} =

ieD i#] i#] iZitk i£j#kA]
= C[J1 + Js +J3+J4+J5],
where C' denotes a finite constant.

2 2 _2 1
Ji = Y Eg <|DIM*=E|g|- < |D|M*w (El&)7) " .
ieD
Jo o= Y Jeov(&, &I <CD o ([i—il 1L 1) 16 120 1€s]l2a
i#£j i#]
< CIDIZrd LT (r,1,1) M2 |83,

1
a

IN

|D|Zrd La% (r,1,1) M1 2 (E€?)
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T < ) (lcov(&, )] + B EEF)
ij
< YT (i il 1,1) [1€2ll2 1€} o0 + DI (BEZ)
i#]j

2
a

< c|1>|zr“ (1, 1) M43 (Be2)* + [D|2M*—+ (Bed)

For Jy let r be the greatest distance between subsets of {i,j,k}. Then we have
two cases. In the first case r is the distance of {i} and {j,k}. If r = ||i — j||, say,
then ||i — k|| < 2r. In the second case r is the distance of {j} and {i, k}, say. If
r = ||j—1i||, say, then ||j —k|| < 2r. Therefore, if we separate terms according to the
greatest distance, we obtain the following (the first sum represents the first case
while the second sum represents the second case):

o< S (leov(€ 60 +EQIEGE) + . |cov(€ii, &)l
i£Aj#k i#Aj£k

CIDIZTM fa"a (1,1, 2) 116 120 16€kl2a

IN

+ CD)? Zrd LT (1, 1,1) E€2 [1&]124 |16kl 2a

+ C|Dlzr2d 1" (r,1,2) €6k 20 1€]]20

1
a

IN

C|D|Z 24-102 (r,1,2) M4~ (EED)

Q\N

+ C|DP? Zrd Laa (r,1,1) M (BE2) ™ .

For J5 let r be the greatest distance between subsets of {i, j,k,1}. Then we have
two cases. In the first case r is the distance of a one-point set and a three-point set,
{i} and {j, k,1}, say. If r = ||i — j||, say, then at least one of the remaining points
is closer to j than 7: ||j — k|| < r. Moreover, the remaining point is closer to j than
2r: ||j — 1| < 2r. Therefore, for this part of J5 we have

> _ a—1
Ty <y leov(&n )l < CPIY ¥ s (r,1,3) M2 i l2a [1€1120
i;éj;ék;él r=1

IN

C\D|Zr3d 107 (r,1,3) M4~ % (BE2)™ .

In the second case for J5, 7 is the distance of two two-point sets. Assume that
the sets are {i,k} and {j, 1}, moreover i and j are the closest points of these sets:
r = ||[i—j||. Then the two remaining points are closer to one of them, say, to i, than
2r: |li— k|| < 2r, [i—1| <2r. (Otherwise the distance of {i,j} and {k,1} would
be greater than r.) Therefore, for the second part of J5, we have

| < CZZ > {lcov(&Gibe §4)] + IBGE B4} -

e—ill<2[i—j]l
=i <2[i-jll

Here the second term is bounded by

Y Sp B} = {3, Y, leovi&aal}
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Therefore
gy < CIDIZT?’d LT (1,2,2) M2 ||&ill12a 11|20
_ 2
+ (cwlDd 1 (1,1, 1) 1620 16kl120)
< C’|D|Zr3d 07 (r,2,2) M4~ % (BE2)*
0o 2 5
+ CDP? (Zrd Lg% 7‘,1,1)) M (Ee2)
Finally,
E{Zgi} <C\D|{1+Zrd L (r,1,1) + ) e T (1 1,2)
ieD r=1 r=1

1
a

+erd 1 o=l r,1,3 +Z7«3d lan"a r,2,2)}M4_%(E512)

+C|D|{1+Zd1 “r,1,1) (Zdl =t 1"11))} T (me2) .

It is easy to see that we can modify the above argument so that instead of
Soo2 3471 we can write |D| Y02 | 72?71, Therefore we obtain

4 o0
E{Zgi} < C|D|2{1+Zr2d’1a

ieD r=1
00 oy o0 1
n ZTZd_laT(T’2’2)+(Z d—1,%% (7«,171)> }M4—7(E§1)z
r=1 r=1

The A = 1 case follows from the above calculation. The infill case follows from
the integer lattice case. The field &, i € D, where D C (Z/A)¢, A > 1, can be
interpreted as a field with integer lattice indices: just multiply the parameter i
by A and at the same time use the mixing coefficient «(r/A, ., .) for parameter
subsets of distance r. O

2
a

T (r,1,3)

Proof of Theorem 2.1. We use the version of Bernstein’s method applied in Bosq,
Merlevede and Peligrad [2].
Let a > 1 be the constant in the theorem and let

. [a—-1 a
(35) 0<’Y<In1n{3ad, 3(@—1)} .

a—1
Let A > 1 be fixed. Let 1 = max{l, maxy>1 {koz,fm}} and

1 1 ﬁn—l
— 2da
(3.6) B, = max {n3/(37+1) , max {kak } , } ,

forn =2,3,.... Here o = a(k), k=1, 27 ..., are the a-mixing coefficients of the
underlying random field {§ : t € T }. Then

1 . :
(3.7) Br = 3G Brn is decreasing.
We prove that

a—1
(3.8) B %%, —0 as n— oo.
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e a-1
Condition (2.3), ie. [5° s* o = (s)ds < oo implies Y°° n2 o, < oo.
a—1 —1

Therefore one can prove that n*?ay,

2da

— 0. Then na,??* — 0. So we have

a—1
ﬁnzmax{ka,fd“}ﬂo, asn — 0o.
k>n

Furthermore ) )
—d, 2d “o d_ 55
0< B, <n* —0, asn— o00.

Therefore we have (3.7), (3.8) and 3, | 0.
Now |T},| is the volume of the d-dimensional rectangle T,,. We have

T = |D,L|/A;1“
where |D,,| is the cardinality of D,,. Denote [.] the integer part. Let
a1 __ 1/3
(39) myp = {|Tn|d(3a71>:| y Pn = |:mn ﬁ&/mfn]} y  Gn = [pn ﬁ[éﬁ]} .
Now we prove that
(3.10) Pn— 00, gn— 00, and pn/gy — 0.

Indeed,
3~ 3v+2

3y 1— -3y
DPn 2= My ﬂ?\/m—n] —1>my, (Vmy) ™ —1=m, @ —1=m;®" 1 = oo,

because m,, — oco. Also

1/3 _ 0 _ 1/3
P By = 12 (a0 By = 1) B

1/3 1/3 = (y+1 1/3
= B Bl — 12 L) O gl

%—ﬁﬁ%]—lzm—om—l.

So we obtained that ¢, > \/m, —o(1) —1, i.e. g, > [. /mn] — 2 if n is large enough.
Finally,

-1

V

an

Pn > -3
g = Py = %0
because (3,, — 0.

Now we divide T}, into big and small blocks. First divide T}, into d-dimensional
cubes each having size (p, + ¢,)?. Let k, denote the number of these cubes. Then
divide each cube into 2? d-dimensional rectangles (called a family of rectangles).
The largest one of these rectangles is of size pZ. This will be a large block. The
other ones of sizes p?=1q,,...,pnq? 1, ¢? will be the small blocks. However, at
the ‘border’ of T;, we have to make blocks with sizes different from the ones just
listed. Namely, we can make big blocks having edge lengths between p,, and 2p,,.
Moreover, the small blocks may have edge lengths between p,, and 2p,, but each
small block has at least one edge with length between ¢, and 2¢,,.

We prove that the contribution of the small blocks converges to 0. We deal with
a fixed coordinate of Y, (k). Recall that &, is the number of big blocks (it is also
the number of 2%-member families consisting of big and small blocks).

Let V} ; be the sum of random variables having indices in the (I, j)th small block.
Here j shows the type of the small block, j = 2,...,2%, while [ is the index of the
rectangle family, [ =1,...,k,.

We show that the L?-norm of the normed total sum in the small blocks converges
to 0. We have

L 1 E o oy 2<2d_1 Qd]E oy i
= R\ 2 i 0 | S Ry 2y (20 ]

Here we used 2E|XY| < EX? + EY?2.



100 ISTVAN FAZEKAS AND ALEXEY CHUPRUNOV

2
We shall calculate an upper bound for E {Zf"l Vi max} , where V} max denotes

the sum in the largest small block (i.e. the block of size pi~1g,). It will serve as an

upper bound for the other small blocks, therefore we can calculate formally

( 2
L < max
o ‘D | OV

(24 — 1) c(2¢ —1)2 00 1/2 4 1/2
= Ad"D | Z Vl max T Wk" Zl:l 1" alp {E‘/l,max}

= L1+L2a

where we used the covariance inequality. We have

A k,pi—q, 1
Ll = {C nnPn 4 } { EV121nax} .
Dy A2dpd=lg

Here the first factor is bounded by cg,/p, — 0. The second factor, by (2.6),
converges to a finite limit. Therefore L; — 0.

da

By Lemma 3.1, (2.5), and using that (2.3) implies that Y, 19~ ozlp/z <ecpn T,

c(2 —1)? a1 12 [ do1, ad\2p2dq 422
e ST el (et
n n -
_ 21 21
ck:np;iZ 1anfLA;len a < cqnMy °
> “da_ = “da_
Ad Dy, | pi~" pnpi

Using the definitions of p,, and gy,

2—-1 g1

Mn a da Mn a

Lo < Cﬂ[m] 3 adfl {ﬁ[m] } {Tnda} .
(mnﬁ[ml)

Here the first factor converges to 0 because 3, — 0 and its exponent is positive.
The second factor, by the definition of m,,, is smaller than

1 1
2-1 2-1

M " M,

(& 4. — C —a -
(1T ) Tl

By (2.7), this is bounded. Therefore Ly — 0.

We remark that each small block at the ‘border’ contains at most 2¢ times more
terms than the corresponding one ‘inside’ the domain T),. So their contribution can
also be covered by the above calculation.

Now we turn to the big blocks. We use

Eeit(n1+"'+77n) _ ]Eeit(ﬁlJr'“‘HN]n) < cna,

where 71, ..., 7, are dependent having maximal a-mixing coefficient o between two
disjoint subsets, 71, ..., 7, are independent, moreover 7; has the same distribution
asm,l=1,....n

Therefore the difference of the characteristic function of the sum of the big block
terms and that of independent blocks is less, than ck, oy, . Now

ey
knag, <c |T | ( )
" opd |\ g
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because (3.8) implies that a;g < cﬂd /q%¢. Therefore

a

a1
|Tn| gn |Tn| oda 3(3{”}1)
knag, < c—3 2d = C@a—ny Pan B[\/T
Pn 2d5 3 a—1
n Fly/my ] Pn
Tn| *”/d(i{i_ll) 3({1 1)
< ¢ { d(Ga—1) 5[\/m7n] 5qn
m'n, a—1
Fyd(:}a—l) da
The limit of the first factor is 1. The second factor is less than cﬂd(“ 1) Tt Aa-r,

This expression converges to 0 because 3, — 0 and the exponent 1s positive.
Therefore, we can consider independent big blocks. We shall apply Lyapunov’s
theorem. Let b € R? be an arbitrary nonzero vector, then we use b'Y,(k), i.e. a
linear combination of the coordinates of Y, (k). Let U; denote the sum of these
linear combinations in the i-th big block. Using that Uy, ..., Uy, are independent,

ar = varq ——— o .
VAL Dy |Dal VPaAY
Here the first factor converges to 1. The second factor, by (2.6), converges to
b"3b > 0. Therefore, Lyapunov’s condition is

U= Z {W}4—>0.

But this is true since, by Lemma 3.1,

N 1Vt vV 0 v Vi
nC S RpC
N AZ|D,[? (17| AD) (knpi AL
_2 d 2(2a—1)
cp M g d m 4-2 d M,
— 7’7/7 S CB'Y JM a S c {ﬁ'}’ } —
|T5| T, | W] ‘Tn|3a271

Here the first factor converges to 0. By (2.7), the second factor is bounded. So
U — 0. Therefore Lyapunov’s condition is satisfied. The theorem is proved. O

4. APPLICATION: ASYMPTOTIC NORMALITY OF KERNEL-TYPE DENSITY
ESTIMATORS

Now we apply Theorem 2.1 to kernel-type density estimators. We obtain the as-
ymptotic normality of the kernel type density estimator when the sets of locations
of observations become more and more dense in an increasing sequence of domains.
It turns out that the covariance structure of the limiting normal distribution de-
pends on the ratio of the bandwidth of the kernel estimator and the diameter of the
subdivision. This is an important issue when we approximate the integral in the

estimator fr, (z) ‘T i h fT (T;ft) dt by a sum, i.e. in practical applications

we use an estimator of the form fp (x) = |D i hl iep, K (zh_gi)

Let &, t € T, be a strictly stationary random field with unknown continuous
marginal density function f. We shall estimate f from the data &, i € D,,.

A function K: R — R will be called a kernel if K is a bounded continuous
symmetric density function (with respect to the Lebesgue measure),

+o0o
(4.1) lim |u|K(u) =0, / w?K (u) du < 00.

|u|—o00 — 0
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If K is a kernel and h,, > 0, then the kernel-type density estimator is

11 T —&
(4.2) fulz) = |Dn|h7nzieDn K ( » ) , zeR.

Let fu(x,y) be the joint density function of &, and &,, u # 0. Denote by Rd
the set R?\ {0}. Let

(4.3) gu(@,y) = fulz,y) — f(@)f(y), weRE z,yeR.

We assume that gy (x,y) is continuous in z and y for each fixed u. Let g, denote
gu(r,y) as a function g: R — C(R?), i.e. a function with values in C(R?), the

space of continuous real-valued functions over R?. Let ||gull = sup(, , g2 [gu (2, )|
be the norm of gy,.
For a fixed positive integer m and fixed distinct real numbers 1, ..., x,,, intro-
duce the notation
(4.4) o(xzi,x;) :/dgu(xi,xj)du, ,j=1,...,m,
RO
(4.5) £ = (U(xivxj))1§i,jﬁm .

Theorem 4.1. Assume that gy 1is Riemann integrable (as a function
g: RE — C(R?)) on each bounded closed d-dimensional rectangle R C R, moreover
llgull is directly Riemann integrable (as a function ||g||: R§ — R). Let x1,...,7m
be distinct real numbers and assume that ©(™ in (4.5) is positive definite. Suppose
that there exists 1 < a < oo such that (2.3) is satisfied and

a2
(4.6) (hy)™ < c|T,|®0@D  for each n.
Assume that lim,,_,oo A,, = 00 and lim,,_, hy, = 0.
If
11
4.7 lim —-— =0,
( ) n—00 A% hn
then
D : m
(4.8) Ad {(fn(ml) —Efula;)), i = 1,...,m} = N(0,2M™) a5 n— .
If, instead of (4.7),
. 11
(4.9) nlLrI;o A =L>0
is satisfied, then (4.8) remains valid if ©(™) is replaced by
(4.10) ¥ =y 4 p,
where D is a diagonal matriz with diagonal elements
+oo
Lf(x) K2*(u)du, i=1,...,m.

If f(x) has bounded second derivative and lim, .o |T,|h: = 0, then in (4.8)
Efn(xz;) can be replaced by f(x;), i =1,...,m, and both of the above statements
remain valid.

The proof of Theorem 4.1 is given in Fazekas and Chuprunov [11]. In that paper
numerical evidence is also given for the interesting and important phenomenon
following from the form of the limiting covariance matrix.

Acknowledgement. We are grateful to the referee for careful reading the
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