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DOUBLY WARPED PRODUCT CR-SUBMANIFOLDS IN A
LOCALLY CONFORMAL KAEHLER SPACE FORM
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ABSTRACT. Recently, the present authors considered doubly warped prod-
uct CR-submanifolds in a locally conformal Kaehler manifold and got some
inequalities about the length of the second fundamental form ([14]).

In this report, we obtain an inequality of the mean curvature of a doubly
warped product CR-submanifold in a locally conformal Kaehler space form.
Then, we consider the equality case of this inequality.

0. INTRODUCTION.

On 1976, I. Vaisman redefined the notion of the locally conformal almost
Kaehler structure on Hermitian manifolds ([18, 19]). Then, T. Kashiwada
charecterised this notion by the tensor representation, and she gave the ten-
sor representation of the curvature tensor of a locally conformal Kaehler space
form under a certain condition ([9]).

On the other hand, on 1978, A. Bejancu introduced the notion of CR-sub-
manifolds which is a generalization of holomorphic and totally real submanifolds
in an almost Hermitian manifold. After his definition, we can see many papers
and books in this field ([6, 7, 12, 17, 20] etc.).

Next, B. Y. Chen defined the notion of warped product CR-submanifolds in
Kaehler manifolds and he proved a lot of interesting results in these submanifolds
([7]). This notion was considered in other Hermitian manifolds and gave similar
results ([4]). Then we can also see the similar notion in an (almost) contact
metric manifolds ([11, 20] etc.).

Now, we can find only few papers about doubly warped product Riemann-
ian manifolds which are the generalization of a warped product Riemannian
manifold ([1, 8, 10]).
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Recently, one of the authors defined doubly warped product submanifolds in
a Riemannian manifold. Then, special doubly warped product (doubly warped
product CR-) submanifolds in a locally conformal Kaehler manifold were con-
sidered ([13, 14]).

In this report, we consider the mean curvature of a doubly warped product
CR-submanifold in a locally conformal Kaehler space form and prove an inequal-
ity about it. Finally, we consider the equality case of the inequality (Theorem
5.1).

In Section 1, we recall doubly warped product Riemannian manifolds and
doubly warped product submanifolds. In addition, we show a essential formula
in doubly warped product submanifolds for later use. In Sections 2 and 3,
we recall locally conformal Kaehler manifolds and their C'R-submanifolds. In
Section 4, we introduce an adapted frame of a locally conformal Kaehler space
form and calculate the components of the Riemannian curvature tensor with
respect to this frame for the next section. In Section 5, we obtain an inequality
of the mean curvature of a doubly warped product CR-submanifold in a locally
conformal Kaehler space form and finally, we consider the equality case of the
inequality.

1. DOUBLY WARPED PRODUCT RIEMANNIAN SUBMANIFOLDS.

Let (M, g1) and (M3, g2) be two Riemannian manifolds and M be its product
manifold. And f; > 0 (resp. fo > 0) be a differentiable function on M; (resp.
My). A doubly warped product Riemannian manifold M = My Xy, 5,y M2 is a
product manifold with a Riemannian metric g on M which is defined by

(11) g(Ua V) = f2291 (7T1*U, 71—1*) + f1292(7T2*U7 ’/TQ*V)

for any U,V € TM, where TM denotes the tangent bundle of M and 7 (resp.
m9) is the projection operator of M to M; (resp. Ms) and 7y, (resp. 7o) is the
differential map of m (resp. m2) ([1, 8, 11] etc.). The functions f; and fo are
called the warping functions and the pair (fi, f2) is called the pair of warping
functions of a doubly warped product Riemannian manifold.

Remark 1.1. In a doubly warped product Riemannian manifold, if one of the
warping functions is equal to 1, then the manifold is called a warped product
Riemannian manifold ([16]).

A doubly warped product manifold is said to be proper if both of warping
functions are not constant.

Next, let M be a Riemannian manifold with a Riemannian metric §. A
submanifold M of M is called a doubly warped product submanifold of M if it
satisfies ([13])

(i) M is a Riemannian submanifold of M,
(ii) M is a doubly warped product manifold of two submanifolds M; and
M2 of M,
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(iii) two submanifolds are orthogonal, that is, (X, Z) = 0 for any X € T M,
and Z € T M.

We write the above doubly warped product submanifold as
(13) M = M1 X(f17f2) ]\427

where (f1, f2) is its pair of warping functions.
In a doubly warped product submanifold, the following equation is essential

(1.4) VxZ =VzX =(Zlog fo) X + (Xlog f1)Z

for any X € TM; and Z € TM,, where V is the covariant differentiation with
respect to the induced metric g of g.

Generally, between a Riemannian manifold (M, §) and its submanifold (M, g),
the Gauss and Weingarten formulas are respectively given by

(1.5) VoV =VyV +a(U, V),

(1.6) Vué = —AU + Vi€

for any U,V € TM and ¢ € T+M, where T+ M denotes the normal bundle of
M, V (resp. V) is the covariant differentiation with respect to § (resp. g), o is
the second fundamental form and A is the shape operator of {. Between the
second fundamental form o and the shape operator A¢, there is the relation

(1.7) 9(e(U,V),€) = 9(AU, V)

for any U,V € TM and &£ € T+M ([5]).
Moreover, we know the Gauss equation

R(X,Y,Z,W)=R(X,Y,Z, W)+ g(o(X,W),0(Y, Z))

(1.8) i
- g(U(Xv Z)a O—(K W))

for any X,Y,Z, W € TM, where R (resp. R) is the curvature (0,4)-tensor with
respect to g (resp. g) ([5]).

2. LOCALLY CONFORMAL KAEHLER MANIFOLDS AND CR-SUBMANIFOLDS.

Let M(J,§,a) be a real m-dimensional locally conformal Kaehler (l.c.K.-)
manifold with an almost complex structure J, a Hermitian metric § and a closed
1 form « which is called the Lee form. Then, they satisfy

(2.1) J? =1, g(Ju,Jv) = g(u,v),

(2.2) (Vy U = —g(af, U)JV + §(U,V)3* + g(JU,V)of — §(3*, U)V

for any U,V € T M, where I means the identity transformation, af is the dual
vector field of o which is called the Lee vector field, the 1-form 3 is defined by
B(U) = —a(JU) for any U € TM and /3% is the dual vector field of £3.
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An l.c.K.-manifold M(J, J, ) is called an [.c. K.-space form if it has a constant
holomorphic sectional curvature. We know that the Riemannian curvature ten-
sor R of an l.c.K.-space form with the constant holomorphic sectional curvature
¢ is given by ([9])

AR(X,Y,Z,W) = {§(X,W)3(Y, Z) — §(X, Z2)§(Y, W)
+§(JX, W)G(JY, Z) — §g(JX, Z)§(JY, W)

—25(JX,Y)g(JZ, W)} + 3{P(X,W)§(Y, Z)

- P(X,2)3(Y,W) + g(X,W)P(Y, Z)

— §(X, Z)P(Y,W)} = P(X,W)§(JY, Z)

+ P(X, 2)§(JY,W) — §(JX,W)P(Y, Z)

+3(JX,Z) (Y, W)+ 2{P(X,Y)§(JZ, W)

+§(JX,Y)P(Z, W)}

for any X,Y,Z, W € TM, where P and P are respectively defined by
(2.4)

P(X,¥) = ~(Vxa)Y —a(X)a(Y) - Slal’§(X, V), P(X,Y)= P(JX,Y)

Y,
Y,

for any X,Y € TM, where || is the length of the Lee form a.

Remark 2.1. To get (2.3), we have to assume that the symmetric (0,2)-tensor P
is hybrid or equivalently P is skew-symmetric. This means the Ricci tensor Ry
is hybrid.

We write an l.c.K.-space form with the constant holomorphic sectional cur-
vature ¢ by M(c).

For each = € M, we denote by D, the maximal holomorphic subspace (JD, =
D,) of the tangent space T, M of M at z. If the dimension of D, is same for
cach z € M , then D, gives a holomorphic distribution D on M.

A submanifold M in an almost Hermitian manifold M is called a CR-
submanifold if there exists on M a differentiable holomorphic distribution D
whose orthogonal complement Dt is a differentiable totally real distribution,
i.e., JDF C T;-M for each x € M, where T;- M is the normal space of M at x.

A CR-submanifold M is called anti-holomorphic if JDEF = T;-M for each
reM.

For a CR-submanifold M of an almost Hermitian manifold M, we denote by
v the complementary orthogonal subbundle of JD in the normal bundle 7M.
Then we have the following direct sum decomposition

(2.5) T+M =JD @ v, JD+ 1u.
Remark 2.2. An anti-holomorphic CR-submanifold is a CR-submanifold with

v =1{0}.
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In a CR-submanifold of an 1.c.K.-manifold, we proved the following;

Proposition 2.1 ([12]). Let M be a CR-submanifold in an l.c.K.-manifold M,
Then we have
(1) the totally real distribution D+ is integrable, that is, [D+,D+] C D+,
(2) the holomorphic distribution D is integrable if and only if

(2.6) Go(X,JY) —o(Y,JX) - 25(JX,Y)a*, JZ) =0
for any X, Y € D, where [,] means the Lie bracket.

3. DOUBLY WARPED PRODUCT CR-SUBMANIFOLDS IN AN L.C.K.-MANIFOLD.

In this section, we consider CR-submanifold in an l.c.K.-manifold M which
is a doubly warped product submanifold of the form M = M+ X )y M,
where M+ (resp. M) is a holomorphic (resp. totally real) submanifold of M
and ft (resp. f1) is a positive differentiable function on M+ (resp. M, ). By
virtue of our assumption, since the distribution D = T M+ is integrable, the
second fundamental form o has to satisfy (2.6), identically. A doubly warped
product manifold M = M+ X (g r )y M is called a doubly warped product CR-
submanifold in an l.c.K.-manifold M if the metric tensor g on M is the induced
metric of g for certain Riemannian metric gt (resp, g1 ) on Mt (resp. M, ).

In a doubly warped product CR-submanifold M in an l.c.K.-manifold M, we
have

Proposition 3.1 ([13]). For a doubly warped product CR-submanifold M in an
l.c. K.-manifold M(J, g, ), we have

G(0(X,JY),JZ) = §(of, 2)§(X,Y) + §(of, JZ)§(X, JY)

31)  (Zlog fL)5(X.Y),
(3.2) §(o(X,Y),JZ)=§(c*,JZ),  §(a* Z) = Zlog fi,
(3.3) §(o(JX,2), W) = {=g(a*, X) + (X log f)}3(Z, W)

for any X,Y € D and Z,W € D+.

By virtue of (3.2)q, the equation (3.1) is written as
(3.1) Go(X,JY),JZ) = g(a*, J2)§(X,JY).
We have from (3.2)9

Proposition 3.2. There is no proper doubly warped product CR-submanifolds
in a Kaehler manifold.

Proposition 3.3. There is no proper doubly warped product CR-submanifold in
an l.c.K.-manifold which the Lee vector field of is normal to D*.
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4. COMPONENTS OF THE CURVATURE TENSORS OF AN L.C.K.-SPACE FORM.

In this section, we introduce an adapted frame in an l.c.K.-manifold and
then using this frame we calculate the components of the curvature tensor of an
l.c.K.-space form.

Let M be a doubly warped product CR-submanifold of an 1.c.K.-manifold
M. Now, we put dimM = m, dimM = n, dim M+ = 2p, dim M, = q (2p +

q=mn). Let {e1,...,ep, €7, e}, {€2pt1,,€2p1q)s {€5p115- -5 €3p1 4 and
{€ntqi1s---,em} be a local orthonormal basis of D, D+ (= TM, ), JD*+ and
v, respectively, where ef = Je; for ¢« € {1,...,p} and €pra = Jeapta for

ae€{l,...,q}. We call such local basis an adapted frame of M.

Now, we assume that our ambient manifold M is an l.c.K.-space form M (c).
Then the curvature tensor R is written by (2.3). The straightforward calculation
gives us the following

ARipji = ARy o jo i
= ¢(0130k; — 010k:) + 3(0n; P — OkiPrj + 81 Pj — 61 Pri),
ARy ji+ = 3(On; P — 01 Pyix) — OpiPij + 01i Prj — 285i Ppr,
4Rypjei+ = (01i0kj — 01j0ki) — Onj Pri + ki Pij — 01 Prj + 015 Pri,
AR i = (01i0k;j + 01j0ki — 20160 i) + 3(On; Pri + 01 Pri)
— 0k Py + 015 Pri — 2(01Pjs + 05 Pix,),
ARy joi= = 3(O; Priv — OpiPrj=) — 015 P j + 015 Pr=i + 201 Pji,
ARj2pt+a) = 3{0kj Piapta) — 015 Prapta) b
ARy (2pta) = 01 P (2p+a) — Oki Pis (2p--a)
4Rk japra) = —301 Pr-(2pta) + Okj P (2pra) + 2006 Py (2p1a)s
ARijj (2p+a) = 30k Puizpta) — 01 Prapta) — 201 Pj(2pta);
ARy j= (2pra) = 30k Pie (2p+a) — 0 e (2pta) }»
ARk (2pb)(2pta) = 0, ARk (2p+b) (2pta) = — 260 Pl2pb)2pta)»
AR (2p by 2pta) = 0,
4Ry (2p+0)2p+b)2pra) = 3L0ebPuapta) — OcaPiizpib) s
AR (2p 4 o) 2p ) (2pta) = 3100 Pre (2pta) — Oca i (2p1b) }
AR (9p 1 d)(2pte) (2p10) 2p+a) = C(0dabeb — Sabdea) + 3{0ebPlapra)(2pra)
— OcaPaptd)2ptb) T 0daPapte)@prv) — dabPlapte)@pta)}s
AR ) 2pt+a)i = 4By (2p40) 2prra)ic
= C0i0pa + 3{Pji0ba + i Pop1b)(2p+a) }+
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where the indices k,j,...,7 and ¢,b,...,a run over the range 1,2,...,p and
1,2,...,q, respectively. And we write R(ew,eu,eu,e,\) = wa)\, etc., for any
w, v, ..., AN€{1,2,...,n.}

5. THE MEAN CURVATURE.

Let M be a doubly warped product CR-submanifold of an l.c.K.-space form
M(c) and {ej1,es,...,en} be an adapted frame of M(c).

Now, the mean curvature vector H and the mean curvature | H|| are respec-
tively given by

1 & R
(5.1) H= EZUW, |H|? = — > d(ov,oan).
p=1 v,A=1

The length ||o]| of the second fundamental form o is given by
n n m

(5.2) lol2= 3" dono) = 32 3 dloumen)?.

poA=1 puA=11=n+1

By virtue of (5.1), (5.2) and the Gauss equation (1.8), we have
(53) 4r =43 Rupu + 402 H|> — 4]0

w,rv=1

where r is the scalar curvature with respect to the induced metric g.
Now, we can write

n P P q
4 Z Rovvw =8 Z (Rjiij + Rjizirj) ZZ J(2p+-a)(2p+a)j
w,v=1 jyi=1 j=1a=1

q
+ Rjopra)praris} 4 D Roprb)@pra)2pra)@pb)-
b,a=1

Using (4.1), we have from the above equation

n
(5.4) Z Revvw = c(n® —4p — q) +6(n — 1) ZPW—HZPH

p=1 7j=1
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Next, we have from (5.2)

n n+q
2
o= 3 S e = S S donen)?
A A=1T=n+1 A A=11T=n+1
n n+q
E E § E 2
+ O—,u)\ae‘r ey,)el/ 67')
pwA=1T=n+q+1 pA=17= n+1
q n q p
2 ~ B * 2
2 : O—#A’62p+a) - E E 9(0]1762p+a)
a=1 p, =1 a=1j,i=1
q p q p
~ * * 2
+23 " (04, €340)° E E 9(5(2p+b)> €2pta)

a=1j,i=1 =1 7=

q
+§(Uj*(2p+b)7e;p+a)2}+ Z (‘7(2p+c)(2p+b)’63p+a)2

~ 2
9 Oji*s 62p+a)

H M“ﬁ

a P q
2D D 9o eippa)” Z

a=1j,i=1

.
Il

p
Z Oj(2p+b)s e2p+a)2 + g(Uj* (2p+b)>» e;p+a)2}'

WM“

By virtue of Proposition 3.1, the above inequality gives us

||U||2>PZ{904 e(2pta))}’ +2(JZ{ fe5) — e log fr)°
(5.5) =

+ (Q(au,ej) —ejlog fr)*}.
Substituting (5.4) and (5.5) into (5.3), we have

A?|[H|? > 4r — (n® = 4p— @) —6(n— 1)) Py

p=1

p q
+1ZZP Z o epray)

+2QZ{ a _] — € IngT)

+ (g(aﬁv e;) — ejlog fr)?}]

n

P
> 4r — (n* —4p — q)c — 6(n — 1) Z W—|—122ij.
p=1 j
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Thus, we have

Theorem 5.1. In a doubly warped product CR-submanifold M in an l.c.K.-
space form M(c), the mean curvature ||H|| satisfies

1 = z
(5.6) |H| > m{élr —(n? —4p—q)c—6(n—1) Z P, + 122ij}.
p=1 j=1

In particular, the equality case of (5.6) is that the Lee vector field of satisfies
(5.7) Gt DY) ={0}, o' =ejlogfr and o =ellogfr,

where o (resp. of ) is an i-th (resp. (2p + i)-th) component of of with respect
to the adapted frame.

Corollary 5.1. There is no proper doubly warped product CR-submanifold M
which the mean curvature |H|| satisfies the equality in (5.6) and the Lee vector
field of is tangent to M.

In particular, we have

Corollary 5.2. In an anti-holomorphic doubly warped product CR-submanifold
M in an l.c.K.-space form M(c), if the mean curvature satisfies the equality in
(5.6), then M is totally geodesic in M(c), that is, o = {0}, identically.
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